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Abstract

Although a partially obsenable Markov decision
procesgPOMDP)providesanappealingnodelfor

problemsof planningunderuncertaintyexactalgo-

rithmsfor POMDPsareintractable.This motivates
work on approximatioralgorithms,andgrid-based
approximationis a widely-usedapproach.We de-
scribea novel approachto grid-basedapproxima-
tion thatusesavariable-resolutiomegulargrid, and
shav that it outperformsprevious grid-basedap-
proachego approximation.

1 Intr oduction

A partially obsenable Markov decisionprocess(POMDP)
modelsplanning problemsfor which actionshave stochas-
tic effectsandsensorprovideimperfectandincompletestate
information. Originally developedin the operationgesearch
community this modelhasbeenadoptedby the Al commu-
nity as a framework for researchin planning underuncer
tainty andrelatedproblemsof reinforcementearning.

A standardapproacho solvinga POMDPis to transform
it into an equivalent,fully obsenable Markov decisionpro-
cesswith a statespacethat consistsof all probability dis-
tributions over the core statesof the POMDR andto solve
the POMDPIn this form. For a POMDPwith n corestates,
the transformedstate spaceis the n-dimensionalsimplex,
or belief simplex. Although a continuousstatespacesuch
asthis presentsa computationakhallenge discreteapprox-
imationsof continuousstatespacesare a naturaland often-
used approximationtechnique. Grid-basedapproximation
wasthefirst approactadoptedor solvingPOMDPs andit is
still widely-used Drake, 1962;Kakalik, 1965;Eckles,1966;
Lovejoy, 1991; Brafman, 1997; Hauskrecht,1997; 2004.
A finite grid is placedover the belief simplex, valuesare
computedfor pointsin the grid, andinterpolationis usedto
evaluateall otherpointsin the simplex. This is closelyre-
latedto grid-approximatiortechniquedor othercontinuous
MDPs[Munos& Moore,1999.

Differentapproacheso constructinga grid have beenex-
plored. Lovejoy (1991)describesa fixed-resolutionregular
grid, in which the points of the grid are spacedin a regu-
lar patternanddivide the belief simplex into equal-sizecub-
simplices.This allows a very efficentinterpolationalgorithm

basedon the conceptof triangulation. However, the size of

the grid grows exponentiallywith ary increasdn resolution.
Hauskrech{1997,2000)and Brafman(1997) proposenon-

regular grids that allow the points of the grid to be spaced
unevenly in the belief simplex, in orderto approximatethe

contoursof the value function as economicallyas possible.
However, interpolationalgorithmsfor non-regular grids are
much less efficient. In this paper we develop a variable-

resolutionregular grid that combinesthe strengthsof both

approachedt allows theresolutionof the grid to be adjusted
in differentregionsof the belief simplex, butin aregularpat-

tern that makesit possibleto generalizethe efficient inter-

polation algorithm for regular grids. The resultis a higher
quality approximatiorat lesscomputationatost.

The paperis organizedas follows. We begin with a re-
view of the POMDPmodel,thegrid approximatiorapproach,
and Lovejoy’s interpolationalgorithmfor regular grids. We
generalizeheinterpolationalgorithmfor usewith avariable-
resolutionregulargrid, anddiscusamethoddor adjustingthe
resolutionof the grid to achieve the bestquality-timetrade-
off for theapproximation We evaluatethis approactanalyti-
cally andexperimentally andshaw thatit outperformsprevi-
ousgrid-approximatiormethods.

2 Background

We consideradiscrete-timé®OMDPwith afinite setof states
S, afinite setof actionsA, andafinite setof obsenationsZ.

Eachtime period, the ervironmentis in somestates € S,

theagenttakesanactiona € A for whichit recevesanim-

mediaterewardwith expectedvaluer(s, a), theenvironment
makesatransitionto states’ € S with probability P(s'|s, a),

andtheagentbsenesz € Z with probability P(z|s', a). Let

b denotea vectorof stateprobabilities,calleda belief(or in-

formation) state whereb(s) denoteshe probability thatthe
ervironmentis in states. If actiona is taken and obsena-
tion z follows, the successobelief state,denotedr (b, a, z),

is determinedy revising eachstateprobability asfollows,

_ Y scs P(z,8']s,a)b(s)

/
T(b7 a?’z)(s ) P(Z|b, a) )
where P(z, s'|s,a) = P(z|s',a)P(s'|s,a) andthe denom-
inator is a normalizing

factor P(z|b,a) = >, g P(2]s',a) > cq P(s']s,a)b(s).



A POMDPIs solved by finding a rule for selectingactions,
calleda policy, that optimizesa performanceobjective. We

assumeheobjectiveis to maximizeexpectedotal discounted
reward over aninfinite horizon(whereg € [0, 1) is thedis-

countfactor). An optimal policy hasa value function that

satisfieghe Bellmanoptimality equation,

V*(b) = max |r(b,a) + > P(alb,a)V*(r(b,a,2)) |,

2€Z
wherer(b,a) = > .5b(s)r(s,a). Exactalgorithmsfor
solvingthis optimality equatiorareintractablefor all but triv-

ial problems. This motivateswork on approximationmeth-
ods.

2.1 Grid-basedapproximation

Let G denotea grid thatcontainsa finite setof belief states,
bé .. b‘G| A beliefstateb is acornvexcombinatiorof thebelief

statedn grid G if

G|

=D A0 (s

where\ is a vectorof size |G|, A(é) > 0 for all A(4), and
Zﬁ‘l A(7) = 1. For eachbelief stateb{’ in thegrid, we store
avaluedenotedi(b{’). The corvex interpolationfunction

), foralls € S,

|G|

=D @),

definesa continuousandpiecevise-lineavaluefunctionover
all belief statesgivenvaluesfor the belief statesin the grid.
To computevaluesfor the belief statesin the grid, we use
valueiterationwith the updaterule,

o(b%) = meax{rb ,a) + B> P(z[by, a)V (r(b az))}

z2€EZ

which corvergesto a uniquefixed-pointsolutionthatis guar
anteedo beanupperboundon the optimalvaluefunction.

A belief statecanbe expressedas mary differentconvex
combinationsof grid points. The corvex combinationthat
providesthe bestupperboundcanbe found by solving the
following linearprogram.

Variables:A(i) for 1 < i < |G|

Minimize: 3190 A@)V (89)

ConstralntsZ‘G‘ (i )b?( ) =b(s), foralls € S
=9 Al =
A(r) 2 0for1l SlSIGI

Using linear programmingto find the bestinterpolationcan
be very expensve. However, arny corvex combinationpro-
vides an upperbound, and fast methodsfor finding a non-
optimalconvex combinationcanproducegoodupperbounds.
Designof a grid-approximatiorstrateyy requiresaddressing
two questions. What interpolationmethodprovidesa good

tradeof betweertime andquality? Whatbelief statesshould
be includedin the grid? Every grid mustcontainthe corner
points of the belief simplex to ensurethat a corvex combi-
nation canalways be found. Differentstratgyiesfor adding
otherpointsto a grid have beenexplored. We begin with a
review of a fixed-resolutiorregular grid andthe efficient in-
terpolationalgorithmit supports.In therestof the paper we
developavariable-resolutiomeneralizatiorof this.

2.2 A fixed-resolutionregular grid

Lovejoy (1991)constructsa regular grid asfollows. Let M
beapositiveintegerthatrepresentsheresolutionof thegrid.
Thesetof belief statedn thegrid is definedas,

S|

= (2 151 N —
G= b—(M>m|m€I+7izlm(z)—M ,

WhereIf " denoteghe setof |S|-vectorsof non-neative in-

tegers.Thegrid dividesthe belief simplex into a setof equal-
sizesub-simplicesNotethatwhenM = 1, thegrid contains
only the cornerpointsof the simple<. The numberof points
in thegrid is givenby theformula:

(M +|S| —1)!
MI(|S[ - 1)!

The adwantageof a regular grid is that it allows an ele-
gantandefficient methodof interpolation. To evaluatea be-
lief stateb requiresfinding the verticesof the smallestsub-
simplex that containsb, andthenfinding the coeficients of
interpolation\(7). Lovejoy definesa secondgrid of integer
vectors,

G| =

¢'={qelM=g>p>¢>.>¢u>0},

andcorvertsabeliefstateh € G into anintegervectorz € G’

in orderto performinterpolation. Becauseof a one-to-one
correspondencbetweengrid pointsin G and G’, the sub-
simplex that containsz € G’ canbe usedto determinethe
sub-simple that containsb € G. Here,we summarizethe
stepsof the interpolationalgorithm. We refer to Lovejoy

(1991)for adetailedexplanation.

1. Givenabelief stateb, createan|S|-vectorz suchthatz(s) =
MZLi'S b(7) for 1 < s < |S|. (This transformsprobability
densityfunctionbd into cumulatve distribution functionz.)

2. Let v bethelargestinteger|S|-vectorsuchthatv(s) < z(s)
foralls € S.

3. Let d bean|S|-vectorsuchthatd(s) =
s€S.

4. Letp bean|S|-vectorthatcontainsa permutatiorof the inte-
gersl, 2,..., |S| thatordersthecomponent®f d in descending
fashionsothatd(p(1)) > d(p(2)) > ... > d(p(|S]))-

5. Findthevertices{v’ : 1 < i < |S]|} of thesub-simple in G’
thatcontainse, asfollows:

vi(s) = w(s), for1 <s<|Y|
bt () = { vi(s)+1 if s =p(i)

z(s) — v(s) for all

v(s) otherwise



By theisomorphisnbetweenG andG’, this identifiesthe cor-
respondingrertices{b’ : 1 < i < |S|} of thesub-simple in
G thatcontains.

6. Findthebarycentriccoordinateg (i) : 1 < ¢ < |S|} for the
interpolation asfollows:

A7) d(p(i — 1)) —d((p(?)), for2 <7 <[5
1|

1= 20

7. LetV(b) = S5 AV (86).

Thecompleity of eachof thesestepss O(|S|), with thepos-
sible exceptionof step4 which requiressortingthe elements
of an|S|-vector Althoughsortinghasworst-caseomplexity
O(|S]1g|S]), we canimprove this by noting that the differ-
encevectord is uniformly distributedover [0, 1). Bucketsort
isideally suitedfor inputdatathatis uniformly distributedbe-
tween0 and1, andhasonly linear average-caseomplexity.
Using bucket sort, the average-caseompleity of theinter
polationalgorithmis O(|.S|). We notetheimportantfactthat
the compleity of interpolationdoesnot dependon the size
of thegrid.

We store the grid using a hashtable. Our hashfunc-
tion useslexicographicalorderingof the integer vectorsin
G' to map eachvectorin G’ to a unique integer from 0
to (M + |S| — 1)!/M!(]S| — 1)!) — 1. The hashfunc-
tion is perfectif the size of the hashtable is equalto or
greaterthan (M + |S| — 1)!/M!(|S| — 1)!), which is the
total numberof possiblegrid points. (The hashfunction
assumes maximumresolution, M.) Becausethe number
(M +|S|-1)!/M(]S| —1)!) — 1 explodesquickly asM and
|S| increaseit is usuallyimpossibleto have a hashtablethis
large. We resolwe collisionsby associatinga linked list with
eachslot, andusethe hashcodeto uniquelyidentify the grid
pointin thelist.

A=

3 A variable-resolutionregular grid

Thedisadwantageof a fixed-resolutiorgrid is thatincreasing
theresolutionof the valuefunction approximationin onere-

gion of the belief simplex requiresincreasingits resolution
everywhere.This causesnexponentialexplosionin thesize
of the grid, and makes this approachinfeasiblefor all but

small problems. To addresshis problem, Lovejoy (1991)
suggestea variable-resolutiorgeneralizatiorof his method
thatwould “maintainthe simplicity of the Freudenthatrian-

gulation,but allow the meshM/ to vary on differentportions
of TI(S).” However, neitherLovejoy nor aryoneelsedevel-

opedthis extension.

In therestof this paperwe developthis variable-resolution
generalizatiorof Lovejoy’s regulargrid. We discusshow to
generalizahe Freudenthainterpolationandhow to selectthe
appropriateesolutionfor differentregionsof the simplex. In
allowing the resolutionof the grid to vary, we adopttherule
that the resolution M is always a positive integer power of
2. This ensureghatverticesof low-resolutionsub-simplices
arealsoverticesof higherresolutionsub-simplicesandstill
usefulwhenresolutionis increasedFromnow on, we let M
denotethe highestresolutionanywherein the grid.

3.1 Interpolation

Smallestcomplete sub-simplex To performinterpolation
for belief stateb, we searchfor the smallest(i.e., highest-
resolution)sub-simple& containingb thatis complete(i.e., all

its verticesarein thegrid). The lowestpossibleresolutionof

thegrid is 1, andthehighestpossibleresolution, M, is given.
(We mustknow M in orderto createthe hashfunction for

the hashtableusedto storethe grid.) For ary resolution the
algorithmsummarizedn Section2.2identifiestheverticesof

the sub-simple containingb, andwe cancheckwhetherall

of thesearein thegrid. Thus,we canusebinarysearcho find

the resolutionbetweenl and M with the smallestcomplete
sub-simple containingbd. Becausehe grid alwaysincludes
the cornerpointsof the belief simplex, the searchis guaran-
teedto find a completesub-simple at someresolution. The
complexity of thisinterpolationalgorithmis O(|S| 1glg M),

where the factorlglg M reflectsthe compleity of binary
searchandthe fact that only resolutionsthat are powers of

two mustbe considered.

Virtual points Eachpointin aregular grid is a vertex in
mary differentsub-simplicesin avariable-resolutiomgrid in
which not every part of the grid is refinedto the samereso-
lution, this meansthattherewill be mary sub-simplicesor
which somebut not all of their verticesaregrid points. The
smallestompletealgorithmconsidersub-simplicegontain-
ing b at differentresolutions,until it findsthe smallestcom-
pleteone. In its searchjt alwaysconsiderghe sub-simple
at the next higherresolution. Even thoughthis sub-simple
is not complete,mary of its verticesmay be presentin the
grid. It canbe advantageougo usethesehigherresolution
grid pointsin interpolation andit is possibleto do soby “fill-
ingin” themissingverticeswith whatwe call virtual vertices
Any vertex thatis missingfrom a sub-simpl& is abelief state
for which we cancreateanupperboundvalueby performing
interpolation sincethemissingvertex is containedn alower-
resolutionsub-simple&. We call this computedvalueavirtual
vertex. By usingvirtual verticesto fill in the missingvertices
of the incompletesub-simple at the next higherresolution
after the smallestcompleteone, we canimprove the inter-
polatedvalue. The costfor this improvementis anincrease
in the worst-casecompleity of interpolationby a factor of
|S| comparedo thesmallesicompletealgorithm(sincein the
worstcaseevery vertex maybe missingfrom a sub-simple).
But this compleity factor can be improved by not creat-
ing virtual verticesfor anincompletesub-simple& with more
than MaxMrtual verticesmissing. This limits the increase
in worst-casecomplexity to a factor of MaxMrtual < |S].
In practice we foundthatanothertechniquesignificantlyre-
ducesthe average-caseompleity of virtual interpolation
withoutadwerselyaffectingtheresult. For anincompletesub-
simplex, let \ASumdenotethe sumof the barycentriccoordi-
natesfor verticesthatare present.(Note that Asum € [0,1)
for anincompletesub-simple&.) We don't performvirtual in-
terpolationfor a sub-simple for which ASum< AThreshold
Adjusting this thresholdlets us adjusta time-quality trade-
off for this methodof interpolation. We reportexperimental
resultsfor differentthresholdvaluesin Sectior4.



3.2 Refining the grid
We now discusghequestionof how to refinethegrid, thatis,
how to selectiely adjusttheresolutionof thegrid in different
regionsof the belief simplex. A naturalstrateyy is to do so
in a way that reducesthe error of the approximation. This
requiresa methodfor estimatingthe error. Sinceour grid-
basedapproximationis anupperboundon the optimalvalue
function,the errorcanbeestimatedy measuringts distance
from alower-boundfunction.

Lovejoy (1991) discussesow to usea grid to compute
a lower-bound function, as well as an upperbound func-
tion. The lower-boundfunction is representedy a set of
|S|-vectors,I' = {ay,as,...,qg}, With the value of be-
lief stateb computedasfollows,

V(b) = arg max Z b(s)ai(s).
- s€eS

Onevectoris associatedvith eachgrid belief state,andis
computeddy valueiterationusingthefollowing updaterule.

1. For eachactiona andobsenation z, let

(b7, a, 2)(s)ai(s)-

a»®* = max
o, el
seS

2. Foreachactiona, let

a"(s) =r(s,a) + B Z P(z,5'|s,a)a”®*(s'),Vs € S.

s,z

3. Leta! = argmax_; . for aCA Doses b8 (s)a™4(s).
The compleity of performingthis updatefor every grid be-
lief stateis O(|G||A4]|Z||S|?). Althoughvalueiterationusing
this updateis guaranteedo producea value functionthatis
alower boundon the optimalvaluefunction, it maynotcon-
verge to a fixed point. Hauskrech{1997,2000)and Zhang
etal. (1999)proposeefinementf this updatethatguaran-
tee corvergence,but they fail to boundthe size of T" or the

compleity of theupdate.Sowe do notusetheirrefinements.

Giventheseupperandlower-boundgrid-basedraluefunc-
tions, Lovejoy describesan algorithm that computesa uni-
formerror bound(whichis themaximumdifferencebetween
theupperandlower-boundfunctionsfor ary beliefstate).Un-
fortunately it hascompledity O(|S|!|G|?), and our experi-
enceindicatesthat it is intractablefor problemswith more
thannineor tenstates However, Lovejoy notesthatit is easy
to computeanapproximatesrror bound(definedasthe max-
imum differencebetweenthe upperand lower-boundfunc-
tionsfor ary grid beliefstate).Thisis guaranteetb betighter
thantheuniform bound,andwe canuseit to refinethegrid.

Oncewe have identifiedthe grid point(s)with the largest
error, whatbelief statesshouldwe addto thegrid in orderto
reducethe error at thesepoints? The value of a grid belief
statedependson the interpolatedvalue of its successobe-
lief states,so refining the grid at the successobelief states
will reducethe erroratthegrid point. For a successobelief
stateb, we increasethe resolutionof the grid by addingthe
verticesof the2 M -resolutionsub-simple& containingp to the
grid, whereM is theresolutionof the smallesttompletesub-
simplex containing in thecurrentgrid. Thisaddsatmost|S|

pointsto the grid, which is the maximumnumberof missing
verticesin the higherresolutionsub-simple.

This first approachto refining the grid tries to improve
the grid-basedapproximationeverywhere,without consid-
ering reachabilityfrom a start state. If the starting belief
state for a POMDP is given, a policy can be found us-
ing forward search[Satia& Lave, 1973;Washington,1997;
Hansen1998;Hauskrecht200d. This focusessomputation
on regionsof the belief simplex that arereachabldrom the
startingbelief state.Upperandlower-boundfunctionscanbe
usedto prunebrancheof the searchtree,aswell asto com-
puteanerrorboundfor thestartingbeliefstate(by backing-up
upperandlower-boundvaluesfrom the leavesof the search
treetotheroot). This suggestamorefocusedapproachio re-
fining grid-basedupperandlower-boundfunctions: attempt
to reducethe errorboundof the belief stateat the root of the
searchtree. This canbe doneby refining the grid for belief
stateson the fringe of the searchtreethat contribute mostto
thevalueof the startingbelief state.

Althoughwe chooseo focuson grid-refinemenstratgies
thatattemptto reducethe error boundof the approximation,
other stratgjies are possible. For example,given upperand
lower-boundvaluefunctions,it is sometimepossibleoiden-
tify the optimalactionfor a belief stateusingactionelimina-
tion. It maybedesirableo refinethegrid at pointswherethe
optimal actionis uncertain,and by the samereasoningun-
necessaryo refineit at pointswherethe optimal actioncan
be determinedregardlesof the error boundat thesepoints.
Hauskrech{{1997,2000) and Brafman(1997) suggesbther
heuristicsfor choosingpointsto addto a (non-regular)grid.
Theseheuristicsconsidersuchfactorsasreachability likely
improvementof cornerpoints of belief simplex, and likely
effect on the policy, andcanbe viewed ascomplementaryo
our strateyy of reducinganerrorbound.

3.3 Comparisonto non-regular grids

A variable-resolutiomegulargrid is notthe only wayto allow

theresolutionof agrid to varyin differentregionsof thebelief

simplex. Anotherapproachs a non-regulargrid thatallows

thepointsof thegrid to occuranywherein the belief simplex,

andnotnecessarilyn aregularpatternthatallowsfor triangu-
lation. Hauskrech{1997,2000)andBrafman(1997)propose
non-regulargrids,andwe now comparethis approacho our

variable-resolutiomegulargrid.

A drawback of non-rggular grids is that interpolationis
more difficult. Hauskrechtproposesan interpolationalgo-
rithm thatcreates convex combinatiorusingonepointin the
grid and|S| — 1 cornerpointsof thebelief simplex. Because
it testseachpoint in the grid in orderto selectthe onethat
givesthebestinterpolatedsalue,its complexity is O(|G||S|).
Brafman proposesan interpolationalgorithm that relies on
the grid belief statesbeing sortedin decreasingrderof en-
tropy. Givena belief stateb for which interpolationis to be
performed Brafmans algorithmsearcheshe list of grid be-
lief statesuntil a belief stateb{’ is foundthatassigngositive
probability only to statesto which b assignspositive proba-
bility. The maximumcoeficientc for which (b — ¢ - b$ > 0)
is calculated,andthe processis repeatedwith (b — ¢ - b§)
insteadof b until interpolationis complete.(Searchingn list



sortedby entropy hasthe effect of preferinglow-information
belief statesthatarelikely to be closerto b.) The algorithm
hasworst-caseomplexity O(|G||S|?), andrequiresaninitial
sortwith compleity O(|G|1g |G||S]). Althoughbothinter-
polationalgorithmsare simple, their compleity dependn
thesizeof thegrid. Thisis a seriousdravbackthatlimits the
sizeof non-regulargridsin practice.

3.4 Valueiteration

Althoughthecomplexity of interpolationin regulargridsdoes
notdependonthesizeof thegrid, thecompleity of valueit-
erationin both regular and non-regular grids does. Values
for grid belief statesarecomputedusingvalueiteration,with
valuesinitialized to known upperbounds(suchastheir com-
pletely obsenable values). In a variable-resolutiorregular
grid, the compeity of the first iterationof valueiterationis
O(|G||A]|Z||S|? 1g1g M), where|G]| is the numberof grid
points,|A|| Z| is thenumberof successobelief statesof each
grid point, | S|? is the worst-casecomplexity of computinga
successobelief stateby Bayesianconditioning,andlg lg M
reflectsthe addedcompleity of interpolation.Becauséboth
successobelief statesand barycentriccoordinatesusedfor
interpolationcanbe cachedor re-usethecompleity of sub-
sequentterationsof valueiterationis only O(|G||4||Z||S]).
where |S| is the compleity of computingan interpolated
value usingthe cachedbarycentriccoordinates.In practice,
cachingsuccessobelief statesand barycentriccoordinates
dramaticallyimprovestherunningtime of valueiteration.

Becausethe samesuccessobelief statesand barycentric
coordinatesareusedin eachiterationof valueiteration,this
grid-basedapproximationis a finite-stateMDP and corver
genceto afixed-pointsolutionin polynomialtime is guaran-
teed[Hauskrecht200d. In non-regulargrids, the barycen-
tric coordinatesusedfor interpolationarere-computeceach
iteration. Becausethe compleity of interpolationin non-
regulargridsdepend®n |G|, thecompleity of eachiteration
of valueiterationin a non-regular grid is quadraticin |G]|.
Thisunderscorethe advantageof usingaregulargrid.

In additionto limiting the complexity of interpolation,it
is helpful to limit the factor |G||A||Z|, which is the num-
ber of timesinterpolation(andothercalculationgnvolvedin
computinga backup)areperformedn eachiterationof value
iteration. The obviousway to limit this factoris to limit the
sizeof thegrid. Thisadjustsatradeof betweemuality of ap-
proximationandgrid size,anda variable-resolutiomyrid lets
usspacethe pointsof thegrid to achieve the bestpossibleap-
proximationfor a givengrid size.Action eliminationscanbe
usedto limit |A|. As for |Z|, it may bereducedby ignoring
somepr all, obsenations,andevaluatingthesuccessobelief
statesof actions. If grid-basednterpolationis usedto eval-
uatethe successobelief statesof actions,however, the grid-
basedapproximatiormay no longerbe anupperbound. The
upperboundguaranteés lost becausenformation provided
by the obsenationis ignored. (The upperboundguarantee
canbe restoredby usingthe cornerpointsof the belief sim-
plex to performinterpolation,sincethis is equivalentto as-
sumingperfectinformation,but this impairsthequality of the
approximationlf alwaysdone thegrid-basedapproximation
becomeso betterthanthe completelyobsenedheuristic.)

Finally, we notethatit is possibleto improve a grid-based
approximatiorwithout addingpointsto the grid. Insteadof
performinga corventionalbackupusingone-stegookahead,
thevalue of a grid point canbe improvedfurther by usinga
deepetookaheadsearchthatwe call amulti-stepbadkup. Us-
ing branch-and-boundr AO* searchthe upperboundfunc-
tion canbeusedto prunethe searchtreeandthe depthof the
lookaheadcan adjusta tradeof betweensearchcomplexity
andimprovementof of value. We reportsomeexperimental
resultsfor this techniquédn the next section.

4 PerformanceResults

We experimentallyevaluateour grid-basedpproximatioral-

gorithmusingseveraltestproblemsrom theliterature. These
include the machinemaintenanceroblemthatis Lovejoy’s

(1991) only test example; the four most-dificult-to-solve
problemsfrom atestsetusedby Cassandratal. (1997)(see
Tablel); the 20-state 6-action,8-obserationgridworld nav-

igationproblemusedasa testexampleby Hauskrech{1997,
2000); and the 89-state,5-action, 17-obseration gridworld

navigation problemintroducedby Littman etal. (1995)and
usedasatestexampleby Brafman(1997).

Inter polation We first comparethe time-quality tradeof
for differentmethod<of interpolationin avariable-resolution
regular grid. We use the five small test problemsin Ta-
ble 1 for this comparison so that we can also computean
optimal interpolationusing linear programming. Figure 1
shaws the performanceof interpolationusing virtual points
relative to performanceusing the smallestcomplete sub-
simplex methodalone. We measuramprovementasa per
centagef thedifferencebetweertheinterpolatedzalueusing
the smallestcompletemethodand the optimal interpolated
value. Virtual pointinterpolationis testedwith threediffer-
ent ASumthresholdvalues;0.2,0.5,and0.8. As expecteda
smallerA\Sumthresholdachievesbetterquality at the costof
speed. For theseproblems,virtual point interpolationtakes
only slightly longerthanthe smallestcompletesub-simple
method.(Interpolationusinglinear programmingunsan av-
erageof 16 times slower) For problemswith larger state
spacesyirtual point interpolationtakesrelatively longerbe-
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Figure 1: Time-quality tradeof for interpolation using virtual
pointswith different \ASumthresholds. Resultsare averagedover
thefive testproblemsn Tablel.



Fixedresolution Variableresolution
Problem IS| [ 4] | |Z] | Error || M | |G] | UBtime | LBtime || M | |G| | UBtime | LB time
MachineMaintenance| 3 4 2 0.02 | 20 | 231 0.5 63.2 64| 45 3.04 7.98
Network Monitoring 7 4 2 3641 4 210 1.44 84.69( 8 71 7.07 7.57
ShuttleDocking 8 3 5 0.38 4 330 0.43 128.29|| 8 47 0.35 4.08
Navigation 12 4 6 0.03 4 | 1365 3.74 2133.3|| 32 | 299 5.34 149.86
Aircraft Identification | 12 6 5 0.29 4 | 1365 7.62| 4378.4[ 8 | 186 2.57 80.43

Tablel: A comparisorof fixedandvariable-resolutiomridsfor 5 smalltestproblems shaving thegrid size,aswell asmaximumresolution

andtime (in CPUsecondsysedto computeupperandlower-boundgrid approximationsin orderto achieve the sameerrorbound.

causdts worst-caseompleity is quadratian thesizeof the
statespacensteadof linear, but reasonablg@erformancecan
still be achieved by adjustingthe ASumthreshold. Optimal
interpolationusinglinearprogrammings infeasiblefor larger
problems.

Interpolatedvaluesare typically closeto optimal. There
appearto be two reasondor sub-optimality First, interpo-
lation usinga sub-simple is lessflexible thaninterpolation
using a convex combination. (Every sub-simpl& is a con-
vex combination put not every corvex combinationis a sub-
simplex.) As aresult, betterinterpolatedvaluescan some-
times be found using corvex combinationgthat do not cor-
respondto sub-simplices.The secondreasonis more prob-
lematic. Althoughtheinterpolationfunctionis pieceviselin-
ear and continuous thereis no guarantedhat it is corvex.
For mostproblemswe foundthatit is corvex (or nearlyso).
However, we sometimegound non-corvexities. Whenthey
exist, the“nearest’grid pointsdonotnecessarilgivethebest
interpolation. We found non-corvexities in two of our test
problems:thenetwork monitoringproblemfrom Cassandra’
testsetandHauskrechf0-stategrid navigationproblem.The
large error boundfor the network monitoringproblemin Ta-
ble 1 reflectsthis. Note that thesenon-comvexities occurin
bothfixed-resolutiorandvariable-resolutiomegulargrids.

Oneexplanationfor non-corvexity is that“localized” tran-
sitionsmay preventvaluesfrom propagatinghroughoutthe
grid. Thatis, non-corvexities mayoccurwhenimprovedval-
uesin oneareaof the grid do notimprove valuesin another
areaof the grid becausehereis not a chainof successobe-

lief statesbetweenthemthroughwhich they canpropagate.

Figure 2: Performanceof multi-step backupsfor Hauskrechs
mazenavigation problem. Resultsarefor a fixed-resolutiorregu-
lar grid with M = 2, which has210grid points.
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For both testproblemswith non-comvexities, we found that
multi-stepbackupscorrectedhe problem. (Multi-step back-
upsaredescribedn thelastparagraplof Section3.4.) Instead
of refiningthe grid at pointswith the largesterrorbound,we
performedmulti-stepbackupsat thesepoints. For the net-
work monitoring problem, using multi-step backupswith a
depthboundof tenreducedhe errorboundfrom 36.41t0 0.7
after 150 CPU secondsFigure2 showsthe positive effect of

multi-stepbackupson Hauskrechs 20-statemazeproblem.
(For this problem,the upperboundscoreis definedasthe av-

eragevalueof afixed setof 1000randomlygeneratedelief
statesplusthe cornerpoints,a metric Hauskrechtuses.)For

the other test problems,multistep backupsdo not improve
thevaluefunctionasmuchasgrid refinementoes.As arule

of thumb,whenthe error boundfor a problemremainslarge
despitegrid refinementmulti-stepbackupsmay correctthe
problem.

Refining the grid  Table1 compareghe performanceof a
fixed-resolutiongrid and a variable-resolutiorgrid on five
small test problems. Eachproblemis solved using a fixed-
resolutionregular grid, and the error bound is measured.
Thenavariable-resolutiomgyrid is usedto find a solutionwith
thesameerrorbound.We usevirtual interpolationwith ASum
= 0.5, for the variable-resolutiomgrid. The resultsshow that
avariable-resolutiompproximatiorcanachieve the sameac-
curag/ with amuchsmallergrid.

Figure 3 shavs how the errorbounddecreaseasthe size
of grid increasedor the Aircraft Identificationproblem. Re-

Figure3: Decreasén errorin avariable-resolutiomegulargrid, as
functionof grid size.Resultsarefor aircraftidentificationproblem.
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Figure4: Upperboundvalueasafunctionof grid size. Resultsare
for 89-statehallway navigationproblem.
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Figure 5: Averageinterpolationtime as a function of grid size.
Resultsarefor 89-statehallway navigation problem.

sults are similar for other problems. Using the error bound
to determinewhereto refinethe grid requiresa lower bound
function, but Lovejoy’s grid-basedower boundfunction can
betime-consumingo compute.For the 89-statehallway nav-
igation problem,computingan|S|-vectorfor eachandevery
grid point is prohibitive. But it is not necessaryln our ex-
perimentswith the hallway problem,we got goodresultsus-

ing alower-boundfunctionconsistingof only ten|.S|-vectors.

Eachiteration, we computedan |S|-vector for the ten grid
pointswith thelargesterrorbound.

Comparisonto non-regulargrids Figured shovshow the
quality of the upperboundfunctionimprovesasthe size of
the grid increasedor the 89-statehallway navigation prob-
lem. It alsoshows thata betterupperboundfunctioncanbe
computedusinga variable-resolutiomegular grid thanusing
anon-regulargrid. Thereasorfor this is thatfasterinterpo-
lation makesit possibleto usea muchlarger grid. Figure5
shavs averageinterpolationtime asafunctionof grid sizefor
our regular grid, comparedto Brafmans and Hauskrech®
non-regular grids, and dramaticallyunderscoreshe adwvan-
tage of regular grids. Figure 6 compareshe time it takes
value iterationto corverge for eachof thesemethods,asa
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Figure6: Time for valueiterationto corverge asa functionof grid
size.Resultsarefor 89-statehallway navigation problem.
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Figure7: Increasdn valueiterationtime in a fixed-resolutiornreg-
ular grid with M = 2, asa function of statespacesize.

function of grid size. Althoughthe variable-resolutiomegu-
lar grid is muchlarger, it takeslesstime to compute. Braf-
man’s value iteration algorithmis fasterthan Hauskrechs
(eventhoughhis interpolationalgorithmis slower), because
it disregardsobsenationsand only considersthe successor
belief statesof actions. Evenwith this simplification, value
iterationin Brafmans non-regular grid is slower thanvalue
iterationin aregulargrid. Moreover, asnotedearlier, ignor-
ing obsenationsmeanshat his grid-basedapproximationis
not guaranteedo be an upperbound(althoughthe valuesit
computedor this problemare,in fact,upperbounds).

Scalability Although a variable-resolutiorregular grid al-
lows muchlargergrids (andthusbetterapproximations)the
size of the statespaceremainsa problemin scaling-upthis
approach.Figure 7 comparegshetime it takesto computea
regular grid for a successiorof POMDP problemswith in-
creasingstatespacesize. (All problemshave 5 actionsand
17 obsenations.) Besidesconfirming that the size of the
statespaceis the primary factorthat limits the scalability of
grid-basedapproximation this givessomeideaof the range
of problemsfor which grid-basedapproximations currently
feasible.We have foundthatalmostall of the runningtime of



valueiterationis spentperforminginterpolationor comput-
ing successobelief statesusing Bayesianconditioning,and
the complexity of bothdepend®n the sizeof the statespace.
This pointsto wherefurtherwork on grid-basedapproxima-
tion is neededIn orderto improvetheefficiency of interpola-
tion andBayesiarconditioningfor problemswith largerstate
spacesye needto integrategrid-basedapproximationwith
varioustechniquedfor stateabstractionthat have beenex-
ploredfor MDPsandPOMDPS[Boutilier etal., 1999. (State
abstractiorwould alsomake it possibleto computelovejoy’s
grid-basedower-boundfunction moreefficiently.)

5 Discussion

POMDPsarenotoriouslydifficult to solve, andfinding even
abounded-optimasolutionis anintractableproblem[Lusena
et al.,, 1999. Grid-basedapproximationalgorithms have
polynomial-timecompleity in the size of the grid and the
number of states, actions, and obsenations [Hauskrecht,
200d. Althoughthereis no guaranteen the quality of the
approximationthat can be achiezed in polynomial time, a
well-designedgrid-basedapproximationcan be adjustedin
severalwaysto optimizeatime-qualitytradeof.

This paperintroducesa variable-resolutiorregular grid
thatallows the resolutionof the grid to be adjustedn differ-
entregionsof the belief simplex, in orderto approximatehe
contoursof the valuefunction asefficiently aspossible.Al-
thoughnon-regulargridsalsoallow this,interpolationin non-
regulargridsis moredifficult andits compleity is afunction
of the size of the grid. In a variable-resolutiomegular grid,
the compleity of interpolationis independenbf the size of
thegrid. Thus,it is feasibleto usemuchlargergridswith this
approacthin orderto achiese betterapproximations.

Our experimentsindicatethat it is easierto scaleup this
approacho largegridsthanto large statespacesandthe size
of the statespaceremainsthe most prohibitive factorin the
compleity of grid-basedapproximation.To usegrid-based
approximatiorto solve POMDPswith large statespacesye
needto integrateit with varioustechniquedor stateabstrac-
tion thathave beenexploredfor MDPsandPOMDPSs.Thisis
apromisingdirectionfor futureresearch.
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