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Thispaperpresentsa formulationfor unsupervisedlearningof clust
reflecting multiple causalstructurein binary data. Unlike the “har
k-meansclusteringalgorithm andthe “soft” mixture model, each
which assumesthata singlehiddeneventgenerateseachdatapoint
multiple causemodel accountsfor observeddataby combiningass
tions from many hiddencauses,eachof which canpertainto varyi:
degreeto any subset of the observabledimensions. We employ
objective function and iterative gradientdescentlearningalgoritli
resemblingthe conventionalmixture model. A crucial issue is t.
mixingfunction for combiningbeliefs from different clustercenters
order to generatedatapredictionswhoseerrors are minimized bo
during recognitionand learning. The mixing function constitutes
prior assumptionaboutunderlyingstructuralregularitiesof the d~
domain;we demonstrateaweaknessinherentto thepopularweight
sum followed by sigmoid squashing,and offer alternativeforms
the nonlinearity for two typesof datadomain. Resultsare present
demonstratingthe algorithm’sability successfullyto discovercoher€
multiple causalrepresentationsin severalexperimentaldatasets.

1 Introduction

Theobjectiveof unsupervisedlearningis to identify patternsor featu~
reflectingregularitiesin data. Algorithmsvary in the assumptionsth
makeaboutthe underlyingstructuralcharacteristicsof thedatadoma
andthey vary therefore in the nature of the patternsthat can be d
covered. This paperaddressesunsupervisedlearningof multiplecaz
clustersin binary data,andidentifies the mixingfunction,correspondi
to a neuralnetwork’sunit activationfunction, asan appropriatesite
which to install prior domainknowledgeof the waysin which hidd
processescausallyinteractto generateobserveddata.

A multiple-causemodeldiffers from a single-causemodel in that it p
mits more than one hidden cluster-centerto become fully “active”
accountingfor an observeddatapoint. The well-known k-meanscli
tering algorithm, and its “softer” variant, the standardmixture mo
(DudaandHart 1973;Nowlan 1990),are bothsinglecauseunsupervis
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Figure 1: (a) Samplesfrom a dataset designedby Földiák (1990) consistingof
horizontalandverticallinesin an8 x 8 grid, eachpaintedblackwith probability
1/8. (b) The idealmultiple causerepresentationfor this dataset consistsof 16
independentcomponents.

learningmodelsby virtue of a winner-take-allstep, or, alternativelya
normalizationstep,suchthat cluster-centeractivities are constrainedto
sumto unity. Undera multiple causemodel (alsoknownas componential
or factorial representation),cluster-centersare permitted to narrowtheir
descriptivescopeto only certainsubspacesof the full dataspace,and
thereforeto shareresponsibility in accountingfor observeddata. The
advantageof a multiple causemodel is that a relatively small number
of hidden variablescan be applied combinatoriallyto generatea large
dataset. Figure 1 illustratesthiswith a testdataset generatedby the in-
dependentactionsof 16 underlyingcomponentsappearingashorizontal
andvertical lines (Földiák1990).

In the exampleof Figure 1, hidden causescorrespondingto hori-
zontalandvertical lines interactin a particularly simpleway suchthat
datapixelsoccurring at line intersectionsremainblack. This modeof
causalinteraction—andothermorecomplexmodesof interactionfound
in otherdatasets—makescertainimplicationsaboutthemixing functions
appropriatefor learningthe patternsreflectedby theunderlying causal
processes.
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2 Common Architecture for UnsupervisedLearning Models ______

A largeclassof singlecauseandmultiple causeunsupervisedlearni
models can be cast in the architectureshown in Figure 2. A birn
vector d~ ~ . . . d~,1,.. . d~,j)is presentedat the data layer, anc
measurement,or responsevector m1 (m~,1,m~,2,.. . mIk,.. . m~,K)is co
puted at the encodinglayerusing “weights” c/k associatingactivity
datadimensionj with activity at hidden cluster-centerk. Any activ
patternat the encodinglayercan be turnedaroundto computea
diction vectorr, (r1,1,,r~,2,. . . r~,1,..: r~,j).Differentmodelsemploy diff
entfunctionsforperformingthe measurementandpredictionmappin
and give different interpretationsto the weights. For example,urn
thek-meansmodeltheweightscorrespondto locationsof cluster-cent
in the dataspace;measurementis performedby computingdistax
from an observeddatavectorto eachcluster-center,and thenperfor
ing winner-take-all. Prediction of a datapoint is simply the vector
of the singleactive(kth) cluster-center.Likewiseinterpretationscan
given to the mixture model, principal componentsmethods(Bourk
and Kamp 1988; Sanger1989) (including encodernetworkstrained
backpropagation,in which measurementweightsmay differ from p
diction weights),andtheHarmoniumBoltzmannMachine(Freunda
Haussler1992). Commonto all thesemodelsis a learningprocedureti
attemptsto optimize anobjectivefunction on errorsbetweendatav
tors in a trainingset, andpredictionsof thesedatavectorsunder th
respectiveresponsesat the encodinglayer.

Földiák(1990)andmorerecentlyZemel(1993)hasshownthatun
somecircumstancesappropriatemultiple causerepresentationscan
inducedfor datasets suchas Figure 1 by incorporatingauxiliary c~

e~odi~gI~ye~
(cluster.centero)

pr~dktiou

d,t~l~y~r

d. (ob~rv~dd.t~)

r. (pr~,Ucted)

Figure2: Architectureunderlyingalargeclassof unsupervisedlearningmod
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Figure 3: (a) Datasetconsistingof horizontalandverticallines occurringwith
probability 0.625. (b) Multiple causerepresentationfor 2000randomly gener-
ated datapoints of this type discoveredby themultiple causemixture model
usingthe soft OR mixing function.

straintson activity patternsat the encodinglayer. In particular,in accor-
dancewith a 1/8probabilityfor eachhorizontalor verticalline to appear,
theyincorporatea sparsenessassumptiontaking form as pressurefor few
hiddenunitsto becomeactiveat onetime. While sparsenessis motivated
by varioustheoreticalconsiderations,it is an inappropriateassumption
for the dataof Figure 3, which sharesthe sameunderlying structureof
independenthorizontal andvertical lines, excepthereeach line occurs
with probability0.625. We turn insteadto the mixing function as a site
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at which to achievegreaterleveragein domain-dependentassumptio:
aboutthebehaviorof the underlyingcauses.

3 Imaging Models and Voting Rules_________________________

Mixing functionsmay beconceivedmetaphoricallyin two waysthat a
useful in designingthem to reflect domain-specificmodesof causali
teraction.First, a mixing function is equivalentto an imagingmodel in t:
senseof digital typographyandgraphics(WarnockandWyatt 1982);
imagingmodel specifieshow layersof “color” combineon a surface
give rise to someresultingvisiblecolor. The imagingmodelcorrespon
ing to thehorizontalandvertical linesdatais known as a WRITE-BLA(
imaging model. By default, prediction layer activities are OFF, con
spondingto white pixels. Activity at a hiddenunit colors ON, or bla
into arow or column of pixels. Furthermore,pixels falling at the int
sectionsof ON horizontalandverticallines remainON. TheWRITE-BLA(
imagingmodelthereforecorrespondsto a disjunctive—logicalOR—mo
of causalinteraction.

A secondway to view a mixing function is as a voting rule. Ea
hiddenunit may be consideredasholding someopinion or belief abo
the valueof eachpredictionunit to which it is connected,arisingfro
thehiddenunit’s degreeof activity andits connectionweightto the p~
diction unit. The purposeof a mixing function is, for eachpredicti
unit, to collect the possibly conflicting beliefs andnegotiatea net p~
dictionoutput. Correspondingto theWRITE-BLACK imagingmodel is
disjunctivevoting schemein which hidden units are allowed to eith
abstain,or else vote ON, wherebyany singlehidden unit voting ON
sufficient to drive thatprediction unit ON.

An appropriatemixing functionfor WRITE-BLACK typemultiple cau
binary datadomainsis thereforebasedon disjunctivevoting by the u
observedcauses.To learnthe actualmappingsbetweencausesandda
patterns,however,it is necessaryto “soften” the logical OR voting rule
that learningmaybe achievedby performinggradientdescentin weig
space.Thisis accomplishedby linearlyinterpolatingthebooleanORfur
tion, which canbe shown to yield the soft disjunctivemixing functi
givenby the expression,

Wbr~,J= 1 — fl(i — mi,kcjk) (3.

k

(seeFig. 4).
Usingthis mixing function,the16 independenthorizontalandvertic

lines are discoveredbothfor dataof Figure 1 and of Figure3 in whi
hidden causesare active on averagein over half of the datasampl
Figure 5 displaysunderlyingimagefragmentsdiscoveredto decompo
test dataconsistingof randomsplinecurve images (Hinton andZeir
1994). Qualitatively similar fragmentsare found whetheroneor seve~
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Figure 4: Soft OR mixing functionfor K = 2.

splinecurvesarepresent;themultiplecurvecaseformally obeysa WRITE-
BLACK imaging model.

4 Objective Function and Learning Procedure___________________

The learningprocedurefollows the standardtwo-phaseparadigmem~
ployed by the EM algorithm and othersof its ilk. Both learningand
measurement(computing hidden unit activities encodinga datapoint)
operatein the contextof anobjectivefunction that evaluatesprediction
errors. Log-likelihood is a suitablechoice,where for WRITE-BLACK data
sets,0 representsan OFFdatavalueand I representsON. The objective
function for a singledatapoint is

wbgi = slog [di,jri,j + (1 — d1,~)(1— nj)] (4.1)

According to equation3.1, the predictions~ arefunctionallydependent
on the vector of hiddenunit responsesm1. Theseare chosento be those
that optimize the predictions,that is, that maximize gj. Unfortunately
theseresponsescannoteffectivelybe computedin closedform,andmust
besolvedfor by gradientascent.Figure 6 offersa simpleillustration that
optimalresponsesm cannotbecomputedindependentlyperhiddenunit,
but insteadare interdependent.Wehavefound thatattemptsto compute
hiddenunit responsesby one-passfeedforwardactivationrulesprovide
poor enoughestimatesof the optimum that the learningparametersc
becomeunableto trackthecorrectgradientaccuratelyandfail to discover

1
In
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underlyingmultiple causestructurein testdata; it is necessaryto ha
the optimal m, computediteratively. The objective landscapeappe~
to be convex in m however,1 andwe havefound that in practicet
optimum can be reachedfrom a starting point of mk = 0.5 usually
fewer than five iterationsusinga conjugategradientmethod.

As for learning,theglobal objectivefunction foranentiretraining
of I datapointsis

(4

The weightsc/k are found throughgradientascentin G. Note that t
gradient

— s-.. 8g~
8c — ‘i-’ Dc

is functionally dependenton the hiddenresponsesm~,which differ frc
datapoint to datapoint. Thesemustbe updatedat eachtraining st
Thusthetwo-phasecomputationresemblesBoltzmannMachinetrainis
with hidden unit responsesearchesoccurringwithin an overallwei~
spacesearch(Ackley et al. 1985).

5 WRITE-WHITE-AND-BLACK Data Domains _____________

The imagingmodel and voting rule perspectiveson mixing functic
suggestthat multiple causedomainsmight exist that are well model
by modesof causalinteractionother thanthe disjunctiveform discuss
above. Forexample,what if hiddenunits are allowednotonly to eitl
abstainor vote somedegreeof “yes” toward a prediction unit’s act
ity being ON, but also to vote “no,” that it should be turned OFF? T]
amountsto permittingbothpositiveandnegativeconnectionweights

Suchaninterpretationappliesto the datasetof Figure7. Thesed~
reflecttwo independentprocesses,oneof which controlsthe positions
the black and white squareson the left-handside,the othercontrolli
the right. A perspicuousmultiple causerepresentationfor thesed~
is shown in Figure lOb, consistingof six hidden cluster-centers,th]
pertainingto the left-handside, the other threepertainingto the rig
This dataset reflectsa WRITE-WHITE-AND-BLACK imagingmodel beca~
thehidden causesare responsiblefor driving bothwhite (OFF) andbla
(ON) predictions. Gray levels indicatedimensionsfor which a dust
centeradoptsa “don’t-know/don’t-care” assertion,leaving thosepix
to be coloredby someotherhiddenunit(s).

1
1t canbeshownthroughdifferentiationof 4.1 thatfor everyk’, the gradientOg/8

containsat mostonelocal minimum on the interval0 ~ ~ < I for all fixed activat
valuesof the remaininghiddenunits mk: k ~ k’. This stronglysuggestsconvexity,
leavesopenthe remotepossibility of multiple local minima separatedby patholog
saddlepoints. Thus far in our investigationswe haveobservedonly convex objeci
functionsurfaces.
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Figure 5: (a) Data samplesconsistingof randomly generatedspline curves.
(b) 30-componentmultiple causerepresentationfor (a) discoveredusing a soft
OR mixing function. 500training sampleswere used. Continuedfacingpage.

Although avarietyof candidatevoting schemesareavailablefor mod-
eling the interactionof hidden causesin WRITE-WHITE-AND-BLACK data
domains,not all leadto thediscoveryof independentcomponentialstruc-
ture as reflectedin the left- and right-hand sides of the Figure 7 test
data. For example, one possiblevoting schemeis linear summation,
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Figure 5: (c) Data samplesconsistingof severalrandomly generatedspline
curveswritten disjunctively into the data space. (d) 30-componentmultiple
causerepresentationdiscoveredfor (c) usingasoft ORmixing functionto reflect
theWRITE-BLACK disjunctiveimaging model.500 training sampleswereused.

as employedby principal componentsanalysis. The principal compo-
nentsrepresentationfor theFigure7 datais shownin Figure8. Principa]
componentsis able to reconstructthe datawithouterror usingonly four
hiddenunits (plus fixed centroid),but thesevectorsobscurethecomposi-
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optimalresponsem .666 0.0 1.0

observeddatad 1 1 1 1

predictionr

objectivemeasure~~b9 3.0

a b

Figure 6: Illustration of the interdependenciesof optimal encoderlayer re-
sponses. Predictionsr

1
are computedusing the optimal activities m shown

underthe wRITE-BLAcK mixing function. (a) The singlecluster-center[111] can-
not afford to respondfully to thedatavector[11 0] becauseby equation4.1 the
incorrectpredictionof a 1 on d3 = 0 would beverycostlyin termsof theobjec-
tive function. Instead,the compromiseresponseof 0.66is optimal. (b) When
a secondcluster-center[1 1 0] is introduced,it accountsfor theobserveddata
by respondingfully, leaving thefirst clusterto adjustits activity to 0 which re-
moveserror in thepredictionof d3. Thusif hiddenunits areregardedasfeature
detectors,their sensitivity to presentedpatternsdependsupon the contextof
theother featuredetectorsavailableto accountfor thedataobserved.

tionalstructureof thedatain thattheyrevealnothingaboutthestatistical
independenceof theleft- andright-handprocesses.Similar resultsobtain
for multiple causeunsupervisedlearningusing a Harmoniumnetwork
andfor a feedforwardnetworkusingthe sigmoid nonlinearity

By linearly summinghiddenunit activities as a first stepin the acti-
vation function,principal componentsandmostneuralnet formulations
permiterrorsin predictionsby somehiddenunitsto bedirectlycancelled
outby correctpredictionsfrom others—withoutconsequencein termsof
error in the net prediction. As a result, thereis little global pressure
for cluster-centersto adopt don’t-know valueswhenthey are not quite
confidentabouttheir predictions,andtheresult is thekind of incoherent
representationwitnessedin Figure 8. This problem occurswhetheror
not a sigmoid or other nonlinearityis performedafter the summation
step.

Instead,a multiple causeformulationdeliveringcoherentcluster-cen-
ters requires a different form of nonlinearity in the mixing function.
Insteadof being able to sum linearly so that a full ON predictioncan

.666 .666 .666

.245

1.0 1.0 0.0
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Figure 7: Nine 121-dimensionaltestdata samplesexhibiting multiple causi
structure.Independentprocessescontrol the position of theblackrectangle01

the left- and right-handsides.

be madeif the numberof cluster-centersvoting ON simply outnumber:
thosevoting OFF andvice versa,active disagreementmustresult in
net UNCERTAIN or neutralpredictionthat resultsin nonzeroerror whei
comparedwith observeddata.

The following formalism achievesthis purpose. First, let us defin
therepresentationof activity andits interpretationfor WRITE-WHITE-AND
BLACK datadomains.

At the datalayerON I and OFF —1; at the encoding.layer, NULl
RESPONSE 0; MAXIMAL RESPONSE 1:

observeddata: d1,1 E {—l, 1}

weights: —I ~ c/k ~ I

predictions: —1 � r~~ I

measurements:0 ~ m!,k ~ 1

We employ a zero-basedrepresentationat the data layerbecauseit sim
plifies the subsequentmathematicalexpressions.The sign of a weigh
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Figure8: Principalcomponentsrepresentationfor thetestdatafrom Figure 7.
(a) Centroid (white: —1, black: 1). (b) Four componentvectorssufficient to
encodethe ninedatapoints. (lighter shadings:cj,k < 0; gray: cj,k = 0; darker
shadings:cj,k > 0). (c) Activities m~(projections)for theprincipal components
representationof eachof the nine testdatapoints.

c~,kindicateswhetheractivity in cluster-centerk predictsa I or —l at
datadimensionj, andits magnitudeindicatesstrengthof belief; c1,1 = 0
correspondsto “don’t-know/don’t-care” (gray in Fig. lob). Underthe
zero-basedrepresentation,a convenientform of the log-likelihoodobjec-
tive function evaluatingpredictionerrorsbecomes,

wwbgi,j = log2(l + d~,1r14) (5.1)

A mixing function achievingthe desiredform of nonlinearityis con-
structedsuchthat the opinion of cluster-centerCk aboutthe prediction

~-~n~9aa
~%~,\_‘, ~%V%~

~29U
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activity on the jth datadimensionis given by the product, ml,kcj,k. T
sign of this quantity signifiespreferencefor OFF versusON, while
magnitudeindicatesdegreeof conviction. Thevoting rule for combini
beliefs from severalcluster-centersis designedsuchthat a greatdeal
belief that r~,1shouldbe I must outweigha lesseramountof belief ti
r1,1 shouldbe —I andviceversa,while roughlyequalamountsof belief
eachmustresult in deadlock(r~,1 0) as discussedabove.Furthermo
the degreeof influenceany cluster-centerhason the outcomedecreat
as its conviction ml,kcj,k approaches0 (“don’t care”).

Thesecriteria may be achievedby specifying the way in which p
itive andnegativebeliefsbalanceone anotherin boundarycaseswh~
the beliefs take extreme valuesmj,kcj,k E { —1,0,1} and then assumi
bilinear interpolationbetweentheseextremes.A satisfactorybounda
conditionis simply anormalizedweightedsumof positiveandnegati
influences:

= ,1 ~ {Vcj,k,m~,k: mf,kcJ,kE {—1, 0, 1}} (5
t~0 ~kmi,klcj,kI= 0

Theseboundaryconditionsspecifyvaluesat the cornersof 2~<K-dimc
sionalhypercubespackedabouttheorigin asillustratedin Figure9. N(
that whenany activity m~,k= 0, that cluster-centerdropsout from hE
ing any influenceon the predictionsr1,1 andthe effectivedimensional:
of the hypercubedecreasesby I. Due to the denominator,conflicti
predictionsarising from activec/ks of oppositesign endup driving
predictiontowarda noncommital0.

Bilinear interpolation is exponentiallyexpensivein the dimension
so computationof this mixing function is prohibitively expensivei
any sizablenumberof activecluster-centers.We can, however,offe:
computationallytractableapproximationto the ideal mixing functi
Namely, take as thecompositeprediction r1,1 the quantity

= C

~ mIk(—c/,k) fJ (1 + mi,kcj,k)— 1 + ~ mf,kc/,k 1 — [~ (1 —

k:c
1

,, <0 k:c
1

,.<0 k:cj, >0 k:cj, >0

~ m~,k~c/,k~

Measurementandlearningare performedas describedin Section
Note,however,that specialcaremustbetakenin implementationof
gradientascentalgorithmbecausethe gradientof theWRITE-WHITE-AN
BLACK mixing function becomesdiscontinuousat c/k = 0, as termssF
betweenthec/k <0 andc/k > 0 portionsof thenumeratorof equationE
This reflectsthe expectedqualitative differencebetweencombining 1
liefs that agreein sign versusthosethat disagree.
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Figure9: IdealWRITE-WHITE-AND-BLACK mixing function. (a) Interpolating bilinear

surface r~,
1
asa function of m~kcj,kfor K = 2. (b) Boundaryvaluesfor r

1
,~defined

at thecornersof the eight hypercubesfor K = 3.
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Figure 10: Multiple CauseMixture Model WRITE-WFIITE-ANO-BLACK representat
for the testdatafrom Figure 7. (a) Initial randomcluster-centers.(b) Clust
centersafter seventraining iterations(white: c1,~= —1; gray: cj,k = 0; bla
c/k = I). (c) Activities rn

1
of the six clustercentersof (b) for th~nine train

datapoints. This representationpredictsthe testdataset without errorfor
objectivemeasureG = 1089.0.

6 Experiments

Figure 10 shows that the WRITE-WHITE-AND-BLACK mixing function
equation5.3 leadsto convergenceto the coherentmultiple causerep
sentationfor thetestdataof Figure7 startingwithrandominitial weigi
The model is robustwith respectto noisy training dataas indicated
Figure 11.

Although training can be performedfor any numberK of ranth
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a

Figure11: Multiple CauseMixture Modelresultsfornoisytrainingdata. (a) Five
testdatasamplesuiteswith 10% bit-flip noise.Twentysuiteswere usedto train
from randominitial cluster-centers,resultingin therepresentationshownin (b).
Continuedfacingpage.

initial cluster-centers,robustnesswith respectto localminima in weight
spaceis enhancedby building the modelincrementally,startingwith K
= I andaddingcluster-centersoneat a time until the desiredtargetK is
reached.At eachstep,an evaluationis performedto determinewhich
cluster-centeris most responsiblefor prediction error, and this is split
andeachchild cluster-centerslightly perturbedto breaksymmetry

This methodwas usedin training the model on dataconsistingof
21 x 21 pixel imagesof registeredlower-casecharacters.Resultsfor K =

14 are shown in Figure 12 indicating~thatthe model has discovered
statisticalregularitiesassociatedwith ascenders,descenders,circles,etc.
Figure 12cshowsthe hiddenfeatureresponsesto severalnoisy versions
of the data,andtheir reconstructionsfrom thesecomponents.

Dueto theoptimizationbasisfor themeasurementfunction,meaning-
ful responsescan be computedfor incompletedata (AhmadandTresp
1993). Missing data are representedby ~ = 0; by equation 5.1 the
correspondingprediction r~,/may then float freely without affecting the
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observeddatad~ measurementsmj~ predictionsr;

ii

Figure 11: (c) Left: Five testdatasamplesd~Middle: Numericalactivitiesm~,k

for themostactivecluster-centers(thecorrespondingcluster-centeris displayed
aboveeachm~kvalue);Right: reconstructions(predictions)r basedon the ac-
tivities. Note how these“clean up” the noisysamplesfrom which they were
computed.

objective function. Figure 13 illustratesreconstructionsof noisy and in-
completedatain the two-processtestcase.

7 Conclusion__________

Whether termed “multiple cause,” “componential,”or “factorial,” the
significanceof this distributedtype of representationis suggestedby the
multiplicity of waysin which high-dimensionalobserveddatamayarise
from independentprocesses,eachof which pertainsonly to subspaces
of thefull observationspace.For unsupervisedlearningalgorithms,the
difficulty lies in getting the internalknowledge-bearingentities sensibly
to divvy up responsibilityfor trainingdatanot just pointwise,but dimen-
sionwise. Insteadof attemptingto achievecertainstatisticalproperties
suchas sparseness(Földiák 1990; Hinton andZemel 1994) or indepen-
denceof hiddenunit responses(Barlow 1989; Schmidhuber1992), this
papershiftsfocusto the modesof interactionamonghiddencauses.We
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Figure 12: (a) Training set of 26 441-dimensionalbinary vectors. (b) Multiple
CauseMixture Model representationat K = 15. Continuedfacingpage.

havedistinguishedtwo different typesof multiple causebinary datado-
main andhaveshownthatappropriatelytunedmixing functions—quite
differentfrom thestandardlinearsumfollowed by sigmoidsquashing—
permit recoveryof the componentcluster features. The metaphorsof
imagingmodelsandvoting rulesprovideconceptualsupportin design-

a

b
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observeddatad, measurementsm~ predictionsr~

Figure12: (c) Left: Five testdatasamplesd1 corruptedwith 10% bit-flip noise
Middle: Numericalactivities mj,~for the mostactivecluster-centers(thecorre
spondingcluster-centeris displayedaboveeachmI,k value);Right: reconstruc
tions (predictions)r

1
basedon theactivities. Note: to encodethis noisy date

the cluster-centersdiscoveredon cleandataandshown in (b) were clipped tc
—0.9 � Cj,k ~ 0.9.

ing mixing functionswith appropriatefunctional behaviors.Obviousl)
the notionof tuningmixing functionsto thedatasourcecanbeextended
for example,to continuousvalueddata. The appropriaterepresentatior
and treatmentof “don’t know/don’t care” beliefsstandasa key issueir
this endeavor.
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