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Abstract—In recentyears, corvex optimization hasbecomea
computational tool of central importance in engineering,thanks
to its ability to solve very large, practical engineeringproblems
reliably and ef ciently . The goal of this tutorial is to continue
the overview of modem convex optimization from where our
ACC2004 Tutorial on Convex Optimization left off, to cover
important topics that were omitted there due to lack of space
and time, and highlight the intimate connectionshetweenthem.
The topics of duality and interior point algorithms will be our
focus,along with simple examples.The material in this tutorial
is excepted from the recent book on corvex optimization, by
Boyd and Vandenbemghe, who have made available a large
amount of free course material and freely available software.
Thesecan be downloaded and usedimmediately by the reader
both for self-study and to solwe real problems.

I. INTRODUCTION

The objecties are to continue the overview of modern
corvex optimizationfrom where our ACC2004 Tutorial on
Corvex Optimization [18] left off. Speci cally, we review
the role of duality and demonstrateboth its practical and
theoreticalvalue in corvex optimization; describeinterior
point methoddor solvingconvex optimizationproblems;and
highlight the intimate connectionsbetweenduality and the
solution methods.

We aim to give an overview of the essentiaideasmainly
de ning conceptsandlisting propertieswithout proof. With
the exceptionof minimal narratve commentsby the present
author all of the materialin this tutorial is excerptedfrom
chaptersb, 9, 10 and 11 of the book Cornvex Optimization
by Boyd and Vandenbeghe [8], where complete details
with lucid explanationscan be found. This will be our
main referencein this tutorial. | am deeplyindebtedto the
authors,for generouslyallowing me to usetheir materialin
preparingthis tutorial. The authorshave alsomadeavailable
on the interneta large amountof free coursematerialand
software[14], [22].

The readeris assumedo have a working knowledge of
linear algebraandbasicvectorcalculus,andsome(minimal)
exposureto optimization.However, dueto its differentfocus,
this paper can be read quite independentlyof our Part |
paper[18]. The following referencesalso cover the topics
of optimization[26], [24], [1], [3], [4], corvex analysis[23],
[28], [30], [19], [15], and humericalcomputation[29], [13],
[11], [20].

Also, in order keep the paper quite general,we have
tried to not to bias our presentatiortoward ary particular
audience.Hence,the examplesusedin the paperare very
simpleandintendedmerelyto clarify the optimizationideas

and concepts.For detailed examplesand applications,the
readeris referedto [8], [2], [6], [5], [7], [10], [12], [17],
[9], [25], [16], [31], andthe referencegherein.

We now briey outline the paper There are two main
sectionsafter this one. Sectionll is on duality, where we
summarizethe key ideas the general theory illustrating
the four main practical applicationsof duality with simple
examples.Sectionlll is on interior point algorithms,where
the focusis on barrier methodswhich canbe implemented
easily using only a few key technicalcomponentsand yet
arehighly effective bothin theoryandin practice.All of the
theory we cover can be readily extendedto generalconic
programssuchas secondorder coneprograms(SOCP)and
semide nite programs(SDP); see[8] for details.

Notation Our notationis standard8]. For example,we will
usedom to denotethedomainof afunction,int denoteghe
interior of a set,relin t denoteghe interior of a setrelative
to the smallestaf ne setcontainingit (its af ne hull), and

() to denotecomponentwisénequalitywhen appliedto
vectors,andsemide nite ordering,whenappliedto matrices.
S! denoteghe setof symmetricn n positive semide nite
matrices.

Il. DUALITY

In this section, we presentthe basic ideas of duality
theory illustrating along the way its four main practical
uses: bounding noncorvex problems; stopping criteria in
algorithms;decompositiorof large problems;andsensitvity
analysis.

A. TheLagrange dual function

1) ThelLagrangian: We consideranoptimizationproblem
in the standardform:

minimize fo(X)

subjectto fi(x) 0; i=1;:::;m Q)

hi(x) =0, i=1L::p;
with variablex 2 R", andwherethefunctionsfromR" ! R
fo, f1;::0fm, andhy;:::; hy arethe objective, inequality

constraintsandegualityconstrair-‘tsrespects'vely. We assume
itsdomainD = 1) dom f; \ P, dom h; is nonempty
and denotethe optimal value of (1) by p?. For now, we do
not assumethe problem(1) is convex.

The basicideain Lagrangianduality is to take the con-
straints in (1) into accountby augmentingthe objectve
functionwith aweightedsumof the constrainfunctions.We



de ne the LagrangianL : R R™ RP! R associated
with the problem(1) as
X
L(x;; )="fo(x)+ ifi(x) + ihi (x);
i=1 i=1
withdomL = D R™ RP. Wereferto ; asthe La-

grange multiplier associateavith theith inequalityconstraint
fi(x) O; similarly wereferto ; asthelLagrangemultiplier
associatedvith the ith equality constrainth;(x) = 0. The
vectors and are called the dual variablesor Lagrange
multiplier vectors associatedvith the problem(1).

2) TheLagrange dual function: We de ne the Lagrange
dual function (or just dual function) g : R™ RP! R as
the minimum value of the Lagrangianover x: for 2 R™,

2 RP, '
ifi(x)+ ihi (x)

i=1

9(; )= inf fo(x)+ B
When the Lagrangianis unboundedbelov in x, the dual
function takes on the value 1 . Since the dual function
is the pointwise in mum of a family of afne functions
of (; ), it is concae, even when the problem (1) is not
CONvex.

3) Lowerboundson optimalvalue: It is easyto shav [8]
that the dual function yields lower boundson the optimal
value p’ of the problem(1): For ary Oandary we
have

o; ) P )

This important property is easily veri ed. Supposex is a
feasible point for the problem (1), i.e., fi(x) 0 and
hi(»*) = 0, and 0. Thenwe have

xn xP
ifi(e) +

i=1

ihi(x) O
i=1
sinceeachtermin the rst sumis nonpositve,andeachterm
in the secondsumis zero,andtherefore
L(x ; ihi(x)  fo(%):

X xP
) = folx) + ifi(¢) +

Hence

o(; )=infL(x;; ) L, ) fol0):
x2D

Sinceg(; ) fo(x) holdsfor every feasiblepoint x, the
inequality (2) follows.

The inequality (2) holds, but is vacuouswheng(; )=
1 . Thedualfunctiongivesa nontrivial lower boundon p’
only when Oand(; )2domg,ie,g(; )> 1
We referto apair (; ) with Oand(; )2 domgas
dual feasible for reasonghat will becomeclearlater.

Example Standad form LP Consideran LP in standardform,

minimize ¢' x
subjectto Ax = b
x 0

®)

which hasinequality constraintfunctionsf;(x) = X;, i =
for then inequalityconstraintandmultipliers ; for theequality
constraintsand obtain

L(x; 5 )

T n
¢ X i=1

b" + (c+ AT

iXi + T(AX b)
)T x:

The dual functionis
g(; )=infL(x; )=
X

which s easilydeterminedanalytically sincealinearfunctionis
boundedbelown only whenit is identicallyzero.Thus,g(; )=
1 exceptwhenc+ AT = 0, in which caseit is b" :

b +inf(c+ AT )T x;
X

oy b" AT +c=0
9 )= 1 otherwise.
Note that the dual function g is nite only on a properafne
subsetof R™ RP. We will see that this is a common
occurrence.The lower bound property (2) is nontrivial only

when and satisfy 0 andAT + ¢ = 0. When
this occurs, b' s alower boundon the optimal value of the
LP (3).

B. The Lagrange dual problem

For each pair (; ) with 0, the Lagrangedual
function gives us a lower boundon the optimal value p? of
the optimizationproblem(1). Thuswe have a lower bound
that dependson someparameters , . A naturalquestion
is: What is the bestlower boundthat can be obtainedfrom
the Lagrangedual function?

This leadsto the optimizationproblem

maximize g(; )
subjectto 0: “)

This problemis calledthe Lagrange dual problemassociated
with the problem(1). In this context the original problem(1)
is sometimescalled the primal problem The term dual
feasible to describea pair (; ) with Oandg(; )>
1 , now makessenselt meansasthe nameimplies, that
(; ) is feasible for the dual problem (4). We refer to
( ?; ?) asdual optimal or optimal Lagrange multipliers if
they are optimal for the problem(4).

The Lagrangedual problem(4) is a corvex optimization
problem,sincethe objective to be maximizedis concae and
the constraintis corvex. This is the casewhetheror not the
primal problem(1) is corvex.

1) Making dual constiaints explicit: The exampleabove
shaws that it can happen(and often does)that the domain
of the dual function,

domg=f(; )jo(; )> 1g ;

to have dimensionsmallerthanm + p. In mary caseswe
canidentify theaf ne hull of dom g, anddescribet asa set
of linear equality constraintsRoughly speaking this means
we canidentify the equality constraintshat are “hidden' or
‘implicit' in the objective g of the dual problem(4). In this
casewe can form an equialent problem, in which these
equality constraintsare given explicitly as constraints.The
following examplesdemonstratehis idea.



Example Lagrange dual of standad form LP Continuingthe
LP exampleabore, the Lagrangedual problemof the standard

form LP is to maximizethis dual function g subjectto 0,
i.e,
- oy b" AT +c=0
maximize g(; ) = 1 otherwise (5)
subjectto (03

Hereg is nite only whenAT + ¢ = 0. We canform an
equivalentproblemby makingtheseequalityconstraintexplicit:

maximize b’

subjectto AT +¢c=0 (6)
0:
This problem,in turn, canbe expressedas
maximize b'
(7

subjectto AT +c¢ O

which is an LP in inequalityform, since canbe viewed asa
slack variable.

Notethe subtledistinctionsin the LP examplessofar. The
Lagrangedual of the standardorm LP (3) is the problem(5),
whichis equialentto (but not the sameas)the problems(6)
and (7). With somealuse of terminology we refer to the
problem(6) or the problem(7) asthe Lagrangedual of the
standardiorm LP (3).

2) Weakduality: The optimal value of the Lagrangedual
problemwhichwe denoted’, is, by de nition, thebestlower
boundon p’ that can be obtainedfrom the Lagrangedual
function. In particular we have the simple but important
inequality

d’ p’; 8)
which holdsevenif the original problemis not corvex. This
propertyis called weakduality.

The weakduality inequality (8) holdswhend” andp’ are
in nite. For example,if the primal problemis unbounded
below, sothatp’ = 1 , we musthaved’ = 1 ,i.e, the
Lagrangedual problemis infeasible.Corversely if the dual
problemis unboundedibove, sothatd” = 1 , we musthave
p’ = 1, i.e, the primal problemis infeasible.

We refer to the differencep’ d’ asthe optimal duality
gap of the original problem,sinceit givesthe gapbetween
the optimal value of the primal problemand the best(i.e,,
greatest)lower boundon it that can be obtainedfrom the
Lagrangedual function. The optimal duality gap is always
nonnegatie.

The bound (8) can sometimesbe usedto nd a lower
boundon the optimal value of a problemthatis dif cult to
solve, sincethe dual problemis alwayscorvex, andin mary
casescan be solved ef ciently, to nd d’.

3) Stiong duality and Slater's constaint quali cation: If
the equality

¢ = p’ (©)

holds,i.e., the optimal duality gapis zero,thenwe saythat
strong duality holds. This meanghatthe bestboundthatcan
be obtainedfrom the Lagrangedual function is tight.

Strongduality doesnot, in generalhold. But if the primal
problem(1) is corvex, i.e., of the form

minimize fo(X)

subjectto fi(x) 0; i=1;:::;m; (10)
Ax = b;
with fo;:::;fn convex, we usually (but not always) have

strong duality. There are mary resultsthat establishcon-
ditions on the problem, beyond corvexity, under which
strongduality holds. Theseconditionsare called constaint
guali cations.

One simple constraintquali cation is Slater's condition
Thereexistsanx 2 relin t D suchthat

fi(x) < 0; 11)

Such a point is sometimescalled strictly feasible since
the inequality constraintshold with strict inequality Slaters
theoremstatesthat strongduality holds,if Slaters condition
holds (and the problemis corvex).

Slaters conditioncanbere ned whensomeof theinequal-
ity constraintfunctionsf; areafne [8]. Slaters condition
(and its re nement) not only implies strong duality for
corvex problems.lt alsoimplies that the dual optimal value
is attainedwhend” > 1 , i.e, thereexists a dual feasible
(7 ")y withg( ?; ?) = d” = p°. Slaters condition is
proved using the separatinchyperplanetheoremfor corvex
sets,see[8].

C. Optimality conditions

We remind the readerthat we do not assumethe prob-
lem (1) is corvex, unlessexplicitly stated.

1) Certi cate of suboptimalityand stoppingcriteria: |If
we can nd a dual feasible (; ), we establisha lower
bound on the optimal value of the primal problem: p?
g(; ). Thusa dual feasiblepoint (; ) providesa proof
or certi cate thatp’ g(; ). Strongduality meansthere
exist arbitrarily good certi cates.

Dual feasiblepointsallow us to boundhow suboptimala
given feasiblepoint is, without knowing the exact value of
p’. Indeed,if x is primal feasibleand( ; ) is dualfeasible,
then

fo) P* fo(x) o(; )

In particular this establisheghat x is -suboptimal,with
= fo(xX) 9(; ). (It also establishesthat (; ) is
-suboptimalfor the dual problem.) We refer to the gap
betweenprimal and dual objectves,fo(x) g(; ) asthe
duality gap associatedvith the primal feasiblepoint x and
dual feasiblepoint (; ). If the duality gap of the primal
dual feasible pair x, (; ) is zero,i.e, fo(x) = g(; ),
thenx is primal optimaland(; ) is dual optimal.
Theseobsenationscanbe usedin optimizationalgorithms
to provide nonheuristicstoppingcriteria, as we will seein
sectionlll. Supposean algorithm producesa sequenceof
primal feasiblex(¥) and dual feasible( ); (), for k =
1;2;:::, and as > 0is a givenrequiredabsoluteaccurag.



Thenthestoppingcriterion(i.e., the conditionfor terminating
the algorithm)

fo(x(k)) a( (k); (k))

guaranteesthat whenthe algorithmterminatesx®) is ,ps-
suboptimal. (Of course strong duality must hold if this
methodis to work for arbitrarily small tolerances aps.)

2) Complementargladkness:Supposéehatthe primaland
dual optimal valuesare attainedand equal(so, in particular
strongduality holds).Let x? beaprimal optimaland( ?; ?)
be a dual optimal point. Then it can be shovn that the
following condition musthold [8]:

fi(x?) = 0; 12)

This condition is known as complementarysladkness it
holds for ary primal optimal x* and ary dual optimal
( ?; ?) (when strong duality holds). We can expressthe
complementarslacknessondition as

7209 ()

abs

0;

or, equivalently,
fix’)<0=) 7=0

Roughly speaking,this meansthe ith optimal Lagrange
multiplier is zero unlessthe ith constraintis active at the

optimum.
3) KKT optimality conditions: We now assumethat
the functionsfo;:::;fm;hy; 15 hy are differentiable(and

thereforehave opendomains),but we make no assumptions
yet aboutcorvexity.

Letx? and( ?; ?) beary primal anddual optimal points
with zeroduality gap.Sincex” minimizesL (x; ?; ?) over
X, it follows thatits gradientmustvanishat x?, i.e.,

r fo(x?) + rfi(x?) + rhi(x?) = o
i=1 i=1
Thuswe have

fi(x?) 0, i=1:;m
hi(x?) = 0, i=1:::;p

7 0, i=1::;m
fi(x?) = 0 iP 1::m

r fO(X?) + inll ;?I’ fi(x?) + ip:j_ i?r hi(x?) =0
(13)

which arecalledthe Karush-Kuhn-Tudker (KKT) conditions.

To summarizefor any optimizationproblemwith differ-
entiableobjective and constraintfunctionsfor which strong
duality obtains,ary pair of primal and dual optimal points
must satisfythe KKT conditions(13).

Now whenthe primal problemis convex, the KKT condi-
tions arealsosufcient for the pointsto be primal anddual
optimal. In otherwords, if f; arecorvex andh; areafne,

andx, ~, ~ areary pointsthat satisfythe KKT conditions
fi(%) 0 i=1:::;m
hi(x) = 0 i=121:::;p
=i 0, i=1:::;m
~Bi()e) = 0 i=1:::;m

m o~ Py _ _ A
rfo() + i=1 ir fi(%) + iz Tir hi(x) = 0;

then x and (7 ~) are primal and dual optimal, with zero
duality gap.

If a corvex optimization problemwith differentiableob-
jective and constraintfunctions satis es Slaters condition,
then the KKT conditions provide necessaryand sufcient
conditionsfor optimality: Slaters conditionimplies that the
optimal duality gapis zeroandthe dual optimumis attained,
sox is optimalif andonly if thereare(; ) that,together
with x, satisfythe KKT conditions.

The KKT conditionsplay an importantrole in optimiza-
tion. In a few special casesit is possibleto solve the
KKT conditions (and therefore,the optimization problem)
analytically More generally mary algorithms for convex
optimization, such as the barrier methodin sectionlll, are
conceved as, or can be interpretedas, methodsfor solving
the KKT conditions.

Example Equality constmined corvex quadiatic minimization.
We considerthe quadraticprogramming(QP) problem

minimize (1=2)x' Px+ q'x+ r (14)
subjectto Ax = b;

whereP 2 S!. The KKT conditionsfor this problemare

Ax’=b; Px’+q+AT 7=0
which we canwrite as
P AT x? _ q
A O T b

?

Solvingthis setof m+ n equationsn them+ n variablesx”?,
givesthe optimal primal and dual variablesfor (14). This setof

equationss calledthe KKT systenfor the equality constrained
guadraticoptimization problem (14). The coefcient matrix is

calledthe KKT matrix

Whenthe KKT matrix is nonsingularthereis a uniqueoptimal

primal-dual pair (x’; 7). If the KKT matrix is singular but

the KKT systemis solable, ary solution yields an optimal

pair (x*; 7). If the KKT systemis not sohable, the quadratic
optimizationproblemis unboundedelow. Indeed,in this case

thereexist v 2 R" andw 2 RP suchthat
Pv+ ATw= 0 Av = 0 qgv+bws>o0:

Let ® be ary feasiblepoint. The point x = R + tv is feasible
for all t and

f(R+ tv)

f(R)+ t(vVI PR+ g v)+ (1=2)t?v' Pv
fRY+t( RTATw+ g v) (1=2)t>w'Av
fR)+t( b'w+ g v);

which decreasewithout boundast ! 1 .

4) Solving the primal problem via the dual: We men-
tionedat the beginning of xII-C.3 thatif strongduality holds
anda dual optimal solution( ?; ?) exists, thenary primal
optimal point is alsoa minimizerof L(x; ?; 7). This fact
sometimesallows us to computea primal optimal solution
from a dual optimal solution.

More precisely supposewe have strong duality and an
optimal ( ?; ?) is known. Supposethat the minimizer of

L(x; ?; ?), i.e, the solutionof
P
i TR0+ Py Phi(x);
(15)

minimize fo(x) +



is unique. (For a corvex problemthis occurs,for example,
if L(x; ?; ?) is a strictly corvex function of x.) Then if
the solution of (15) is primal feasible,it must be primal
optimal; if it is not primal feasible,thenno primal optimal
point canexist, i.e., we canconcludethatthe primal optimum
is not attained.This obsenationis interestingwhenthe dual
problem is easierto solve than the primal problem, for
example,becauset canbe solved analytically or hassome
specialstructurethat canbe exploited. The following simple
example showvs how this can be usedto decompose large
probleminto small managablesubproblems.

Example Minimizinga sepaable functionsubjectto an equal-
ity constaint. We considera problemwhich would madeup of
alargenumber(n) of independenininimizationproblemswere
it not for a few coupling constraintgonein this case):

P
minimize fo(x) = [, fi(xi)
subjectto a' x = b;

wherea 2 R", b2 R, andf; : R! R aredifferentiableand
strictly corvex. The objective functionis calledsepaable since
it is a sumof functionsof the individual variablesxi;:::;Xn.
We assumehat the domainof fo intersectsthe constraintset,
i.e., there exists a point xo 2 dom f with a'xo = b. This
implies the problemhasa uniqueoptimal point x°.

The Lagrangianis

X X
L(x )=
i=1 i=1
which is also separableso the dual function is
!

g() = b +inf (fi(xi) + aixi)
i
= b + inf(fi(xi)+ aixi)
.
= b fi( a&):
i=1
wheref; (&) = infy, (fi(xi) + aiXi). The dual problem
is thus =
maximize b O a);

with (scalar)variable 2 R.

Assumethat f; 's are easyto evaluate and thereforethat the
dual problemis easyto solve. Supposehat we have found an
optimal dual variable ?. (Thereare several simple methodsfor
solving a corvex problemwith one scalarvariable,suchasthe
bisectionmethod.)Sinceeachf; is strictly convex, the function
L(x; ?) is strictly corvex in x, andso hasa uniqueminimizer
%. But we also know thatx” minimizesL(x; °), sowe must
have x = x°. We canrecorer x? fromr xL(x; ) = 0, i.e,
by solving the equationst X(x7) =  “a;.

D. Perturbationand sensitivityanalysis

When strong duality obtains,the optimal dual variables
give very useful information about the sensitvity of the

optimalvaluewith respecto perturbation®f the constraints.

fixi)+ (@'x b= b+ (fix)+ axi);

1) The perturbed problem: We considerthe following
perturbedversionof the original optimizationproblem(1):

minimize fy(x)
subjectto  fi(x) uj; i=
hi(x) = vi; i

with variable x 2 R". This problem coincideswith the
original problem(1) whenu = 0, v = 0. Whenu; is positive
it meansthat we have relaxed the ith inequality constraint;
when u; is negative, it meansthat we have tightenedthe
constraint.Thusthe perturbedproblem(16) resultsfrom the
original problem(1) by tighteningor relaxingeachinequality
constraintby u;, and changingthe righthand side of the
equality constraintsby v;.

We de ne p’(u; V) asthe optimal value of the perturbed
problem(16):

p’(u;v) = infffo(x)j9x 2 D; fi(x)
hi(x) = v;; 1= 1;:::;pg:

|
L
_3.

(16)

I
=
°

We can have p’(u;v) = 1, which correspondgo pertur
bations of the constraintsthat result in infeasibility. Note
that p’(0;0) = p?, the optimal value of the unperturbed
problem(1). (We hopethis slight abuseof notationwill cause
no confusion.)Roughlyspeakingthe functionp? : R™ RP
gives the optimal value of the problem as a function of
perturbationgo the righthandsidesof the constraints.

Whenthe original problemis corvex, the functionp? turns
out to be a convex function of u andv [8].

2) A global inequality: Now we assumehat strongdual-
ity holds,andthatthe dual optimumis attained(This is the
caseif the original problemis corvex, and Slaters condition
is satis ed). Let ( ?; ?) be optimal for the dual (4) of the
unperturbedoroblem.Thenfor all u andv we have [8]
p’(0;0) Tu Ty

p’(u; V) (17)

Varioussensitvity interpretationof the optimal Lagrange
variablesfollow directly from the inequality (17) [8]. For
example,if 7 is large andwe tightentheith constrainti.e.,
chooseu; < 0), thentheoptimalvaluep?(u; v) is guaranteed
to increasegreatly;andif 7 is small,andwe loosentheith
constraint(u; > 0), thenthe optimal value p?(u; v) will not
decreas¢oo much.

Theinequality(17), andthe conclusiondisted above, give
a lower boundon the perturbedoptimal value, but no upper
bound. For this reasonthe resultsare not symmetric with
respectto looseningor tighteninga constraint.For example,
supposethat 7 is large, and we loosenthe ith constraint
a bit (i.e., take u; small and positive). In this casethe
inequality (17) is not useful;it doesnot, for example,imply
that the optimal value will decreasesonsiderably

3) Local sensitivityanalysis: Supposenow that p?(u; v)
is differentiableat u = 0, v = 0. Then, provided strong
duality holds, the optimal dual variables ?, ? arerelated
to the gradientof p” atu = 0, v = 0 [8]:

»_ @(0;0) »_  @(0,0),

(18)



Thus, when p’(u;v) is differentiableat u = 0, v = 0,
and strong duality holds, the optimal Lagrangemultipliers
are exactly the local sensitvities of the optimal value with
respectto constraintperturbations.

I1l. INTERIOR POINT ALGORITHMS

In the late '80's and 90's therewas a breakthroughKar-
markars polynomial compleity interior point method for
Linear Programmingvas extendedto a muchwider classof
cornvex optimizationproblemssuchasQP's, SOCPS, SDPS,
etc[21], [27], [32], [33]. In this section,we will summarize
the barrier method as a representatie techniquefrom the
classof interior point methods The barriermethodis simple
to implementand shavs good performancen general.We
will focus mainly on the key algorithmic componentsfor
practical implementationof interior point methods,along
with intuition as to why these methodswork. Thesekey
componentsire:backtrackindinesearchthe Newton method
for equality constrainedminimization, and the logarithmic
barrier function.

We will alsoshav how duality playsacritical andpractical
role in thesealgorithms.In particular using duality, interior
point methodsprovide exactstoppingcriteriafor terminating
the search.The user suppliestheir desiredtolerance,and
when the searchterminatesthe returneddecisionvector is
guaranteedo be within the speci ed toleranceof the opti-
mum. This is in contrastto other methodswhich terminate
simply whenthe rate of progresbecomesslow, but without
ary guaranteen the optimality of the returneddecision
vector

A. Descentmethodsand lineseach

Supposeave wantto solve the unconstraineaptimization
problem

minimize f (x) (29)

wheref : R" ! R is convex and twice continuously
differentiable(which implies thatdom f is open).We will
assumethat the problem is solvable, i.e., there exists an
optimal point x?. (More precisely the assumptiongater in
the sectionwill imply that x” exists and is unique.) We
denotethe optimal value,inf, f (x) = f (x?), asp’.

Since f is differentiable and corvex, a necessaryand
sufcient conditionfor a point x” to be optimal is

rf(x?)=0: (20)

Thus, solving the unconstrainedninimization problem (19)
is the sameas nding a solution of (20), which is a set
In a few
specialcasesye can nd a solutionto the problem(19) by
analytically solving the optimality equation(20), but usually
the problemmustbe solved by aniterative algorithm.By this
we meanan algorithm that computesa sequenceof points
x©@: x@ 202 dom f with f(x(0) 1 p”ask ! 1.
Sucha sequencef pointsis called a minimizing sequence
for the problem (19). The algorithm is terminatedwhen
f(xX) p’ ,where > 0is somespeci ed tolerance.

1) Descentmethods: The algorithms describedin this
section producea minimizing sequencex(¥), k = 1;:::;
where

x(K+D) = (k) 4 (k) 3 (K)
and t®) > 0 (except when x(K) is optimal). Here the
concatenatecssymbols  and x that form x are to be
read as a single entity, a vectorin R" called the step or
searh direction (even thoughit neednot have unit norm),
andk = 0;1;::: denotesthe iteration number The scalar
t) 0 is called the step size or step length at iteration
k (even thoughit is not equalto kx(k*D)  x(k unless
k x®k=1).

The methodswe presenthereare descenimethodswhich
meansthat

f (x Dy < £ (x0);

exceptwhenx® is optimal. This implies that for all k we
have x(K) 2 S, the initial sublevel set, and in particular
we have xX) 2 dom f. From corvexity we know that
rf(xNTy x®) oimpliesf(y) f(x®), sothe
searchdirectionin a descentmethodmust satisfy

rf(xM )T x® <o

i.e., it mustmalke an acuteanglewith the negative gradient.

We call sucha directiona descentirection (for f , at x()).
The outline of a generaldescentmethodis asfollows. It

alternatedetweentwo steps:determininga descentlirection
X, andthe selectionof a stepsizet.

Algorithm Geneal descenimethod.
given a startingpointx 2 dom f.

repeat
1. Determinea descentirection Xx.
2. Line seach. Choosea stepsizet > 0.
3.Update x := x+t X.

until stoppingcriterion is satis ed.

The secondstepis calledtheline seach sinceselectionof
thestepsizet determinesvherealongthelinefx+t xjt2
R: g the next iteratewill be.

2) Badtracking line search: Most line searchesusedin
practiceare inexact the steplength is chosento approxi-
matelyminimizef alongtherayfx+t xjt 0Og, oreven
to justreducef “enough'.Many inexactline searchmethods
have beenproposedOneinexactline searchmethodthatis
very simple and quite effective is called badtracking line
searchlt dependsontwo constants , with0< < 0.5,
0< < 1.

Algorithm Badktradking line seach.

given a descentdirection x for f atx 2 dom f,
2 (0;0:5), 2 (0;1).

t:=1

whilef(x+t x)>f(x)+ trf(x)T x, t:i= t.

The line searchis called backtracking becauseit starts
with unit step size and then reducesit by the factor
until the stopping condition f (x + t X) f(x) +



tr f(x)T x holds.Since x is a descentdirection, we
haver f (x)T x < 0, sofor small enought we have

f(x+t x) fO)+tr f(x)T x<f(x)+ trfXx)" x

which shows that the backtrackingline searcheventually
terminatesThe constant canbe interpretedasthe fraction
of the decreasan f predictedby linear extrapolationthat
we will accept.See[8] for how to choosethe paramterg,

, and

There is still the questionof exactly how to compute
the descentdirection x. We will explain how this can be
done next, using the generalNewton methodfor equality
constrainedninimization.

B. Newton methodfor equality constained minimization

In this sectionwe describethe Newton methodfor solving
a corvex optimizationproblemwith equality constraints,

minimize f (x)

subjectto Ax = b; (21)

wheref : R" | R is corvex and twice continuously
differentiable,and A 2 RP " with rank A = p < n.
The assumption®n A meanthat there are fewer equality
constraintsthan variables,and that the equality constraints
are independentWe will assumethat an optimal solution
x? exists, and use p’ to denotethe optimal value, p? =
infff(x)jAx = bg= f (x?).

Any equality constrainedminimization problem can be
reducedto an equialent unconstrainedproblem by elimi-
nating the equality constraintsand then solving an uncon-
strainedproblem.However, we will focuson an extensionof
Newton's methodthat directly handlesequality ratherthan
methodsthat eliminate the inequalities.One reasonis that
problem structure,such as sparsity is often destrgyed by
elimination (or forming the dual); in contrasta methodthat
directly handlesequality constraintscanexploit the problem
structure Anotherreasoris conceptualmethodghatdirectly
handleequality constraintscanbe thoughtof asmethodsfor
directly solving the optimality conditions(22), shovn below.

Recall (from xlI-C.3) thata point x” 2 dom f is optimal
for (21) if andonly if thereis a ? 2 RP suchthat

Ax’=b; rfx)+AT =0 (22)

Solving the equality constrainedoptimization problem (21)
is therefore equivalent to nding a solution of the KKT
equationq22), which is a setof n+ p equationsn then+ p
variablesx?, 7. As with unconstrainedptimization,there
area few problemsfor which we cansolve theseoptimality
conditionsanalytically The mostimportantspecialcaseis
whenf is quadratic,aswe sav in an earlierexample.

1) TheNewton Step: Thebarriermethod,andin factmost
interior point methodsuseNewton's methodto computethe
descentdirection. Of all known techniquesfor computing
descentdirections, Newton's method exhibits among the
fastestorvergenceates.lt is alsooneof the mostexpensve
computationallyHowever, whenusedin a carefullydesigned

interior point method, its provable speedand performace
more than compensatdor its computationakost[8].

The superiorperformanceof Newton's methodis due to
the fact thatit explicitly usessecondderivative information
from the Hessianof the objective in its computationof the
descentlirection.In particular it chooseshedirection,along
the setde ned by the equality constraintswhich minimizes
a local quadraticapproximationof the objectve at the last
iteration. The Newton step X, is what mustbe addedto
x to solve the problem when the quadraticapproximation
is usedin place of f in (21). The Newton step Xpt
for the equality constrainedoptimization problem (21) is
characterizedy

r2f(x) AT Xnt

A 0 W . (23)

- i
- 0
where w is the associatedoptimal dual variable for the
guadraticproblem.The Newton stepis de ned only at points
for which the KKT matrix is nonsingular This condition
will be ensuredn ary properimplementationof the barrier
method.

As in Newton's methodfor unconstrainecroblems,we
obsene that when the objectve f is exactly quadratic,
the Newton updatex + X, exactly solves the equality
constrainedninimizationproblem,andin this casethe vector
w is the optimal dual variablefor the original problem.This
suggestsasin the unconstrainedase thatwhenf is nearly
qguadratic,x + Xp¢ should be a very good estimate of
the solution x?, and w should be a good estimateof the
optimal dual variable °. Also notethatin the specialcase
of unconstrainedninimization, Newton's methodreducego
solving:

(r f(x)) *rf(x)

Xnt =

2) Feasible directions and the Newton deciement: We
de ne the Newton decrementfor the equality constrained
problemas

()= ( xqr 2F(x) xne)¥2 (24)

It canbe shavn [8] that (x)2=2 givesan estimateof f (x)
p’, basedon the quadraticnodelatx, andalsothat (x) (or
amultiple of (x)?) senesasthe basisof a good stopping
criterion.

We saythatv 2 R" is a feasibledirectionif Av = 0.
Now supposehat Ax = b. In this case,every point of the
form x + tv is alsofeasible,i.e., A(x + tv) = b. We say
thatv is a descentdirectionfor f at x, if for smallt > 0,
f(x+ tv) < f(x).

The Newton stepis always a feasible descentdirection
(exceptwhenx is optimal,in whichcase xn; = 0). Indeed,
thesecondsetof equationghatde ne  x,; areA Xxpt = 0,
which shaws it is a feasibledirection; that it is a descent
directionfollows from the factthat the directionalderivative
of f along xp is negative - in factit is exactly ~ (x)? [8].

3) Newton's methodwith equality constaints: Thus we
arrive at the desired Newton method with equality con-
straints:



Algorithm Newton's methodfor equalityconstainedminimiza-
tion.

given startingpoint x 2 dom f with Ax = b, tolerance > 0.
repeat
1. Computethe Newton stepanddecrement Xnt, (X).
2. Stoppingcriterion. quit if 2=2 .
3. Line seach. Choosestep sizet by backtracking
line search.
4. Update X := X+t Xnt.

Themethodis calleda feasibledescentnethod sinceall the
iteratesare feasible,with f (x(*1) ) < f (x(K)) (unlessx(¥)
is optimal). Newton's methodrequiresthat the KKT matrix
be invertible at eachx.

C. Barrier methodfor inequality constained minimization

We now move on to interior-point methodsfor solving
corvex optimization problemsthat include inequality con-
straints,

minimize fo(X)
subjectto fi(x) O;
AXx = b;

(25)

R are corvex andtwice continu-
ously differentiable,and A 2 RP " with rank A = p< n.
We assumethat the problemis solvable, i.e., an optimal x”
exists. We denotethe optimal valuef o(x?) asp’.

We also assumethat the problemis strictly feasible,i.e.,
there exists x 2 D that satises Ax = b andf;(x) <
0 fori =
quali cation holds, so there exist dual optimal ? 2 R™,

? 2 RP, which togethemwith x” satisfythe KKT conditions

Ax? = Db; fi(x?) 0, i=1:::;m
Hi(x?) = 0 i=1:
rfo(x?)+ 1, rfix>)+ AT ?=0

Interior-point methodssolve the problem(25) (or the KKT
conditions(26)) by applyingNewton's methodto a sequence
of equality constrainedoroblems,or to a sequencef modi-

ed versionsof the KKT conditions.We will concentraten
a particularinterior-point algorithm, the barrier method

Many problemsare alreadyin the form (25), and satisfy
the assumptionthat the objective and constraintfunctions
are twice differentiable.Obvious examplesare LPs, QPs,
QCQPs,and GPsin corvex form. Many other problemsdo
not have the requiredform (25), with twice differentiable
objective and constraintfunctions, but can be reformulated
in the requiredform. We have alreadyseenmary examples
of this, such as the transformationof an unconstrained
convex piecavise-lineaminimizationproblem.Otherconvex
optimization problems,such as SOCPsand SDPs, are not
readily recastin the required form, but can be handled
by extensionsof interior-point methodsto problemswith
generalizednequalities,see[8].

1) Logarithmic barrier function: Now supposefor the
moment,that our goal is to approximatelyformulatethe in-
equality constrainecproblem(25) asan equality constrained
problemto which Newton's methodcanbe applied.Consider
the approximation

minimize fo(x) + Pi"ll (A=t) log( fi(x))

subjectto Ax = b: 27)

Theobjective hereis corvex, since (1=t) log( u) is convex
andincreasingin u, and differentiable Assumingan appro-
priate closednesgondition holds, Newton's methodcan be
usedto solwe it.
The function
(x) = log( fi(x));

i=1

(28)

with dom =
is called the logarithmic barrier or log barrier for the
problem(25). Its domainis the setof pointsthat satisfy the
inequality constraintsof (25) strictly. No matterwhat value
the positve parametert has,the logarithmic barrier grows
without boundif f;(x) ! O, for ary i.

Of course,the problem (27) is only an approximation
of the original problem (25), so one questionthat arises
immediatelyis how well a solution of (27) approximatesa
solutionof the original problem(25). Intuition suggestsand
we will sooncon rm, that the quality of the approximation
improvesasthe parametet grows.

On the other hand, when the parametert is large, the
function fo + (1=t) is dif cult to minimize by Newton's
method,sinceits Hessianvariesrapidly nearthe boundary
of the feasible set. We will seethat this problem can be
circumvented by solving a sequenceof problems of the
form (27), increasingthe parametert (and therefore the
accurag of the approximation)at each step, and starting
each Newton minimization at the solution of the problem

for the previous value of t.
For futurereferencewe notethatthe gradientandHessian
of the logarithmicbarrier function are given by

ro(x)= P —=r fi(x);

i=1 T (x)

P
im:1 ﬁl’ 2fi(X)

2 00= " m A fOr 0T +
(theseexpressionsfollow from the chain rule and some
tediousmanipulationssee[8]).

2) Central path: We now considerin more detail the
minimizationproblem(27). It will simplify notationlateron
if we multiply the objective by t, andconsiderthe equivalent
problem

minimize tfo(x) + (X)

subjectto Ax = b; (29)

which hasthe sameminimizers.We assumedor now thatthe
problem (29) can be solved via Newton's method,and, in
particular thatit hasa uniquesolutionfor eacht > 0.
Fort > 0 we de ne x’(t) asthe solution of (29). The
cential path associatedvith problem(25) is de ned asthe
setof pointsx?(t), t > 0, which we call the central points



Pointson the centralpathare characterizedy the following
necessarnandsufcient conditions:x?(t) is strictly feasible,

i.e., satis es
Ax’(t)=b;  fi(x°(t) < 0O;

andthereexistsa * 2 RP suchthat

0 = trfo(X?(M)+r (X°(t))+ AT~
P
= trfo(’()) + Ly eyt FiX7(1) (30)
+ATA
holds.

Example Inequalityform linear programming Thelogarithmic
barrierfunction for an LP in inequality form,

. . . T
minimize ¢’ x
subjectto Ax  b; (31)

is given by

X

(x) = log(h a'x);  dom

i=1

= fxjAx bg;

wherea] , ..., al, aretherows of A. The gradientandHessian
of the barrierfunction are

x 1 ) X 1
e - S LN e g

i=1 i=1 (b

aa;

or, more compactly
ro(x)=ATd;r? (x)= AT diag (d)2A;

wheretheelementof d 2 R™ aregivenby di = 1=(b  a x).
Sincex is strictly feasible,we haved 0, sothe Hessianof
is nonsingularf andonly if A hasrankn.

The centrality condition (30) is

X
tc +

i=1

1 _ Ti_
b aiTxa' tc+ A'd=0: (32)
We cangive a simple geometricinterpretationof the centrality
condition. At a point x’(t) on the central path the gradient
r (x’(t)), which is normal to the level set of  through
x’(t), mustbe parallelto c. In other words, the hyperplane
c"x = ¢ x’(t) is tangentto the level setof  throughx®(t).

3) Dual points from central path: From (30) we can
derive an important property of the central path: Every
centralpoint yields a dual feasiblepoint, and hencea lower
boundon the optimal value p’. More speci cally, de ne

1

T 0 =t

(33)

f(t) =

We claim that the pair ?(t), ?(t) is dualfeasible.
First, it is clearthat *(t) 0 becausd;(x’(t)) < 0,
i =
as
2 X 2 2 T 2
r fo(x"(t)) + POr fix' @)+ A () =0
i=1

we seethat x?(t) minimizesthe Lagrangian
xn
) = fo(x) + ifi(x) + T(Ax
i=1
for = 7?(t) and = ?(t), which meansthat ?(t),
?(t) is a dual feasible pair. Thereforethe dual function
g( ?(t); ?(t)) is nite, and

p
a( 7(1); (1) fox?() + Ny P(OF(X7(1)
+ 7" (AX?(1) b
fo(x?(t))

In particular the duality gap associatedwith x”(t) and
the dual feasible pair ?(t), ?(t) is simply m=t. As an
importantconsequenceye have

fo(x™(t)) P’

i.e., x?(t) is no more than m=t suboptimal.This con rms
the intuitive ideathatx?(t) corvergesto anoptimal point as
t! 1.

L(x ; b);

m=t:

m=t;

Example Inequalityform linear programming The dual of the
inequalityform LP (31) is

maximize b

subjectto AT +c¢c=0
0:
From the optimality conditions(32), it is clearthat
2 1
i) ———==; 1=1:1;m
O T

is dual feasible,with dual objective value

b 7(t) = ¢ x°()+ (AX’(t) BT °(t) = c"x’(t) m=t:

4) Thebarrier method: We have seenthatthe point x?(t)
is m=t-suboptimal,andthat a certi cate of this accuray is
providedby the dualfeasiblepair ?(t), ?(t). Thissuggests
a very straightforvard methodfor solving the original prob-
lem (25) with a guaranteedpeci ed accurag : We simply
take t = m= andsolwe the equality constrainecdproblem

minimize (m= )fo(x) + (X)
subjectto Ax = b

using Newton's method. This method could be called the
unconstained minimization method since it allows us to

solve the inequality constrainedproblem (25) to a guar

anteedaccurag by solving an unconstrainedor linearly
constrainedproblem. Although this method can work well

for small problems, good starting points, and moderate
accurag (i.e., not too small), it doesnot work well in

other casesbecausethe Hessiantendsto vary too rapidly
nearthe “edges”of the barrier, which is whereoptimaoften
tendto lie. As aresultit is rarely, if ever, used.

A simple extension of the unconstrainedminimization
method doeswork extremely well. When the methodwas
rst proposedin the 1960s,it was called the sequential
unconstained minimizationtechnique (SUMT). Somevhat
recently [27], it has beenshovn to have polynomial time



cornvergencefor a wide classof convex optimization prob-
lems [27]. Today the methodis usually called the barrier
methodor path-followingmethod

The barriermethodis basedon solving a sequencef un-
constrainedor linearly constrainedminimizationproblems,
using the last point found as the startingpoint for the next
unconstrainedminimization problem. In other words, we
computex”(t) for a sequencef increasingvaluesof t, until
t  m=, which guaranteeghat we have an -suboptimal
solution of the original problem.

Thuswe nally arrive at our desired:

Algorithm Barrier method.
given strictly feasiblex, t := t© > 0,
repeat

1. Centering step. Compute x°(t) by minimizing

tfo + , subjectto Ax = b, startingat x.

2. Update x := x’(t).

3. Stoppingcriterion. quit if m=t <

4. Increaset. t == t .

> 1, tolerance > 0.

At each iteration (except the rst one) we compute the
central point x”(t) starting from the previously computed
central point, and then increaset by a factor > 1. The
algorithmcanalsoreturn = ?(t),and = 7(t), adual
-suboptimalpoint, or certi cate for x.

Eachexecutionof stepl is called a centeringstep(since
a centralpoint is beingcomputed)or an outer iteration, and
to the rst centeringstep (the computationof x?(t©@)) as
the initial centeringstep (Thus the simple algorithm with
t@ = m= consistsof only the initial centeringstep.)

Newton's methodis usedin stepl for linearly constrained
minimization. In this case,the Newton step Xxp, and
associatedlual variableare given by the linear equations

H AT Xnt  _ g .

A O m = 0 (34)
whereH = tr 2fo(x)+r 2 (x) andg=tr fo(X)+r (X).
The Newton iterationsor stepsexecutedduring the centering
steparecalledinner iterations At eachinnerstep,we have a
primal feasiblepoint; we have a dualfeasiblepoint, however,
only at the end of eachouter (centering)step.

5) Feasibility and phasel methods: The barrier method
requiresa strictly feasible starting point x© . When such
a point is not known, the barrier methodis precededby
a preliminary stage, called phasel, in which a strictly
feasiblepointis computedor the constraintsarefoundto be
infeasible).Thestrictly feasiblepoint foundduringphasd is
thenusedasthe startingpoint for the barriermethod,which
is calledthe phasell stage.Thusin phasel, we must nd a
strictly feasiblesolutionof theinequalitiesand equalities,or
determinethat noneexists. To do this we form the following
optimizationproblem:

minimize s
subjectto  f;(x)
Ax =b

in the variablesx 2 R", s 2 R. The variables can be
interpretedas a bound on the maximuminfeasibility of the

s; i=1;::;m (35)

inequalities;the goal is to drive the maximum infeasibility
below zero.

This problem is always strictly feasible, since we can
choosex© as starting point for x, and for s, we can

thereforeapply the barriermethodto solve the problem(35),
which is calledthe phasel optimizationproblemassociated
with the inequality and equality system(35).

IV. CONCLUSION

We hope that the readerhas gained an appreciationfor
the eleganceand practicality of duality and interior point
methods. There is much that we haven't covered here,
however we hope that the readerwill be encouragedto
learn more about corvex optimizationand its applications.
The referencesand software tools cited in the introduction
should provide good starting points, and new applications
are constantlybeing discovered.
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