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Abstract

Although a partially observable Markov decision
process(POMDP)providesanappealingmodelfor
problemsof planningunderuncertainty, exactalgo-
rithmsfor POMDPsareintractable.Thismotivates
work on approximationalgorithms,andgrid-based
approximationis a widely-usedapproach.We de-
scribea novel approachto grid-basedapproxima-
tion thatusesavariable-resolutionregulargrid, and
show that it outperformsprevious grid-basedap-
proachesto approximation.

1 Intr oduction
A partially observable Markov decisionprocess(POMDP)
modelsplanningproblemsfor which actionshave stochas-
tic effectsandsensorsprovideimperfectandincompletestate
information.Originally developedin theoperationsresearch
community, this modelhasbeenadoptedby theAI commu-
nity as a framework for researchin planningunderuncer-
tainty andrelatedproblemsof reinforcementlearning.

A standardapproachto solvinga POMDPis to transform
it into an equivalent,fully observableMarkov decisionpro-
cesswith a statespacethat consistsof all probability dis-
tributionsover the core statesof the POMDP, and to solve
thePOMDPin this form. For a POMDPwith � corestates,
the transformedstatespaceis the � -dimensionalsimplex,
or belief simplex. Although a continuousstatespacesuch
asthis presentsa computationalchallenge,discreteapprox-
imationsof continuousstatespacesarea naturalandoften-
usedapproximationtechnique. Grid-basedapproximation
wasthefirst approachadoptedfor solvingPOMDPs,andit is
still widely-used[Drake,1962;Kakalik, 1965;Eckles,1966;
Lovejoy, 1991; Brafman, 1997; Hauskrecht,1997; 2000].
A finite grid is placedover the belief simplex, valuesare
computedfor pointsin the grid, andinterpolationis usedto
evaluateall other points in the simplex. This is closely re-
latedto grid-approximationtechniquesfor othercontinuous
MDPs[Munos& Moore,1999].

Differentapproachesto constructinga grid have beenex-
plored. Lovejoy (1991)describesa fixed-resolutionregular
grid, in which the points of the grid are spacedin a regu-
lar patternanddivide thebeliefsimplex into equal-sizedsub-
simplices.This allowsa veryefficentinterpolationalgorithm

basedon the conceptof triangulation. However, the sizeof
thegrid grows exponentiallywith any increasein resolution.
Hauskrecht(1997,2000)andBrafman(1997)proposenon-
regular grids that allow the pointsof the grid to be spaced
unevenly in the belief simplex, in order to approximatethe
contoursof the value function aseconomicallyaspossible.
However, interpolationalgorithmsfor non-regular grids are
much lessefficient. In this paper, we develop a variable-
resolutionregular grid that combinesthe strengthsof both
approaches.It allows theresolutionof thegrid to beadjusted
in differentregionsof thebeliefsimplex, but in a regularpat-
tern that makes it possibleto generalizethe efficient inter-
polationalgorithm for regular grids. The result is a higher
qualityapproximationat lesscomputationalcost.

The paperis organizedas follows. We begin with a re-
view of thePOMDPmodel,thegrid approximationapproach,
andLovejoy’s interpolationalgorithmfor regulargrids. We
generalizetheinterpolationalgorithmfor usewith avariable-
resolutionregulargrid, anddiscussmethodsfor adjustingthe
resolutionof the grid to achieve the bestquality-timetrade-
off for theapproximation.We evaluatethis approachanalyti-
cally andexperimentally, andshow thatit outperformsprevi-
ousgrid-approximationmethods.

2 Background
Weconsideradiscrete-timePOMDPwith afinite setof states�

, a finite setof actions� , andafinite setof observations � .
Eachtime period, the environmentis in somestate �	� �

,
theagenttakesanaction 
���� for which it receivesan im-
mediaterewardwith expectedvalue 
�������
�� , theenvironment
makesa transitionto state����� �

with probability ��������� ����
�� ,
andtheagentobserves����� with probability ����� � ���!��
�� . Let"

denotea vectorof stateprobabilities,calleda belief(or in-
formation)state, where

" ���#� denotesthe probability that the
environmentis in state � . If action 
 is taken andobserva-
tion � follows, the successorbelief state,denoted$%� " ��
&���'� ,
is determinedby revisingeachstateprobabilityasfollows,$%� " ��
 �����(�)� � �+*-,/.�0�1 ���!�&������� ����
�� " ���#������ � " ��
�� �
where �����2�3���)� ����
��4*5���!�6� ������
��7���)���)� ����
�� and the denom-
inator is a normalizing
factor ���!�6� " ��
��8* , .79:0�1 ���!�6� ���!��
�� , .�0�1 ���)�;��� �<��
�� " �)�=� .



A POMDPis solved by finding a rule for selectingactions,
called> a policy, that optimizesa performanceobjective. We
assumetheobjectiveis to maximizeexpectedtotaldiscounted
rewardover an infinite horizon(where ?@�BA C��;D=� is thedis-
count factor). An optimal policy hasa value function that
satisfiestheBellmanoptimalityequation,EGF � " �+*IH�J#KL 0�M N 
'� " ��
��%O	?QPR 0�S ���!�6� " ��
�� ETF �:$%� " ��
 �����U�)VW�
where 
�� " ��
��X* ,Y.�0�1 " ���#�7
'�)����
�� . Exact algorithmsfor
solvingthisoptimalityequationareintractablefor all but triv-
ial problems. This motivateswork on approximationmeth-
ods.

2.1 Grid-basedapproximation
Let Z denotea grid thatcontainsa finite setof belief states,"([ \^]_]`]a"([ b [ b . A beliefstate

"
isaconvexcombinationof thebelief

statesin grid Z if" ���#�c* b [ bP d`e \gf �:hU� " [d ���#�(� for all �i� � �
where f is a vectorof size � Z4� , f �:hU�kjlC for all f �:hU� , and, b [ bd`e \ f �!hm�^*nD . For eachbelief state

" [d
in thegrid, we store

a valuedenotedop � " [d � . Theconvex interpolationfunction,oE � " �+* b [ bP d`e \ f �:hU�=op � " [d �3�
definesacontinuousandpiecewise-linearvaluefunctionover
all belief states,givenvaluesfor thebelief statesin thegrid.
To computevaluesfor the belief statesin the grid, we use
valueiterationwith theupdaterule,op � " [d �+*YH�J#KL 0�Mrq 
�� " [d ��
���O	? PR 0�S ���!�6� " [d ��
�� oE �:$%� " [d ��
&���'���=sk�
whichconvergesto auniquefixed-pointsolutionthatis guar-
anteedto beanupperboundon theoptimalvaluefunction.

A belief statecanbe expressedasmany differentconvex
combinationsof grid points. The convex combinationthat
providesthe bestupperboundcanbe found by solving the
following linearprogram.

Variables:f �!hm� for Dutvhctn� Z4�
Minimize: , b [ bd_e \ f �:hU� oE � "([d �
Constraints:, b [ bd_e \ f �:hU� " [d ���#�c* " ���#�3� for all �i� �, b [ bd_e \ f �:hU�c*nDf �!hm�^jIC for Dwtvh^t@� Z4�

Using linear programmingto find the bestinterpolationcan
be very expensive. However, any convex combinationpro-
vides an upperbound,and fast methodsfor finding a non-
optimalconvex combinationcanproducegoodupperbounds.
Designof a grid-approximationstrategy requiresaddressing
two questions.What interpolationmethodprovidesa good

tradeoff betweentime andquality?Whatbelief statesshould
be includedin the grid? Every grid mustcontainthe corner
pointsof the belief simplex to ensurethat a convex combi-
nationcanalwaysbe found. Differentstrategiesfor adding
otherpointsto a grid have beenexplored. We begin with a
review of a fixed-resolutionregulargrid andtheefficient in-
terpolationalgorithmit supports.In therestof thepaper, we
developa variable-resolutiongeneralizationof this.

2.2 A fixed-resolutionregular grid
Lovejoy (1991)constructsa regulargrid asfollows. Let x
beapositive integerthatrepresentstheresolutionof thegrid.
Thesetof belief statesin thegrid is definedas,Zy*{z| } " *�~ Dx���� � � ��� b 1 b� � b 1 bP d`e \ � �:hU�+*Yxl� �� �
where � b 1 b� denotesthesetof � � � -vectorsof non-negative in-
tegers.Thegrid dividesthebeliefsimplex into asetof equal-
sizesub-simplices.Notethatwhen x�*yD , thegrid contains
only thecornerpointsof thesimplex. Thenumberof points
in thegrid is givenby theformula:� Z4�<* �)x�OB� � �=�rD=�3�x������ � �=�rD=�(�

The advantageof a regular grid is that it allows an ele-
gantandefficient methodof interpolation.To evaluatea be-
lief state

"
requiresfinding the verticesof the smallestsub-

simplex that contains
"
, andthenfinding the coefficientsof

interpolation f �:hU� . Lovejoy definesa secondgrid of integer
vectors,Z � *�� �G�k� b 1 b� � x�*Y� \ jr�;�wjr�;�wj ]_]_] jr�;��jIC �i�
andconvertsabeliefstate

" ��Z into anintegervector�k��Zu�
in order to perform interpolation. Becauseof a one-to-one
correspondencebetweengrid points in Z and Zu� , the sub-
simplex that contains�n�@Zu� canbe usedto determinethe
sub-simplex that contains

" ��Z . Here,we summarizethe
stepsof the interpolationalgorithm. We refer to Lovejoy
(1991)for adetailedexplanation.

1. Givena belief state� , createan � �c� -vector � suchthat � �!�; %¡¢ ,y£ ¤'£¥`¦2§ �¨�ª©�  for «W¬Y�G¬y� �c� . (This transformsprobability
densityfunction � into cumulative distribution function � .)

2. Let ­ be the largestinteger � �+� -vectorsuchthat ­��!�; ®¬X�6�!�¨ 
for all �°¯4� .

3. Let ± be an � �c� -vectorsuchthat ±��!�¨ ²¡y�6�!�¨ ´³µ­��!�¨  for all�®¯�� .

4. Let ¶ bean � �+� -vectorthatcontainsa permutationof the inte-
gers «�·�¸¹·�º»º¼º¼·¨� �+� thatordersthecomponentsof ± in descending
fashion,sothat ±��¼¶&��«¨ 7 g½�±��¼¶ �!¸= 7 g½	º¼º»º�½�±��¼¶ �m� �c�  7  .

5. Find thevertices¾¿­ ¥ÁÀ «Â¬Ã©g¬Y� �c� Ä of thesub-simplex in ÅÇÆ
thatcontains� , asfollows:­'È¿�!�; É¡ ­��!�¨ U· for «®¬Ã�°¬v� �c�­ ¥`Ê È¿�!�; É¡ Ë ­ ¥ �!�¨ �Ì�« if �Í¡�¶ �ª©) ­ ¥ �!�¨  otherwise



By theisomorphismbetweenÅ and Å Æ , this identifiesthecor-
respondingvertices¾¿�3Î¥ À «Â¬Ã©Ï¬X� �+� Ä of thesub-simplex inÅ thatcontains� .

6. Find thebarycentriccoordinates¾;Ð �ª©)  À «Â¬�©Ï¬Y� �+� Ä for the
interpolation,asfollows:Ð �ª©) Ñ¡ ±��¼¶ �ª©�³Ò«¿ 7 6³Q±��7�¼¶ �ª©) 7 U· for ¸Â¬�©´¬r� �+�Ð È ¡ «+³ £ ¤'£P ¥`¦2Ó Ð �ª©) Uº

7. Let ÔÕ �:�( �¡ , £ ¤'£¥`¦ È Ð �ª©) 2ÔÕ �:� Î¥   .
Thecomplexity of eachof thesestepsis Ö×��� � � � , with thepos-
sibleexceptionof step4 which requiressortingtheelements
of an � � � -vector. Althoughsortinghasworst-casecomplexityÖ×��� � �mØ`Ùw� � � � , we canimprove this by noting that the differ-
encevector Ú is uniformly distributedover A C��¨D#� . Bucketsort
is ideallysuitedfor inputdatathatis uniformly distributedbe-
tween0 and1, andhasonly linearaverage-casecomplexity.
Using bucket sort, the average-casecomplexity of the inter-
polationalgorithmis Ö×��� � � � . We notetheimportantfactthat
the complexity of interpolationdoesnot dependon the size
of thegrid.

We store the grid using a hash table. Our hash func-
tion useslexicographicalorderingof the integer vectorsinZu� to map eachvector in Zu� to a unique integer from C
to ��xÛO�� � �Á�ÜD=�3�¼Ý¿x������ � �Á�ÞD#�3�¼�T�ÞD . The hash func-
tion is perfect if the size of the hashtable is equal to or
greaterthan �)xßO-� � �6��D=�3�¼Ý¿x������ � �6��D=�(�a� , which is the
total numberof possiblegrid points. (The hashfunction
assumesa maximumresolution, x .) Becausethe number��x�OÃ� � �U�kD=�(�aÝ¨x��_��� � �U�kD=�(�a���kD explodesquickly as x and� � � increase,it is usuallyimpossibleto have a hashtablethis
large. We resolve collisionsby associatinga linked list with
eachslot,andusethehashcodeto uniquelyidentify thegrid
point in thelist.

3 A variable-resolutionregular grid
Thedisadvantageof a fixed-resolutiongrid is that increasing
theresolutionof thevaluefunctionapproximationin onere-
gion of the belief simplex requiresincreasingits resolution
everywhere.Thiscausesanexponentialexplosionin thesize
of the grid, and makes this approachinfeasiblefor all but
small problems. To addressthis problem,Lovejoy (1991)
suggesteda variable-resolutiongeneralizationof his method
thatwould “maintainthesimplicity of theFreudenthaltrian-
gulation,but allow themeshx to vary on differentportions
of àT� � � .” However, neitherLovejoy nor anyoneelsedevel-
opedthis extension.

In therestof thispaper, wedevelopthisvariable-resolution
generalizationof Lovejoy’s regulargrid. We discusshow to
generalizetheFreudenthalinterpolationandhow to selectthe
appropriateresolutionfor differentregionsof thesimplex. In
allowing theresolutionof thegrid to vary, we adopttherule
that the resolution x is always a positive integer power of
2. This ensuresthatverticesof low-resolutionsub-simplices
arealsoverticesof higher-resolutionsub-simplices,andstill
usefulwhenresolutionis increased.Fromnow on,we let x
denotethehighestresolutionanywherein thegrid.

3.1 Inter polation

Smallest complete sub-simplex To perform interpolation
for belief state

"
, we searchfor the smallest(i.e., highest-

resolution)sub-simplex containing
"

thatis complete(i.e., all
its verticesarein thegrid). Thelowestpossibleresolutionof
thegrid is 1, andthehighestpossibleresolution,x , is given.
(We mustknow x in order to createthe hashfunction for
thehashtableusedto storethegrid.) For any resolution,the
algorithmsummarizedin Section2.2identifiestheverticesof
the sub-simplex containing

"
, andwe cancheckwhetherall

of thesearein thegrid. Thus,wecanusebinarysearchto find
the resolutionbetween1 and x with the smallestcomplete
sub-simplex containing

"
. Becausethe grid alwaysincludes

thecornerpointsof thebelief simplex, thesearchis guaran-
teedto find a completesub-simplex at someresolution.The
complexity of this interpolationalgorithmis Ö×��� � ��Ø`Ù^Ø`Ù^xy� ,
where the factor Ø`ÙÍØ`Ù°x reflectsthe complexity of binary
searchand the fact that only resolutionsthat arepowersof
two mustbeconsidered.

Virtual points Eachpoint in a regular grid is a vertex in
many differentsub-simplices.In a variable-resolutiongrid in
which not every part of the grid is refinedto the samereso-
lution, this meansthat therewill be many sub-simplicesfor
which somebut not all of their verticesaregrid points. The
smallestcompletealgorithmconsiderssub-simplicescontain-
ing

"
at differentresolutions,until it finds thesmallestcom-

pleteone. In its search,it alwaysconsidersthe sub-simplex
at the next higherresolution. Even thoughthis sub-simplex
is not complete,many of its verticesmay be presentin the
grid. It canbe advantageousto usethesehigher-resolution
grid pointsin interpolation,andit is possibleto dosoby “fill-
ing in” themissingverticeswith whatwecall virtual vertices.
Any vertex thatis missingfrom asub-simplex is abeliefstate
for which wecancreateanupperboundvalueby performing
interpolation,sincethemissingvertex is containedin alower-
resolutionsub-simplex. Wecall thiscomputedvalueavirtual
vertex. By usingvirtual verticesto fill in themissingvertices
of the incompletesub-simplex at the next higher resolution
after the smallestcompleteone, we can improve the inter-
polatedvalue. The costfor this improvementis an increase
in the worst-casecomplexity of interpolationby a factorof� � � comparedto thesmallestcompletealgorithm(sincein the
worstcaseeveryvertex maybemissingfrom asub-simplex).
But this complexity factor can be improved by not creat-
ing virtual verticesfor anincompletesub-simplex with more
than MaxVirtual verticesmissing. This limits the increase
in worst-casecomplexity to a factor of MaxVirtual tá� � � .
In practice,we foundthatanothertechniquesignificantlyre-
ducesthe average-casecomplexity of virtual interpolation
withoutadverselyaffectingtheresult.For anincompletesub-
simplex, let f Sumdenotethesumof thebarycentriccoordi-
natesfor verticesthatarepresent.(Note that f sum ��A C��¨D#�
for anincompletesub-simplex.) We don’t performvirtual in-
terpolationfor a sub-simplex for which f Sum â f Threshold.
Adjusting this thresholdlets us adjusta time-quality trade-
off for this methodof interpolation.We reportexperimental
resultsfor differentthresholdvaluesin Section4.



3.2 Refining the grid
Wenow discussthequestionof how to refinethegrid, thatis,
how to selectively adjusttheresolutionof thegrid in different
regionsof the belief simplex. A naturalstrategy is to do so
in a way that reducesthe error of the approximation. This
requiresa methodfor estimatingthe error. Sinceour grid-
basedapproximationis anupperboundon theoptimalvalue
function,theerrorcanbeestimatedby measuringits distance
from a lower-boundfunction.

Lovejoy (1991) discusseshow to usea grid to compute
a lower-bound function, as well as an upper-bound func-
tion. The lower-boundfunction is representedby a set of� � � -vectors, ãä*æå=ç \ ��çÁ�¹� ]¨]¨] ��ç b [ b»è , with the valueof be-
lief state

"
computedasfollows,éE � " �+*XJ<ê�ÙcH�J¹Kë�ì 0¹í P.�0�1 " �)�=�mç d ���#� ]

One vector is associatedwith eachgrid belief state,and is
computedby valueiterationusingthefollowing updaterule.

1. For eachaction î andobservation ï , letð ¥:ñ ò;ñ ó ¡	ôiõ¨ö÷ ì7ø#ù P § ø ¤cú �:� Î¥ ·7î�·mï¹ ��!�¨  ð ¥ �!�¨ Uº2. For eachaction î , letð ¥ªñ ò �!�; �¡Ãû<�!�=·)îü 2Ìký P § 9 ñ óÏþ �:ï<·U� Æ � ��·7îü  ð ¥ªñ ò�ñ ó �!� Æ  U·�ÿ2�°¯��6º
3. Let ð ¥ ¡�õ����Áôiõ¿ö ÷ ì�� � for ò ø�� , § ø ¤ � Î¥ �!�¨  ð ¥:ñ ò �!�¨  .Thecomplexity of performingthis updatefor every grid be-

lief stateis Ö×��� Z4�_� �W�`� �G�`� � � � � . Althoughvalueiterationusing
this updateis guaranteedto producea valuefunction that is
a lower boundon theoptimalvaluefunction,it maynot con-
verge to a fixed point. Hauskrecht(1997,2000)andZhang
et al. (1999)proposerefinementsof this updatethatguaran-
teeconvergence,but they fail to boundthe sizeof ã or the
complexity of theupdate.Sowedonotusetheir refinements.

Giventheseupperandlower-boundgrid-basedvaluefunc-
tions, Lovejoy describesan algorithm that computesa uni-
formerror bound(which is themaximumdifferencebetween
theupperandlower-boundfunctionsfor any beliefstate).Un-
fortunately, it hascomplexity Ö×��� � �¼�ª� Z4� � � , and our experi-
enceindicatesthat it is intractablefor problemswith more
thannineor tenstates.However, Lovejoy notesthatit is easy
to computeanapproximateerrorbound(definedasthemax-
imum differencebetweenthe upperand lower-boundfunc-
tionsfor any grid beliefstate).Thisis guaranteedto betighter
thantheuniformbound,andwecanuseit to refinethegrid.

Oncewe have identifiedthe grid point(s)with the largest
error, whatbelief statesshouldwe addto thegrid in orderto
reducethe error at thesepoints? The valueof a grid belief
statedependson the interpolatedvalueof its successorbe-
lief states,so refining the grid at the successorbelief states
will reducetheerrorat thegrid point. For a successorbelief
state

"
, we increasethe resolutionof the grid by addingthe

verticesof the 	<x -resolutionsub-simplex containing
"

to the
grid, wherex is theresolutionof thesmallestcompletesub-
simplex containing

"
in thecurrentgrid. Thisaddsatmost � � �

pointsto thegrid, which is themaximumnumberof missing
verticesin thehigher-resolutionsub-simplex.

This first approachto refining the grid tries to improve
the grid-basedapproximationeverywhere,without consid-
ering reachabilityfrom a start state. If the starting belief
state for a POMDP is given, a policy can be found us-
ing forwardsearch[Satia& Lave, 1973;Washington,1997;
Hansen,1998;Hauskrecht,2000]. This focusescomputation
on regionsof the belief simplex that arereachablefrom the
startingbeliefstate.Upperandlower-boundfunctionscanbe
usedto prunebranchesof thesearchtree,aswell asto com-
puteanerrorboundfor thestartingbeliefstate(bybacking-up
upperandlower-boundvaluesfrom the leavesof the search
treeto theroot). Thissuggestsamorefocusedapproachto re-
fining grid-basedupperandlower-boundfunctions: attempt
to reducetheerrorboundof thebelief stateat theroot of the
searchtree. This canbe doneby refining the grid for belief
stateson thefringe of thesearchtreethatcontributemostto
thevalueof thestartingbeliefstate.

Althoughwe chooseto focuson grid-refinementstrategies
thatattemptto reducetheerrorboundof theapproximation,
otherstrategiesarepossible.For example,given upperand
lower-boundvaluefunctions,it is sometimespossibleto iden-
tify theoptimalactionfor a belief stateusingactionelimina-
tion. It maybedesirableto refinethegrid atpointswherethe
optimal actionis uncertain,andby the samereasoning,un-
necessaryto refineit at pointswherethe optimal actioncan
bedetermined,regardlessof theerrorboundat thesepoints.
Hauskrecht(1997,2000)andBrafman(1997)suggestother
heuristicsfor choosingpointsto addto a (non-regular)grid.
Theseheuristicsconsidersuchfactorsasreachability, likely
improvementof cornerpoints of belief simplex, and likely
effect on thepolicy, andcanbeviewedascomplementaryto
ourstrategy of reducinganerrorbound.

3.3 Comparison to non-regular grids
A variable-resolutionregulargrid is not theonly wayto allow
theresolutionof agrid tovaryin differentregionsof thebelief
simplex. Anotherapproachis a non-regulargrid thatallows
thepointsof thegrid to occuranywherein thebeliefsimplex,
andnotnecessarilyin aregularpatternthatallowsfor triangu-
lation. Hauskrecht(1997,2000)andBrafman(1997)propose
non-regulargrids,andwe now comparethis approachto our
variable-resolutionregulargrid.

A drawback of non-regular grids is that interpolationis
more difficult. Hauskrechtproposesan interpolationalgo-
rithm thatcreatesaconvex combinationusingonepointin the
grid and � � �#�rD cornerpointsof thebelief simplex. Because
it testseachpoint in the grid in order to selectthe onethat
givesthebestinterpolatedvalue,its complexity is Ö×��� Z4�_� � � � .
Brafmanproposesan interpolationalgorithm that relies on
the grid belief statesbeingsortedin decreasingorderof en-
tropy. Givena belief state

"
for which interpolationis to be

performed,Brafman’s algorithmsearchesthe list of grid be-
lief statesuntil a belief state

" [d
is foundthatassignspositive

probability only to statesto which
"

assignspositive proba-
bility. Themaximumcoefficient 
 for which � " ��

� " [d jvC'�
is calculated,and the processis repeatedwith � " ��
�� " [d �
insteadof

"
until interpolationis complete.(Searchinga list



sortedby entropy hastheeffect of preferinglow-information
belief> statesthatarelikely to becloserto

"
.) The algorithm

hasworst-casecomplexity Ö×��� Z4�_� � � � � , andrequiresaninitial
sort with complexity Ö×��� Z4�7Ø_Ù � Z4�`� � � � . Although both inter-
polationalgorithmsaresimple,their complexity dependson
thesizeof thegrid. This is a seriousdrawbackthatlimits the
sizeof non-regulargridsin practice.

3.4 Value iteration
Althoughthecomplexity of interpolationin regulargridsdoes
not dependon thesizeof thegrid, thecomplexity of valueit-
erationin both regular and non-regular grids does. Values
for grid belief statesarecomputedusingvalueiteration,with
valuesinitialized to known upperbounds(suchastheir com-
pletely observablevalues). In a variable-resolutionregular
grid, the compexity of the first iterationof valueiterationisÖ×��� Z4�_� �W�`� �T�_� � � � Ø`Ù^Ø`ÙÇxy� , where � Z4� is the numberof grid
points, � �W�`� �T� is thenumberof successorbeliefstatesof each
grid point, � � � � is theworst-casecomplexity of computinga
successorbelief stateby Bayesianconditioning,and Ø_ÙÍØ_Ù^x
reflectstheaddedcomplexity of interpolation.Becauseboth
successorbelief statesandbarycentriccoordinatesusedfor
interpolationcanbecachedfor re-use,thecomplexity of sub-
sequentiterationsof valueiterationis only Ö×��� Z4�`� �G�_� �T�_� � � � ,
where � � � is the complexity of computingan interpolated
valueusingthe cachedbarycentriccoordinates.In practice,
cachingsuccessorbelief statesand barycentriccoordinates
dramaticallyimprovestherunningtime of valueiteration.

Becausethe samesuccessorbelief statesandbarycentric
coordinatesareusedin eachiterationof valueiteration,this
grid-basedapproximationis a finite-stateMDP andconver-
genceto a fixed-pointsolutionin polynomialtime is guaran-
teed[Hauskrecht,2000]. In non-regulargrids, the barycen-
tric coordinatesusedfor interpolationarere-computedeach
iteration. Becausethe complexity of interpolationin non-
regulargridsdependson � Z4� , thecomplexity of eachiteration
of value iteration in a non-regular grid is quadraticin � Z4� .
Thisunderscorestheadvantageof usinga regulargrid.

In addition to limiting the complexity of interpolation,it
is helpful to limit the factor � Z4�`� �G�_� �G� , which is the num-
berof timesinterpolation(andothercalculationsinvolvedin
computingabackup)areperformedin eachiterationof value
iteration. Theobviousway to limit this factoris to limit the
sizeof thegrid. Thisadjustsa tradeoff betweenqualityof ap-
proximationandgrid size,anda variable-resolutiongrid lets
usspacethepointsof thegrid to achievethebestpossibleap-
proximationfor agivengrid size.Action eliminationscanbe
usedto limit � �W� . As for � �G� , it maybereducedby ignoring
some,or all, observations,andevaluatingthesuccessorbelief
statesof actions. If grid-basedinterpolationis usedto eval-
uatethesuccessorbelief statesof actions,however, thegrid-
basedapproximationmayno longerbeanupperbound.The
upperboundguaranteeis lost becauseinformationprovided
by the observation is ignored. (The upperboundguarantee
canbe restoredby usingthe cornerpointsof the belief sim-
plex to performinterpolation,sincethis is equivalentto as-
sumingperfectinformation,but this impairsthequalityof the
approximation.If alwaysdone,thegrid-basedapproximation
becomesno betterthanthecompletelyobservedheuristic.)

Finally, we notethat it is possibleto improvea grid-based
approximationwithout addingpointsto the grid. Insteadof
performinga conventionalbackupusingone-steplookahead,
thevalueof a grid point canbe improvedfurtherby usinga
deeperlookaheadsearchthatwecall amulti-stepbackup. Us-
ing branch-and-boundor AO* search,theupper-boundfunc-
tion canbeusedto prunethesearchtreeandthedepthof the
lookaheadcan adjusta tradeoff betweensearchcomplexity
andimprovementof of value. We reportsomeexperimental
resultsfor this techniquein thenext section.

4 PerformanceResults
Weexperimentallyevaluateourgrid-basedapproximational-
gorithmusingseveraltestproblemsfrom theliterature.These
includethe machinemaintenanceproblemthat is Lovejoy’s
(1991) only test example; the four most-difficult-to-solve
problemsfrom a testsetusedby Cassandraet al. (1997)(see
Table1); the20-state,6-action,8-observationgridworld nav-
igationproblemusedasa testexampleby Hauskrecht(1997,
2000); and the 89-state,5-action,17-observation gridworld
navigationproblemintroducedby Littman et al. (1995)and
usedasa testexampleby Brafman(1997).

Inter polation We first comparethe time-quality tradeoff
for differentmethodsof interpolationin avariable-resolution
regular grid. We use the five small test problemsin Ta-
ble 1 for this comparison,so that we can also computean
optimal interpolationusing linear programming. Figure 1
shows the performanceof interpolationusingvirtual points
relative to performanceusing the smallestcompletesub-
simplex methodalone. We measureimprovementasa per-
centageof thedifferencebetweentheinterpolatedvalueusing
the smallestcompletemethodand the optimal interpolated
value. Virtual point interpolationis testedwith threediffer-
ent f Sumthresholdvalues;0.2,0.5,and0.8. As expected,a
smaller f Sumthresholdachievesbetterquality at thecostof
speed.For theseproblems,virtual point interpolationtakes
only slightly longer thanthe smallestcompletesub-simplex
method.(Interpolationusinglinearprogrammingrunsanav-
erageof 16 times slower.) For problemswith larger state
spaces,virtual point interpolationtakesrelatively longerbe-

Figure 1: Time-quality tradeoff for interpolation using virtual
points with different Ð Sumthresholds.Resultsareaveragedover
thefive testproblemsin Table1.



Fixedresolution Variableresolution
Problem � �+� � �²� � � � Error M � Åw� UB time LB time M � Åw� UB time LB time
MachineMaintenance 3 4 2 0.02 20 231 0.5 63.2 64 45 3.04 7.98
Network Monitoring 7 4 2 36.41 4 210 1.44 84.69 8 71 7.07 7.57
ShuttleDocking 8 3 5 0.38 4 330 0.43 128.29 8 47 0.35 4.08
Navigation 12 4 6 0.03 4 1365 3.74 2133.3 32 299 5.34 149.86
Aircraft Identification 12 6 5 0.29 4 1365 7.62 4378.4 8 186 2.57 80.43

Table1: A comparisonof fixedandvariable-resolutiongridsfor 5 smalltestproblems,showing thegrid size,aswell asmaximumresolution
andtime(in CPUseconds)usedto computeupperandlower-boundgrid approximations,in orderto achieve thesameerrorbound.

causeits worst-casecomplexity is quadraticin thesizeof the
statespaceinsteadof linear, but reasonableperformancecan
still be achieved by adjustingthe f Sumthreshold.Optimal
interpolationusinglinearprogrammingis infeasiblefor larger
problems.

Interpolatedvaluesare typically closeto optimal. There
appearto be two reasonsfor sub-optimality. First, interpo-
lation usinga sub-simplex is lessflexible than interpolation
usinga convex combination. (Every sub-simplex is a con-
vex combination,but not every convex combinationis a sub-
simplex.) As a result, betterinterpolatedvaluescansome-
timesbe found usingconvex combinationsthat do not cor-
respondto sub-simplices.The secondreasonis moreprob-
lematic.Althoughtheinterpolationfunctionis piecewiselin-
ear and continuous,thereis no guaranteethat it is convex.
For mostproblems,we foundthat it is convex (or nearlyso).
However, we sometimesfound non-convexities. Whenthey
exist, the“nearest”grid pointsdonotnecessarilygivethebest
interpolation. We found non-convexities in two of our test
problems:thenetwork monitoringproblemfrom Cassandra’s
testsetandHauskrecht20-stategrid navigationproblem.The
largeerrorboundfor thenetwork monitoringproblemin Ta-
ble 1 reflectsthis. Note that thesenon-convexities occur in
bothfixed-resolutionandvariable-resolutionregulargrids.

Oneexplanationfor non-convexity is that“localized” tran-
sitionsmay preventvaluesfrom propagatingthroughoutthe
grid. Thatis, non-convexitiesmayoccurwhenimprovedval-
uesin oneareaof thegrid do not improve valuesin another
areaof thegrid becausethereis not a chainof successorbe-
lief statesbetweenthemthroughwhich they canpropagate.

Figure 2: Performanceof multi-step backupsfor Hauskrecht’s
mazenavigation problem. Resultsare for a fixed-resolutionregu-
lar grid with

¢ ¡8¸ , whichhas210grid points.

For both testproblemswith non-convexities, we found that
multi-stepbackupscorrectedtheproblem.(Multi-stepback-
upsaredescribedin thelastparagraphof Section3.4.) Instead
of refiningthegrid at pointswith thelargesterrorbound,we
performedmulti-stepbackupsat thesepoints. For the net-
work monitoring problem,usingmulti-stepbackupswith a
depthboundof tenreducedtheerrorboundfrom 36.41to 0.7
after150CPUseconds.Figure2 shows thepositiveeffect of
multi-stepbackupson Hauskrecht’s 20-statemazeproblem.
(For thisproblem,theupperboundscoreis definedastheav-
eragevalueof a fixedsetof 1000randomlygeneratedbelief
statesplus thecornerpoints,a metricHauskrechtuses.)For
the other test problems,multistepbackupsdo not improve
thevaluefunctionasmuchasgrid refinementdoes.As a rule
of thumb,whentheerrorboundfor a problemremainslarge
despitegrid refinement,multi-stepbackupsmay correctthe
problem.

Refining the grid Table1 comparesthe performanceof a
fixed-resolutiongrid and a variable-resolutiongrid on five
small testproblems. Eachproblemis solved usinga fixed-
resolution regular grid, and the error bound is measured.
Thena variable-resolutiongrid is usedto find asolutionwith
thesameerrorbound.Weusevirtual interpolationwith f Sum
= 0.5, for thevariable-resolutiongrid. The resultsshow that
avariable-resolutionapproximationcanachievethesameac-
curacy with a muchsmallergrid.

Figure3 shows how the errorbounddecreasesasthesize
of grid increasesfor theAircraft Identificationproblem.Re-

Figure3: Decreasein error in a variable-resolutionregulargrid, as
functionof grid size.Resultsarefor aircraft identificationproblem.



Figure4: Upperboundvalueasa functionof grid size.Resultsare
for 89-statehallway navigationproblem.

Figure 5: Averageinterpolationtime as a function of grid size.
Resultsarefor 89-statehallwaynavigationproblem.

sultsaresimilar for otherproblems. Using the error bound
to determinewhereto refinethegrid requiresa lower bound
function,but Lovejoy’sgrid-basedlower boundfunctioncan
betime-consumingto compute.For the89-statehallwaynav-
igationproblem,computingan � � � -vectorfor eachandevery
grid point is prohibitive. But it is not necessary. In our ex-
perimentswith thehallway problem,we got goodresultsus-
ing alower-boundfunctionconsistingof only ten � � � -vectors.
Eachiteration, we computedan � � � -vector for the ten grid
pointswith thelargesterrorbound.

Comparisonto non-regular grids Figure4 showshow the
quality of the upperboundfunction improvesasthe sizeof
the grid increasesfor the 89-statehallway navigation prob-
lem. It alsoshows thata betterupperboundfunctioncanbe
computedusinga variable-resolutionregulargrid thanusing
a non-regulargrid. The reasonfor this is that fasterinterpo-
lation makesit possibleto usea muchlarger grid. Figure5
showsaverageinterpolationtimeasafunctionof grid sizefor
our regular grid, comparedto Brafman’s and Hauskrecht’s
non-regular grids, and dramaticallyunderscoresthe advan-
tageof regular grids. Figure 6 comparesthe time it takes
value iteration to converge for eachof thesemethods,as a

Figure6: Time for valueiterationto convergeasa functionof grid
size.Resultsarefor 89-statehallwaynavigationproblem.

Figure7: Increasein valueiterationtime in a fixed-resolutionreg-
ular grid with M = 2, asa functionof statespacesize.

functionof grid size. Althoughthevariable-resolutionregu-
lar grid is muchlarger, it takeslesstime to compute.Braf-
man’s value iteration algorithm is fasterthan Hauskrecht’s
(even thoughhis interpolationalgorithmis slower), because
it disregardsobservationsand only considersthe successor
belief statesof actions. Even with this simplification,value
iteration in Brafman’s non-regulargrid is slower thanvalue
iterationin a regulargrid. Moreover, asnotedearlier, ignor-
ing observationsmeansthathis grid-basedapproximationis
not guaranteedto be an upperbound(althoughthe valuesit
computesfor thisproblemare,in fact,upperbounds).

Scalability Although a variable-resolutionregular grid al-
lows muchlargergrids(andthusbetterapproximations),the
sizeof the statespaceremainsa problemin scaling-upthis
approach.Figure7 comparesthe time it takesto computea
regular grid for a successionof POMDPproblemswith in-
creasingstatespacesize. (All problemshave 5 actionsand
17 observations.) Besidesconfirming that the size of the
statespaceis the primary factorthat limits the scalabilityof
grid-basedapproximation,this givessomeideaof the range
of problemsfor which grid-basedapproximationis currently
feasible.Wehavefoundthatalmostall of therunningtimeof



valueiteration is spentperforminginterpolationor comput-
ing successor� belief statesusingBayesianconditioning,and
thecomplexity of bothdependson thesizeof thestatespace.
This pointsto wherefurtherwork on grid-basedapproxima-
tion is needed.In orderto improvetheefficiency of interpola-
tion andBayesianconditioningfor problemswith largerstate
spaces,we needto integrategrid-basedapproximationwith
various techniquesfor stateabstractionthat have beenex-
ploredfor MDPsandPOMDPs[Boutilier etal.,1999]. (State
abstractionwouldalsomakeit possibleto computeLovejoy’s
grid-basedlower-boundfunctionmoreefficiently.)

5 Discussion
POMDPsarenotoriouslydifficult to solve, andfinding even
abounded-optimalsolutionis anintractableproblem[Lusena
et al., 1998]. Grid-basedapproximationalgorithms have
polynomial-timecomplexity in the size of the grid and the
number of states,actions, and observations [Hauskrecht,
2000]. Although thereis no guaranteeon the quality of the
approximationthat can be achieved in polynomial time, a
well-designedgrid-basedapproximationcan be adjustedin
severalwaysto optimizea time-qualitytradeoff.

This paper introducesa variable-resolutionregular grid
thatallows theresolutionof thegrid to beadjustedin differ-
entregionsof thebelief simplex, in orderto approximatethe
contoursof thevaluefunctionasefficiently aspossible.Al-
thoughnon-regulargridsalsoallow this,interpolationin non-
regulargridsis moredifficult andits complexity is a function
of the sizeof the grid. In a variable-resolutionregulargrid,
the complexity of interpolationis independentof thesizeof
thegrid. Thus,it is feasibleto usemuchlargergridswith this
approachin orderto achievebetterapproximations.

Our experimentsindicatethat it is easierto scaleup this
approachto largegridsthanto largestatespaces,andthesize
of the statespaceremainsthe mostprohibitive factor in the
complexity of grid-basedapproximation.To usegrid-based
approximationto solve POMDPswith largestatespaces,we
needto integrateit with varioustechniquesfor stateabstrac-
tion thathavebeenexploredfor MDPsandPOMDPs.This is
a promisingdirectionfor futureresearch.
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