13th International Conference on Automated Planning and Scheduling (ICAPS-03)

Trento, Italy e June 9 - June 13, 2003

Synthesis of Hierarchical Finite-State Controllers for POMDPs

Eric A. Hansen and Rong Zhou
Department of Computer Science and Engineering
Mississippi State University, Mississippi State, MS 39762

{hansen,rzhou}@cs.msstate.edu

Abstract

We develop a hierarchical approach to planning for partially
observable Markov decision processes (POMDPS) in which a
policy is represented as a hierarchical finite-state controller.
To provide a foundation for this approach, we discuss some
extensions of the POMDP framework that allow us to formal-
ize the process of abstraction by which a hierarchical con-
troller is constructed. Then we describe a planning algorithm
that uses a programmer-defined task hierarchy to constrain
the search space of finite-state controllers, and prove that this
algorithm converges to a hierarchical finite-state controller
that ise-optimal in a limited but well-defined sense, related
to the concept of recursive optimality.

Introduction

In this paper, we consider an approach to hierarchical
planning that leverages a programmer-defined task hierar-
chy to decompose a POMDP into a number of smaller, re-
lated POMDPs. To solve these sub-problems, we use a pol-
icy iteration algorithm for POMDPs that represents a policy
as a finite-state controller (Hansen 1998b). We show how
to combine the controllers that represent solutions to sub-
problems into a hierarchical finite-state controller. We prove
that our planner converges to a hierarchical finite-state con-
troller that ise-optimal in a limited but well-defined sense,
related to the concept of recursive optimality introduced by
Dietterich (2000) to evaluate hierarchical policies for com-
pletely observable MDPs. To the best of our knowledge, this
is the first optimality proof for a hierarchical approach to
POMDPs. To provide a foundation for these results, we dis-
cuss some extensions of the POMDP framework, including

Hierarchical approaches to planning have a long history. By 3 theory of indefinite-horizon POMDPs and some elements
organizing the construction of a plan at different levels of of 3 theory of partially observable semi-Markov MDPs, that
abstraction, a hierarchical planner can leverage the structure jlow us to formalize the process of abstraction by which
of a planning problem for computational gain, often by de- 3 hjerarchical controller is constructed. This foundation is
composing it into related sub-problems that can be solved gimijlar to the foundation for hierarchical approaches to com-

independently.

In recent years, there has been much interest in hierarchi-
cal approaches to planning problems that are formalized as
Markov decision processes (Sutton, Precup, & Singh 1999;
Parr & Russell 1998; Dietterich 2000). Markov decision
processes (MDPs) have been adopted in the Al commu-
nity as a framework for decision-theoretic planning, as
well as for closely-related research in reinforcement learn-
ing. With some exceptions (Hernandez & Mahadevan 2001;
Pineau, Roy, & Thrun 2001; Theocharous & Mahadevan
2002), most work on hierarchical approaches to MDPs as-
sumes complete observability. In this paper, we discuss an
extension of the hierarchical approach to partially observ-
able MDPs (POMDPs). POMDPs model planning problems
that include uncertainty about the effects of actiand un-
certainty about the state of the world — due, for example, to
imperfect or unreliable sensors. Although POMDPSs provide
a general and realistic model for decision-theoretic planning,
they are very computationally challenging. Thus, it is espe-
cially important to find ways of exploiting problem structure
in solving POMDPs, including hierarchical structure.
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pletely observable MDPs.

The paper is organized as follows. We begin with a brief
review of relevant background about POMDPs and previ-
ous work on hierarchical decomposition of MDPs. Then we
discuss how to represent a policy for a POMDP as a hierar-
chical finite-state controller, and in particular, how to model
the effects of abstract actions that take the form of finite-
state controllers. We next develop a theory of indefinite-
horizon POMDPs and discuss the theory of partially ob-
servable semi-Markov MDPs. On this foundation, we de-
velop a planning algorithm that finds hierarchical finite-
state controllers for POMDPs, and analyze its convergence.
We present preliminary computational results and discuss
a number of topics for future work, including exploration
of the complementary relationship between hierarchical de-
composition and state abstraction.

Background

We begin with a brief review of relevant background about
POMDPs and previous work on hierarchical approaches to
MDPs.



POMDPs and policy iteration

We consider a discrete-time POMDP defined as a tuple
M = (S,A,Z,R,P), where: S, A, andZ are finite sets

of states, actions, and observations, respectivielis a re-
ward function, where(s, a) represents the reward received
in states € S after taking actiorn € A; andP is a set

of Markovian state transition and observation probabilities,
whereP(s'|s, a) represents the probability of making a tran-
sition from states to states’ after actiona, and P(z|s’, a)
represents the probability of observiage Z after actiona
results in a transition to staté. The objective is to optimize
some function of the sequence of rewards — for example, the
expected total discounted reward over an infinite horizon,
given a discount factaf € [0,1).

Although the state of the process cannot be directly ob-
served, it is possible to maintain a vector of probabilities
over states, denotddand called &elief state whereb(s)
denotes the probability that the process is in statéf ac-
tion a is taken and followed by observatianthe successor
belief state, denotel, is determined by revising each state
probability using Bayes’ theorem, as follows,

> ses P(s',2]s,a)b(s)
P(z|b,a) ’

whereP(s, z|s,a) = P(s'|s,a)P(z|s’,a) and P(z|b,a) =
ZS,S’ES P(Slv Z‘Sa a)b(S)

It is well-known that a belief state updated by Bayesian
conditioning is a sufficient statistic that summarizes all in-
formation necessary for optimal action selection. This gives
rise to the standard approach to solving POMDPs. The prob-
lem is transformed into an equivalent, completely observ-
able MDP with a continuous,S|-dimensional state space
consisting of all possible belief states, denotgd In this
form, a POMDP can be solved by iteration afynamic pro-
gramming operatothat updates a value functidn : B —

R, as follows,
wherer(b,a) = > .4 b(s)r(s,a).

Although the space of belief states is continuous,
Smallwood and Sondik (1973) proved that the dynamic-
programming (DP) operator preserves the piecewise linear-
ity and convexity of the value function. This means the value
function can be represented by a finite sgt®¥fdimensional
vectors of real number¥, = {vy, vz ..., v}, such that the
value of each belief stateis defined as follows:

V(b) = max Z b(s)v;(s).

ses

This representation of the value function allows the DP
operator to be computed exactly and several algorithms
have been developed for this (Cassandra, Littman, & Zhang
1997). In turn, the DP operator is the core step of two ex-
act algorithms for solving infinite-horizon POMDPs — value
iteration and policy iteration. We briefly review a policy it-
eration algorithm due to Hansen (1998b) that plays a central
role in this paper.

a(s) =

V'(b) = max {r(b, a)+ 03 Z P(z]b,a)V (b2)

z€EZ

)

Several researchers have pointed out that a policy for a
POMDP can often be represented as a finite-state controller
(FSC) and the value function of a FSC can be computed ex-
actly by solving a system of linear equations (Sondik 1978;
Kaelbling, Littman, & Cassandra 1998). Indeed, there is an
elegant, one-to-one correspondence between the nodes of a
FSC and the vectors in a piecewise-linear and convex repre-
sentation of its value function. Given this method of policy
evaluation, Hansen (1998b) showed how to interpret the DP
operator for POMDPs as a method of policy improvement
that transforms a FSC into an improved FSC. Starting with
an initial FSC, the algorithm creates a series of improved
FSCs by repeating the following two steps.

Thepolicy evaluatiorstep computes the value function of
a FSC by solving a system of linear equations,

vi(s) =r(s,ald) +5 Y P, 2ls,a()vs,0)(5)

s'eS,zeZ
(2)

wherei is the index of a node of the FS@(i) is the action
associated with node and(, z) is the index of its succes-
sor node ifz is observed. Note that each nade associated
with a unique vecton,.

The policy improvemenstep computes the DP operator
and uses the updated value function to improve the FSC by
leveraging the fact that each vector corresponds to a poten-
tial new node of the FSC. The node is associated with an
action, and for each possible observation, a transition to a
node of the current FSC. The potential new nodes are used to
modify the current FSC as follows. If a node is identical to a
node of the current FSC, no change is made. Otherwise, the
node isaddedto the FSC. If the vector corresponding to the
added node pointwise dominates a vector corresponding to
any node in the current FSC, the dominated nodeesged
into the new node. Finally, the algorithprunesfrom the
FSC any node that does not have a corresponding vector in
the updated value function, as long as it is not reachable from
a node that does have a corresponding vector. (Merging and
pruning nodes allows a FSC to shrink as well as grow in
size.) The algorithm monotonically improves a FSC and is
guaranteed to converge to aroptimal FSC after a finite
number of iterations. If the DP operator cannot improve a
FSC, the FSC is optimal. Given a starting belief state for a
POMDP, the initial node of the FSC is selected as the node
corresponding to the vector that optimizes Equation (1).

Empirical results indicate that policy iteration is between
10 and 100 times faster than value iteration, due to the fact
that it takes fewer iterations to converge and the complex-
ity of policy evaluation is negligible compared to the com-
plexity of the dynamic programming operator for POMDPs.
Policy iteration plays a central role in this paper not only
because of its convergence guarantees, but because it repre-
sents a policy as a FSC, and this representation allows us to
extend the concepts of action abstraction and action decom-
position to POMDPs in a natural way.

Hierarchical approaches to MDPs

Several approaches to hierarchical decomposition of com-
pletely observable MDPs have been developed (Sutton, Pre-



cup, & Singh 1999; Parr & Russell 1998; Hauskreehtl.
1998; Dietterich 2000). We briefly review some common el-
ements of these approaches. This will guide us in developing
a hierarchical approach to POMDPs.

All of these approaches treat closed-loop policies that rep-

an abstract action terminates and returns control to a higher
level, it is associated with a set of terminal states. As soon

Hierarchical finite-state controllers

In our hierarchical approach to POMDPs, we represent a
policy as a FSC. Given this representation, a policy that re-
flects the action decomposition corresponding to a task hi-

resent complex behaviors as abstract actions. To ensure thaterarChy can be represented as a hierarchical FSC. In prepa-

ration for defining a hierarchical FSC, we define a FSC as
follows.

as a terminal state is entered, the abstract action stops. Be-pefinition 1 A finite-state controller (FSC) is a tuple

cause the closed-loop policy corresponding to an abstract
action can take a varying and indefinite number of steps to
finish execution, an MDP with abstract actions is formal-
ized as a semi-Markov decision process — a generalization
of the MDP model that allows actions with durations that
vary probabilistically.

The closed-loop policy corresponding to an abstract ac-
tion can be hand-crafted, or it may correspond to a policy
that is the result of solving a lower-level MDP. In the latter
case, the lower-level MDP is typically an indefinite-horizon
(or episodic) MDP for which a policy eventually terminates.

Q,«,6,T), whereQ is a set of controller states (hereafter
called nodes), witlyy a distinguished initial nodeqy : Q —

A is a mapping from nodes to actions;: Q@ x Z — Q is

a node transition function; and@® C Q) is a set of terminal
nodes.

We include terminal nodes because it is important for FSCs
to terminate in order to allow a sub-controller to pass control
back to a higher-level controller.

Representing a policy as a FSC allows us to adopt the
following concept of action abstraction.

In some cases, a programmer-defined task hierarchy isused_ . .. L .
to decompose an MDP into a collection of hierarchically- Definition 2 An abstract action is a FSC that is treated as

related sub-MDPs at various levels of abstraction. Each sub- & Single action. Executing an abstract action generates a
MDP has an action set that contains primitive actions of the S€duence of actions of the FSC that begins with the action

original MDP, or abstract actions that correspond to policies associated with its initial node, continues with a series of ac-
for sub-MDP,s. tions that depends on the sequence of observations received,

Commitment to hierarchical decomposition of a policy and ends with the action associated with one of its terminal

may cause sub-optimality by restricting the space of policies nodes.
that is considered in solving an MDP. Thus, alternative defi-
nitions of optimality have been introduced. A policy is said
to behierarchically optimalif it is best among all policies
that are consistent with the constraints of the hierarchical
decomposition. A policy is said to becursively optimal

if every MDP in the task hierarchy has an optimal policy
given policies for its subtasks that are recursively optimal.
The distinction pertains to whether optimization is relative fined as above, except that: Q — 4 is a mapping from

to, or independent of, the calling context. To achieve hierar- nodes to actions that may be abstract actions. We require
chical optimality, policies for subtasks must be be context- g hierarchical FSC to have a finite number of “levels” and

dependent, that is, dependent on policies at higher levels of the lowest-level FSCs in the hierarchy have only primitive
the hierarchy. Dietterich (2000) introduced the concept of actions.

recursive optimality to allow policies to be context-free. Re-

cursive optimality only guarantees that policies for subtasks Of course, a hierarchical FSC is a special case of a FSC. Any
are locally optimal with respect to the context in which they hierarchical FSC can be “expanded” into a conventional or
are executed. Thus, the concept of recursive optimality is “flat” FSC by replacing its abstract actions with their corre-
not as strong as the concept of hierarchical optimality. Nev- sponding FSCs.

Since we usel to refer to a set of primitive actions, we ude

to refer to an action set that may contain abstract actions. We
define a hierarchical FSC by allowing the action associated
with a node of a FSC to correspond to an abstract action, i.e.,
another FSC.

Definition 3 A hierarchical FSC is a tupléQ, @, §, T') de-

ertheless, it is believed to have advantages. For example,

Dietterich claims that it allows greater state abstraction.
Although there has been some interesting work on hierar-

chical planning for POMDPs, it relies heavily on approx-

In this paper, we assume that a hierarchical FSC is a pol-
icy for a POMDP. All the actions at its lowest level gném-
itive actionsfrom the action set of the POMDP, and these are
associated with observations from the observation set of the

imation (Hernandez & Mahadevan 2001; Pineau, Roy, & POMDP. (Abstract actions are either associated with a null
Thrun 2001; Theocharous & Mahadevan 2002). We would observation, as we explain in a moment, or with a kind of
like to develop a hierarchical approach to POMDPs that al- abstract observationas discussed at the end of the paper.)
lows some guarantee about the quality of a policy, similarto Given a reward function and transition and observation prob-
the limited forms of optimality defined for hierarchical ap- abilities for this POMDP, we now describe how to compute a
proaches to MDPs. After a discussion of hierarchical FSCs, reward function and transition and observation probabilities
we develop some extensions of the POMDP framework that for an abstract action in a hierarchical FSC. The advantage
will allow us to do this. Then we describe a hierarchical of representing a policy fora POMDP as a FSC is that when
planner that is guaranteed to converge to a limited form of we treat this policy as an abstract action, we can compute an
recursive optimality. exact model of its effects, as follows.



Reward function The reward function of an abstract ac-
tion is computed by the policy evaluation method for a
FSC. For each terminal nodec T of the FSC, ansS|-
dimensional vector; is set equal to the immediate reward
vector for the action associated with the terminal node. For
each non-terminal nodé of the FSC, anS|-dimensional
vectorv; is computed by solving the system of linear equa-
tions given by Equation (2). The immediate reward function
of the abstract action is the vectay that corresponds to the
initial nodeqy. It represents the expected cumulative reward
received by starting the FSC in the initial node and continu-
ing until a terminal node is reached.

State transition probabilities The state transition proba-
bilities for an abstract action are computed by the standard
method of computing absorption probabilities in a Markov
chain. This is based on the same insight used by policy eval-
uation: a FSC for a POMDP fixes a Markov chain with a
state space that is the cross-produdatnd.S. The absorb-

the observation received after the action associated with a
terminal node) as the observation associated with the ab-
stract action. This may turn out to be useful, and would
allow us to compute observation probabilities for an abstract
action in a way that is similar to how we compute state tran-
sition probabilities. We discuss this again near the end of the
paper.

But for now, we assume that a null observation is associ-
ated with each abstract action. Although this is not a nec-
essary assumption, it will help to simplify our exposition.

It also conveys an intuition about the modularity of a hier-
archical policy. By associating a null observation with an
abstract action, all of the history information accumulated
in the course of executing the FSC is treated as local infor-
mation that is unavailable at the next higher level of con-
trol. Note that memory of what happened before the sub-
controller was invoked is preserved and still available at the
higher level. At the end of the paper, we discuss how to re-
lax the assumption that a null observation is associated with

ing states of the chain are those associated with a terminal & abstract action.

node of the FSC.

Let P;(s|s) denote the probability of making a transi-
tion from states to states of the POMDP by executing a
FSC beginning from nodé and continuing until termina-
tion. P;(8|s) can be computed by assuming that for each
terminal node € T of the FSC,

if s=35

1
0 ifs#3,
and by computing state transition probabilities for each non-

terminal nodei by solving the following system of@@ —
T||S|? linear equations:

Pz(§|5) = Z P(S/,Z|S,C¥(Z’))P5(i7z)(§|8/).
s'eS,zeZ

P,(5]s)

®3)

The state transition probabilities of the abstract action cor-
responding to this FSC are set equaPgd3|s), whereq is
the initial node of the FSC.

For any node and starting state, ) . P;(3|s) = 1 only
if the FSC corresponding to the abstract action is guaran-
teed to terminate. By analogy to the concept gfraper
policy (Bertsekas 1995), we defingoeoper FSCas follows.

Definition 4 A proper FSC eventually terminates with prob-
ability one.

Later, we give conditions under which a FSC that represents
a policy for a POMDP is guaranteed to terminate. However,

this method of computing state transition probabilities can

be used even when termination is not guaranteed.

Observation probabilities Now we face an interesting
guestion. How do we associate an observation with an ab-
stract action? What information is provided by executing
an abstract action? One possibility is to consider the entire
execution history of the FSC corresponding to the abstract
action as an observation. But this is clearly infeasible, since
the observation space could be infinite! Another possibility
is to consider the last observation received by the FSC (i.e.,

Mean duration times We consider one last aspect of the
model of an abstract action — the mean number of primitive
time steps an abstract action takes to execute. This infor-
mation is needed to do appropriate discounting in a semi-
Markov decision processes that includes abstract actions, if
we use a discount factor. The mean duration of an abstract
action, measured in number of primitive time steps, is com-
puted by solving the following system ¢f — T'||S| linear
equations,

Ni(s) = n(s,a(i)) + D P(s',z]s,a(i)) Nogi ) (s"),
s'€S,z€Z

whereN;(s) is the mean number of primitive steps until ter-
mination of the FSC, starting from non-terminal nadand

n(s, a(i)) is the mean duration of actian(:). We assume
thatn(s, «a(4)) is equal to 1 ife () is a primitive action. For

a terminal node, N.(s) = n(s,«(t)) foralls € S. The
mean duration time of an abstract action, conditioned on the
underlying states, is Ny(s), whereq is the initial node of

the FSC corresponding to the abstract action. Although this
system of equations assumes a proper FSC, it can be ap-
propriately modified for a FSC that does not terminate with
probability one.

Indefinite-horizon POMDPs

Our definition of a FSC includes a set of terminal nodes. In
a framework for hierarchical control, this is important be-
cause terminal nodes allow a sub-controller to stop and pass
control back to a higher-level controller. In this section, we
discuss how to represent and guarantee termination of a sub-
controller, and more generally, of a policy for a POMDP.
This question has received very little attention in the litera-
ture on POMDPs, but is crucial in a hierarchical approach to
control.

Of course, for finite-horizon POMDPs, a policy termi-
nates after a fixed number of time steps. But for most plan-
ning problems, the number of time steps needed to achieve



an objective cannot be fixed in advance, and a more flexi- The advantage of this approach to defining indefinite-
ble model is needed. If we formalize a sub-POMDP as an horizon POMDPs is obvious: it does not require recogni-
infinite-horizon POMDP, however, a policy may never ter- tion of the underlying state of the process. Of course, we
minate and control may never be passed back to a higher can define the state-dependent reward function for a termi-
level. In work on hierarchical control of completely observ- nal action in such a way that a large reward (or no reward)
able MDPs, each sub-MDP is formalized as an indefinite- is received for stopping in a state that corresponds to a goal
horizon MDP. This allows a policy to terminate after an in- state, and no reward (or a large penalty) is received other-
definite number of time steps, and under certain conditions, wise. Thus, we can still identify goal states in a useful way.

it is possible to ensure eventual termination with probability However, we no longer require that termination of a pol-
one. Indefinite-horizon MDPs include the class of stochastic icy depends on recognition that a particular goal state has
shortest-path problems (Bertsekas 1995). Such problems in- been reached. Instead, we model goal-achievement tasks by
clude a non-empty set of terminal states. When one of these defining an indefinite-horizon POMDP in such a way that
states is entered, a policy stops execution. Because termi-a policy terminates when the expected value of doing so
nal states can be viewed as goal states, stochastic shortestis optimized, based on a belief distribution over underlying
path problems are typically used to model decision-theoretic states, including goal states, and a tradeoff between the cost
planning problems that involve goal achievement (or, in the of continued plan execution and the reward for reaching a

case of hierarchical control, subgoal achievement).
It is not obvious how to extend the theory of stochastic

shortest-path problems to POMDPs, however. In a stochas-

tic shortest-path problem, termination of a policy requires

goal state. In this framework, it may be optimal to stop even
if it is not completely certain that the underlying state is a
goal state.

This definition of an indefinite-horizon POMDP not only

recognition that a terminal state has been reached. But in allows partially observed goal states, it fits nicely with our

a POMDP, the underlying state of the environment is not
directly observable! A special-case theory of stochastic

definition of a FSC, which includes a set of terminal nodes.
If a policy for an indefinite-horizon POMDP is represented

shortest-path POMDPs has been developed that assumes &y a FSC, the terminal nodes of the FSC are exactly those

POMDP contains a special observation that reliably indi-

nodes that are associated with a terminal action.

cates when a terminal state has been reached (Patek 2001). Now that we have described a mechanism by which a pol-
But assuming that terminal states are completely observable icy for a POMDP can terminate, we consider whether we

is not a general solution. We know of no other attempt to
characterize indefinite-horizon POMDPs.

In this section, we propose a framework for indefinite-
horizon POMDPs that we believe is general and natural. We
do so by thinking about the problem in a slightly different
way. In the traditional framework of stochastic shortest-path
problems, termination of a policy is associated with a set of

terminal states. Because we view termination as a decision,

we think it is more natural (or at leasds natural) to asso-
ciate termination of a policy with a set términal actions

instead of a set of terminal states. We define a terminal ac-

can guarantee that it terminates. It is important to note that
our hierarchical approach does not require that each sub-
controller eventually terminates, although it is important that
sub-controllers usually terminate. Our method of modelling
abstract actions (represented by FSCs), and of planning with
them, can be used even if some sub-controller has a non-
zero probability of not terminating, although a discount fac-
tor may be required in this case to ensure that the reward
function for the abstract action is finite. However, we can
identify an important class of POMDPs for which termina-
tion can be guaranteed. Consider the class of undiscounted,

tion as a special action such that as soon as it is taken and itsindefinite-horizon POMDPs for which every non-terminal

associated reward is received, execution of the policy termi-
nates. This leads to the following definition.

Definition 5 An indefinite-horizon POMDP is a POMDP
with an action set that includes one or more terminal ac-
tions?

LIt is interesting to note that many examples of POMDPs in the
literature are essentially indefinite-horizon POMDPs. Examples
include the well-known tiger-behind-a-door problem (Kaelbling,
Littman, & Cassandra 1998) and many maze-navigation problems.
Because there has been no theory of indefinite-horizon POMDPs,
they are formalized as infinite-horizon POMDPs with one or more
“reset actions.” A reset action is similar to a terminal action in that it

action incurs a negative reward. We call this class of prob-
lemsnegative POMDPs

Theorem 1 For negative POMDPs, every FSC found by
policy iteration terminates (i.e., is a proper FSC).

This follows from the fact that a policy that doesn't termi-
nate will have unbounded negative value, and a single-node
FSC that always selects a terminal action, or a better policy
than this (which must also terminate), can be found with a
single iteration of the DP operator.

How do we adapt a DP algorithm for POMDPs so that

pletely observable MDPs in a similar way. In fact, this results

represents the last step of a plan, but in these examples, it resets thein a framework that is more general than the theory of stochastic
problem to its starting state. Instead of stopping, the policy repeat- shortest-path problems. Any stochastic shortest-path problem can
edly solves the same problem. Because it accumulates the rewardbe defined using terminal actions instead of terminal states, by re-
acquired in solving the problem repeatedly over an infinite horizon, stricting the set of states in which a terminal action can be taken
it requires a discount factor. But an optimal policy with discounting  to the terminal states. In addition, this framework lets us define
may not be the same as an optimal policy for an indefinite-horizon MDPs for which a policy can terminate @ny state, if doing so
problem that is not discounted. maximizes expected value. This may have some advantages in the
2Obviously, it is possible to define indefinite-horizon com-  setting of complete observability, but we do not discuss them here.



it can solve an indefinite-horizon POMDP? The modifica- whereb? , denotes the belief state that results from taking ac-
tion is simple. Because a terminal action is the last action tion a resulting in observation after intervalt; P(t, s'|s, a)
executed by a policy, we do not optimize over terminal ac- s the joint probability distribution of transition intervaand
tions when using the DP operator to create an updated setnext states’, given that action: is taken in current state

of vectors. Instead we simply include the reward vectors for and

each terminal action in the current set of vectors from which

the DP operator constructs an updated set of vectors. Essen-  P(z,t|b,a) = Z {P(z|8’, a) Z P(t,s'|s,a)b(s)].

tially, this allows new FSC nodes to link to terminal nodes s’es seS
of a FSC, without allowing terminal nodes to have successor . . . o
nodes. The fact that the resulting belief state is conditioned on the

p actual transition interval, as well as the action and resulting
observation, means that the transition interval must be con-
sidered in optimization, even when there is no discounting.
The DP operator for POSMDPs must sum over all possible
transition intervals, as well as all possible observations, in
order to exactly update a value function, as follows:

A bound on the sub-optimality of a solution found by D
is computed in the standard way by multiplying the Bell-
man residualy = maxyeg |V'(b) — V(b)|, which repre-
sents the maximum error per time step, by a terrthat
represents an upper bound on the expected number of time
steps until termination. In the discounted cage+= %
represents the expected time until termination under the in- 0
terpretation of the discount factor as a non-zero probabil- V’(b) = max {r(b, a) + Z Zﬁtp(z,ﬂb, a)V(bgyt)} .
ity of “terminating” each time step (Bertsekas 1995). In acA 2€Z t=0
the case of negative POMDPSs, an upper bound on the ex-
pected time till termination is. = (%1 + 1, wherev =
maxses e Vi(S) — minges e vi(s) is the greatest differ-
ence of reward for terminating in one state rather than an-
other;¢ is zero minus the largest reward (i.e., it is the small- Definition 6 A weak £)-optimal policy for a POSMDP is
est cost) for any non-terminal action; and one is added to a policy that is £)-optimal among all policies that araot
account for the execution time of a terminal action. In either conditioned on the transition interval (i.e., the duration of
case, the sub-optimality of the FSC found by policy itera- actions).

tion for POMDPs is bounded by < r - u, and we have the ¢ s straightforward to prove that an exact DP algorithm for

As a result, except for special cases, the DP operator for
POSMDPs cannot be computed exaétljherefore, we pro-
pose the following concept of limited optimality.

following result. POMDPs converges to a wealoptimal policy for a POS-
Theorem 2 Policy iteration converges to arroptimal FSC MDP. In the discounted case, it must still consider expected
after a finite number of iterations. action durations to do appropriate discounting. But in any

case, itignores the possibility that a policy is conditioned on
the actual duration of actions. This means that our policy it-
eration algorithm searches in a space of FSCs for which the
node transition function is conditioned on the observation
only, not both the observation and the duration of the action.
i . . For hierarchical POMDPs that contain abstract actions
Partially observable semi-Markov decision corresponding to FSCs, adoption of this criterion of weak
processes and weak optimality (e)-optimality seems reasonable for a second reason: we
have already chosen to ignore other information that could
be relevant in optimization. To update the belief state cor-
rectly, we would need to consider not only the duration of
an abstract action, but the entire history of observations re-
ceived in the course of executing the abstract action. This is
the only way to ensure exact belief updates and true optimal-
ity. We chose to ignore this information when we decided to
return a null observation (or limited information) from an
abstract action. Although we could use the full history in-
formation to do exact belief updates, it is clearly infeasible
to enumerate over all possible histories in an optimization

For discounted, infinite-horizon POMDPs, this result is a
straightforward extension of the similar result for value it-
eration (Hansen 1998a). We claim that it also holds for neg-
ative POMDPs, and will give the proof in a separate paper.

Most work on hierarchical control of completely observ-
able MDPs adopts the framework of semi-Markov decision
processes (SMDPs). Thus, it is natural to expect a well-
founded approach to hierarchical control of POMDPs to
adopt the framework of partially observable semi-Markov
decision processes (POSMDPs). We now consider this pos-
sibility.

First, we note that a DP algorithm for completely observ-
able SMDPs does not need to consider the actual time in-
terval between actions, and it only needs to consider the ex-
pected time interval (or mean action duration) under the dis-
count_ed pptlmallty criterion. .In that case, the mean action 3We know of only one paper that discusses the possibility of
duration is relevant because it affects the degree of discount- computing exact solutions for POSMDPs, and it focuses on the
ing. The partially observable case is much more complicated finite-horizon case (White 1976). If action durations are discrete,
than this. Consider the formula for updating the belief state then — because the finite horizon bounds the duration of an action —
ina POSMDP, the set of possible action durations is finite and can be enumerated.

, , It follows that the optimal value function is piecewise linear .and
b, (s') = P(z]s',a) Zses P(t,s'|s,a)b(s) convex and can be _founc_:l t_)y DP. ThI_S resul_t does not extend (in any
2t P(z,t|b, a) ’ natural way) to the indefinite or infinite horizon case.




algorithm — just as it is infeasible to enumerate all possible
action durations.

Therefore, we extend our definition of weak optimality to
POSMDPs with abstract actions as follows.

Definition 7 A weak §)-optimal policy for a POSMDP with
abstract actions is a policy that is)-optimal among all
policies that are not conditioned on the duration of actions
or any history information about the execution of the ab-
stract action except that explicitly modelled by its observa-
tion function.

We adopt this definition not only because it seems unavoid-

Each subtask in this hierarchy represents a sub-goal in a
hierarchical decomposition of the original MDP. A policy
for the subtask terminates when the sub-goal is achieved.
In the completely observable case, termination is associated
with a set of terminal states and the sub-goal is modelled by
associating rewards with the terminal states. Dietterich even
allows the designer of a task hierarchy to create artificial
sub-goals if this helps decompose a problem, by defining
a pseudo-reward functiofor the MDP corresponding to a
subtask.

We follow Pineau et al. in associating each internal node
of the task hierarchy with a POMDP. Primitive POMDPs

able, but because it seems reasonable in the context of hier-naye primitive actions only, and abstract POMDPs have ab-

archical decomposition. It coincides with our intuition that

stract actions (and possibly primitive actions). We also adopt

in a well-designed task hierarchy, memory that is needed t0 pjneau et al.'s general approach to solving a POMDP repre-

safely ignored at a higher level of abstraction.

MAXQ Decomposition

a policy for each subproblem, traversing the task hierarchy
in a bottom-up order. After computing a policy, we treat it
as an abstract action in the next higher-level POMDP. This

In the previous sections, we developed a theoretical frame- requires computing a reward function and transition model

work for hierarchically-structured POMDPs in which a pol-

icy is represented as a hierarchical FSC. We believe that this

can provide a foundation for generalizing hierarchical ap-
proaches to MDPs from the completely observable to the

for the abstract action.

Our approach departs from the approach of Pineau et
al. in the following ways. We represent a policy as a
FSC; we formalize each POMDP in the task hierarchy as

partially observable case. As an example, we show how one an indefinite-horizon POMDP (as defined earlier) to allow

hierarchical approach to completely observable MDPs — Di-
etterich’s (2000) MAXQ approach — can be generalized to
POMDPs.

One reason for considering the MAXQ approach is that
significant effort has already been made to generalize it to
POMDPs (Pineau, Roy, & Thrun 2001; Pineau & Thrun
2002). Pineau et al. use the MAXQ approach to improve
the scalability of value iteration for POMDPs. Their hier-
archical algorithm has a number of attractive features and
shows impressive empirical performance. For example, it

termination of a FSC without requiring recognition of an un-

derlying terminal state; and we use policy iteration instead

of value iteration to solve a POMDP. Representing a pol-

icy as a FSC allows us to compute an exact model for an
abstract action. Whereas Pineau et al. treat a policy for a
subtask as a single abstract action for which a reward and
transition model is approximated, we create one abstract ac-
tion for each node of the FSC representing the policy. Thus,
in our approach, a FSC is converted to a set of abstract ac-
tions, one for each of its nodes. Computing models for these

has been successfully used to control a mobile robotic assis- abstract actions adds no complexity to the model computa-
tant in a nursing home. However, their approach relies on tion step because we compute a model for all nodes of a FSC
several approximations, especially in modelling abstract ac- simultaneously. However, it does increase the size of the ac-
tions, and it cannot make any guarantees about the quality tion set of the parent POMDP in the hierarchy. It might seem
of the policy it finds. that this would dramatically increase the complexity of solv-
In this section, we present an alternative generalization ing the parent POMDP, but in practice it does not. First, the
of the MAXQ approach that represents abstract actions as O(|A||V|l#!) worst-case complexity of the DP operator de-
FSCs and uses policy iteration as a planning algorithm, in- pends exponentially on the size of the observation set, poly-
stead of value iteration. This lets us to make some limited nomially on the size of the vector set, and only linearly on
but well-defined claims about the quality of the policy found the size of the action set. Second, each of our abstract ac-
by our planner. We begin with a review of the MAXQ ap- tions is associated with a null observation. Because it is the
proach and Pineau et al’s generalization, and then describe number of observations that principally affects the complex-
our alternative. ity of the DP operator, the set of abstract actions (each with
The key idea of the MAXQ approach is to decompose a null observation) increases the complexity of the parent
an MDP into a collection of smaller MDPs based on a POMDP almost negligibly.
programmer-defined task hierarchy. Figure 2 shows asimple We mention one additional element of our generaliza-
example of a task hierarchy. The leaves of the task hierarchy tion of the MAXQ approach. If a programmer specifies a
correspond to primitive actions. The internal nodes (repre- pseudo-reward function for a subtask in the hierarchy, we
sented by boxes) correspond to tasks, or MDPs, for which associate this pseudo-reward function withsgudo-action
a policy can be found and treated as an abstract action of that is defined to be a terminal action. (Recall that we in-
the MDP corresponding to the node above it in the task hi- troduced terminal actions in the framework of indefinite-
erarchy. The action set of each MDP contains the primitive horizon POMDPs.) Since the pseudo-reward function is ar-
and abstract actions represented by its child nodes in the tasktificial, we view the pseudo-action as similarly artificial and
hierarchy. assume it takes zero time steps to execute.



Repeat until error bound is less than
for eachtask in hierarchy, in bottom-up orddo
Use policy iteration to improve (or create) FSC for task
Compute error bound of FSC
if not the root task, compute model for abstract
actions corresponding to nodes of FSC

Figure 1: MAXQ-Hierarchical Policy Iteration.

Earlier, we showed that for any POMDP that includes ab-
stract actions, policy iteration converges to a wedaptimal
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FSC. This means that an abstract action may be SUb-Optimal Figure 2: The Taxi domain and its Corresponding task hier-

and associated with some bounded error. If we can show
how to propagate the error bounds for abstract actions up
through the task hierarchy, we can bound the error of a hier-
archical FSC.

Theorem 3 The sub-optimality of a FSC found by policy it-
eration in solving an abstract POMDP is bounded by

e<(r+d)-u,

where the Bellman residuat, and the upper bound on the
mean time until the policy terminates, are defined in the
paragraph preceding Theorem 2, afo= max,c 5 €5 IS @
bound on the sub-optimality of any abstract action in the
action set of this POMDP (whetg; is the error bound as-
sociated with abstract actiom).

The idea is that the sub-optimality of a FSC can increase the
sub-optimality of any FSC that uses it as an abstract action,

and this needs to be considered in calculating error bounds.

In effect, the maximum error for any abstract action is added
to the residual of a POMDP that includes this abstract action.

The error bound for the lowest-level FSCs is computed by
settingd to 0 because the lowest-level FSCs only have prim-
itive actions. The error bound for FSCs that include abstract
actions in their action set is computed using Theorem 3, and
the error bound for the hierarchical FSC is the error that
propagates to the top of the task hierarchy. If the overall
error bound is greater than some pre-specifiethe algo-
rithm can traverse the hierarchy in bottom-up order again to
improve the hierarchical FSC and reduce its error bound fur-
ther. The algorithm may converge more quickly by focusing
effort on improving the sub-controller that contributes most
to the overall error.

The pseudocode in Figure 1 shows in very simple out-
line the structure of our planning algorithm, called MAXQ-
hierarchical policy iteration. The outer loop, which repeats
the traversal of the task hierarchy until a desired error bound
is achieved, ensures eventual convergence.

Theorem 4 MAXQ-hierarchical policy iteration converges
to a recursively weak-optimal FSC in finite time.

Note that in extending the MAXQ approach to POMDPs,
we have added two qualifications to Dietterich’s recursive
optimality result for completely observable MDPs. First, we
only guarantee-optimality because there is no guarantee
that policy iteration can find an optimal FSC. Second, we

only guarantee weak optimality because (a) the node transi-

tion function of a FSC is conditioned on observations only,

archy (Dietterich 2000).

not the duration of actions, and (b) we choose to ignore
(most) history information that is local to the FSC corre-
sponding to an abstract action.

Example

We have implemented the MAXQ-hierarchical policy itera-
tion algorithm and used it to solve several simple POMDPs,
including a partially observable version of the Taxi problem
used as a motivating example by Dietterich (2000). Figure 2
shows the grid in which the taxi navigates. The taxi can pick
up or drop off a passenger in any one of four locations, la-
belled R, G, Y and B. The problem has three state variables;
the location of the taxi (with 25 possibilities), the location
of the passenger (with five possibilities corresponding to R,
G, Y, B and the taxi) and the destination (with four possibili-
ties), for a total of 500 states. There are six primitive actions;
four navigation actions that deterministically move the taxi
one square North, South, East or West; a Pickup action; and
a Putdown action. There is a reward of -1 for each navigation
action. The Pickup action has a reward of -1 when the taxi is
at the passenger location, and0 otherwise. The Putdown
action has a reward of +20 when the taxi is at the destina-
tion with the passenger in the taxi, and -10 otherwise. We
can model this problem as a negative POMDP in which the
Putdown action is a terminal action. (Note that we can add
pseudo-terminal actions for the pseudo-reward functions in
Dietterich’s hierarchical decomposition.)

To make this problem partially observable, we assume
that the taxi cannot observe its exact location. Instead, all
it can observe is the wall placement in all four directions
immediately adjacent to its location. With this simple ob-
servation function (and using the notation (column, row) to
denote a square in the grid), the following sets of states are
aliased, i.e., they have the same observation and cannot be
distinguished by observation alon&0,4), (2,4}, {(1,4),
(4.4}, {(0,3), (2,3), (0,2), (L.1), (3.3) {(1,3), (4,3), (4.2),
(2.1), (4,1}, {(3.3), (1.2), (2.2), (3.9 {(1,0), (3,0}, and
{(2,0), (4,0}. States (0,0), (0,1), and (3,4) each have a
unique observation and can be reliably identified by it. The
total number of observations is 10. Although the location of
the taxi is partially observable, the other two state variables
(the location of the passenger and the destination) are com-
pletely observable. This creates a POMDP with a hybrid



structure (i.e., some state variables are partially observable Andre & Russell 2002), and has also been explored for
and some are completely observable) and this can be ex- hierarchically-structured POMDPs (Pineau & Thrun 2002).

ploited to solve the problem much more efficiently. In par- We claim that our hierarchical approach to POMDPs im-

ticular, it is unnecessary to optimize the value function for poses no limit on the overall size of the state space or the
a belief simplex over 500 states, since most of these belief number of state distinctions that may be considered at one
states are impossible give that there is no uncertainty about time or another, as long as the POMDP corresponding to
two of the state variables. Instead, we optimize 20 separate each subtask can be solved by DP. (For similar reasons, it

value functions for 20 belief simplices, one for each combi-
nation of values for the completely observed variables. The
dimension of each simplex is 25, corresponding to the 25

imposes no limit on the overall size of the hierarchical FSC.)
Besides needing state abstraction in a DP algorithm for
POMDPs, we need state abstraction in computing the transi-

partially observable locations for the taxi. A very simple
adaptation of the DP algorithm for POMDPs that exploits
this hybrid structure is described by Choi et al. (2001). It
allows us to solve this 500-state POMDP without needing
to address the issue of state abstraction, a topic we defer for
future work.
The MAXQ-hierarchical policy iteration algorithm finds
a hierarchical FSC for this problem that is recursively opti-

tion model for an abstract action, which requires solving the

system of linear equations given by Equation (3). It is espe-

cially critical to use state abstraction in this step because the
number of equations is quadratic in the number of states.

Observations for abstract actions

Earlier, we made the simplifying assumption that each ab-
: > . ly O stract action is associated with a null observation. This
mal in the weak sense defined earlier. (Although policy iter-  means the abstract action is treated as a black box, and the
ation is only guaranteed to converge=toptimality, we re- history of observations received in the course of executing it
mind the reader that it can detect convergence to optimality.) is invisible to the higher-level controller.
Th|S takeS |ESS than th|rty minutes on a Pentium IV 1GHz Th|S iS a reasonable assumption for an approach based
processor. The controller has 1094 nodes, and the numberon hierarchical decomposition. It means that memory used
of abstract actions created in SOIV!ng -thls prOblem is 1092. by a sub-controller to solve a sub_prob|em is local memory,
The most complex part of the policy is the 433-node sub- and not needed by the higher-level controller. When this
controller responsible for navigating to location B, since this assumption is justified by the structure of a problem, it of-
location is the most Significantly aliased. ltis interesting to fers great Computationa| |everage_ Neverthe|eSS, there will
note that this optimal sub-controller does not guarantee ter- pe times when it is useful for a sub-controller to pass some
mination in location B, although it guarantees termination. hjstory information back to the higher-level controller that
In this respect, it illustrates our indefinite-horizon model. invoked it. This can be done by associating an observation
) function with the abstract action. It is obviously infeasible to
Extensions pass the entire execution history of an abstract action back
We have outlined an approach to hierarchical planning for to the higher-level controller as an observation, since this
POMDPs in which abstract actions are represented as FSCs.could make the observation space infinite. However, there
To make this approach practical, several developments are are ways to return a useful summary. If the POMDP cor-
still needed. In this section, we briefly discuss two important responding to a subtask has two or more terminal actions,
extensions that we leave for future work. for example, one could associate a distinct observation with
. each. Recall that each terminal action corresponds to a dis-
Task-dependent state abstraction tinct terminal node of the sub-controller. Because the set
Currently, exact DP algorithms cannot solve POMDPs that of terminal nodes partitions all possible histories of the sub-
require optimizing a value function for a belief simplex that controller, the observation associated with each terminal ac-
is defined over more than about 40 or 50 states. Thus, statetion could be viewed as a summary of the most relevant in-
abstraction is absolutely necessary for scaling up a hierar- formation from this history. So, in some sense, this can be
chical (or any other) approach to solving POMDPs. Prelim- viewed as a form of observation abstraction.
inary work on state abstraction for POMDPs shows thatthe  As one example of how this could be useful, Dietterich
DP algorithm can find exact or approximate solutions if the describes a fickle taxi problem in which a passenger changes
number ofabstract stategan be limited to about the same  his destination while the abstract action for navigating to the
number (Hansen & Feng 2000; Feng & Hansen 2001). destination is executing. If the abstract action is represented
An important motivation for a hierarchical approach to by a FSC with four terminal nodes, one for each destina-
MDPs is the opportunity to leverage the hierarchical decom- tion, the changed destination could easily be passed back to
position to perform task-dependent state abstraction. This the higher-level controller as an observation. In this case, the
means that state distinctions that are relevant for achiev- size of the observation space is equal to the number of termi-
ing one subgoal may be irrelevant for achieving another nal nodes. The pointis not simply that it is possible to return
subgoal, and can be considered or ignored depending on history information from a sub-controller in this way (or oth-
the context. By decomposing a problem hierarchically and ers), but that the designer of the task hierarchy can control
solving it on a subtask-by-subtask basis, opportunities for and limit the information returned. In a well-designed task
state abstraction may be dramatically increased. This has hierarchy, we expect that only a small amount of relevant
proved to be a significant advantage of hierarchical ap- history information will be returned from a sub-controller to
proaches to completely observable MDPs (Dietterich 2000; the higher-level controller that invoked it.



Conclusion

We have described an approach to hierarchical planning for
POMDPs in which a policy is represented as a FSC. The key

idea of our approach is that representing an abstract action as

a FSC allows us to compute an exact transition and reward
model for it. In turn, this allows us to create a well-defined
abstract POMDP and to provide some theoretical guaran-
tees about the quality of a policy found by our hierarchical
algorithm. We have covered a lot of ground in developing
this approach, and many of the topics we have raised de-
serve further elaboration and study. However, we have tried
to present enough detail to convince the reader that this ap-
proach is plausible and worth investigating further.

We conclude by noting that a FSC is a “plan-like” repre-
sentation of a policy for a POMDP, in contrast to a repre-
sentation of a policy as a mapping from belief states to ac-
tions. It may be that a policy representation that is closer to
traditional Al plan representations makes it easier to lever-
age techniques — such as hierarchical action decomposition
— that have proved helpful in scaling-up traditional Al plan-
ning algorithms.
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