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General optimization problem: standard form

minimize fo(X)

subjectto f;(x) O; 1= 1;:::;m
hi(x)=0; 1=1,:::;p
X = (X1;:::;Xn) IS optimization variable

fo Is objective or cost function;
fi(x) O arethe inequaliy constraints
hi(x) = O are the equality constraints

X iIs feasibleif it satis es the constraints;
the feasibleset C is the set of all feasiblepoints;

optimal valueis f 7 = infyo ¢ fo(X),
optimal point: anyx” 2 C s.t. f (x?) = f 7
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Geometric interpretation

minimize fg(X)
subjectto fi(x) O; |

hi(x) = O; i; 1;.:.:.:'
fi(x)

0 meansx liesin the O-subleveketsof f;(x), ie:

\
x 2 fxjfi(x) Og

X feasible )

hi(x) = 0 meansthat x liesin the O-solutionsetsof h;(x), Ie:

\
x 2 fx)hi(x)=0g

X feasible )
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Practical problems with optimization

local minima

slov convergence

stoppingcriterion (how do we know we're done?)
numericalissues

nding initial feasiblepoint

Usuallysolvedusing gradientdescent,geneticalgaithms, simulated
annealing,etc...
All theseproblemsgo away if problemis convex!

H. Hindi, ACC 04



Polynomial minimization

minimize p(x)

p is polynomialof degreed; x 2 R" is variable

exceptfor specialcasese.g.,d = 2) thisisavery dicult problem
evenspase problemswith sizen = 20, d = 10 are essentiallyintractable

all algaithms known to solvethis problemrequiree ort exponentialin n
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Linear program (LP)

minimize ¢’ x
subjectto a/x b; i=1;:::;m

c; a 2 R" are parameters;x 2 R" is variable

easy to solve,in theay and practice

can solvedenseproblemswith n = 1000vbles,m = 10000constraints
easily;far larger for spaseor structured problems
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What makes a problem easy or hard?

classicalview:

linear is easy

nonlinear is hard(er)
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What makes a problem easy or hard?

emerging(and carrect) view:

. . . the great watershed in optimization isn't between linearity and
nonlinearity, but convexity and nonconvexity.

| R.Rockafella, SIAM Review1993

convexproblemsare fundamentally tractable
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Example: Stochastic LP

minimize c¢'x
subjectto Prob (a/x h) ; i=1:::;;m

coe cient vectasa IID, N (ai; ); Isrequiredreliability

for xed x, a/ x isN (& x; xT ix)

sofor = 509%, robustLP reduceso LP

minimize c¢'x
subjectto a'x b; i=1;:::;m

and sois easilysolved

what about other valuesof , e.g, = 10%? = 90%?
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constraintProb (a'x b)

al x +

IS CDF of unit Gaussian

Is LHS a convexfunction?
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L)k 7%xky

b

0
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Hint
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StochasticLP with reliability

StochasticLP with reliability
di cult
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That's right

= 90% s convex,and very easily solved

= 10% s not convex,and extremely
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Moral

It's not easyto recognizeconvexfunctionsand convexoptimization
problems

huge benet , though, whenyou do
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Advantages of convex optimization

Convexoptimization problemsare fundamentallytractable
local optimum =) global optimum
convergenceate guaantees
very e cient numericalmethaods
exact stoppingcriterion
easyinitialization & unambiguoudeasibility detection
can handlelarge number of variables

50's examples:Linea Programming,Quadratic Programming
90's examples:GeometricProgramming,Semide nite Programming,etc
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Applications and uses

lots of engineeringapplications
control, combinataial optimization, signalprocessing,
circuit design,communications,. . .

robust optimization
robust versionsof LP, least-squees, other problems

relaxationsand randomization
provide bounds,heuristicsfor solvinghard (e.g., combinataial
optimization) problems
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Convex Analysis and Optimization



Convex set

C R" is convexif

x;92C;  2[01]=) x+(1 )y2C

Geometricallyconvex) no dents& always bulging outward
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Properties of convex sets

Convexiy is preservedunderintersection
ffS | 2 Ag iscollectionof sets,then:

0 1 0 1
subspace subspace
\
: ane : ane
S is %D égrz) S E;Eg éé
convex oA convex
convexcone convexcone

Everyclosedconvexset S is (usuallyin nite) intersectionof halfspaces
Convexiy is preservedunderlinea transfamation

S convex ) f 1(S)= fxjAx + b2 Sgconvex

S convex ) f(S)=fAx + bj x 2 Sg convex

eg: projections,slices,. . .
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Simple convex sets

ane set fx2R"jAx + b= 0g ORfAXx + bjx 2 R"g

alx = b

halfspace fx 2 R" ja'x bg 0

convexcone X
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Polyhedra

convexhull of vertices

V1 V2
P = Cofvy;iii;vng Ve 3
Vg Vy
nite intersectionof halfspaces
i ap
P = fxja'x b; i=1:::;kg
= fx]JAx bg as
as

where above meanscomponentwiseinequalit,. 4
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representation:f x | kxkp

kxkp =

( 1,1)
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Normballs

1g

P . . -
C xiD'™ sp 1
max; jXij p=1
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Ellipsoids

representation:

E=fxj(x X)'TA Y(x xo) 19

whereA = AT 0, centerx. 2 R"
volume is proportional to (det A)l'2

other representations

{ Imageof unit ball undera ne transfamation:

E=fBu+ Xx.) kuk 1g; vol./ detB
{ preimageof unit ball undera ne transfamation:

E=fxjkAx bk 1g;vol./ detA 1
{ sublevelset of nondegeneratguadratic. E= fx jf (x) 0g where

f(x)=x"Cx+2d"x+ewithC=C" 0,e d'C 'd< 0O;vol
/| (detA) '
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Convex function

f :R" ! R isconvexif

x;y2 R";, 2]0;1]
+

FCx+@ y) Tx)+@Q )Ht(y)

examples

f (x) = x?
f(x)= log(x); x>0

norms, positive quadratics,etc . . .
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Convex functions: Basic examples

Thesefunctionsare convex
proof: basicde nition or secondderivativenonnegative

xPforp lorp 0O xPfor0O p 1
e, logx, xlogx

x"x; xTx=y (fory > 0); (x"x)1™?

kxk (any norm)

max(Xq;:::;Xn), log(e*t + + e'n)
log ( X) ( Is GaussiarnCDF)

logdetX ! (for X 0)
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Calculus rules

f convex) -sublevel setsfx jf (x) g convex

f convex) f (Ax + b) convex
convexiy preservedunderlinea transfamation

f.;fo convex) f,+ f, convex
f1;fo> convex) maxfq;f, convex

compositionrules: if h cvx & increasingf cvx, then g(x) = h(f (x))
CVX

minimization: if f (X;y) cvx, then g(x) = infy f (X;y) cvx

many others

. ... and many many others
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More examples

max (X)) (for X = XT)
f(x)=xp+ + X (sumof largestk elementsof x)
P .
7y log( fi(x))  (onfxjfi(x) < 0g; f; cvx)
f (x) = logProb (x+z2 C) (C convex,z N(0;) )

x'Y Ixiscwxin(x;Y)forY =YT O

H. Hindi, ACC 04

25



Convex optimization problem

minimize fo(X)
subjectto f;(x) O;1=1;:::;m
AX = Db

whereA 2 RP "

fo, f1, ..., fm convex
equalily constraintsAx = b are linea (a ne)

feasibleset is convex
(intersectionof 0-subleveketsof f; with hyperplanef x | Ax = bg)
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Minimum volume ellipsoid around polyhedron

Find: minimum volume ellipsoidE containing P

representation: E= fx JkAx bk 1g
centerA b, shape matrix A= AT 0,

volume / detA 1.
a convexoptimization problemin A, b
minimize logdetA 1!

subjectto A= AT 0
kAvi bk 1, 1=1;::::K
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Recent history

1984{97: interior-point methods for LP

{ 1984: Karmarkar's interior-point LP method
{ theay Ye, Renegga Kojima, Todd, Monteiro, Roos, . . .
{ practice Wright, Mehrotra, Vanderkei, Shanno,Lustig, . . .

1988: Nesterov& Nemirovsky'sself-concodanceanalysis
1989{: LMIs and semide nite programmingin control

1990{: semide nite programmingin combinataial optimization
Alizadeh,Goemans,Williamson,Lovasz& Schrijver,Parrilo, . . .

1994 interior-point methods for nonlinea convexproblems
Nesterov& Nemirovsky Overton, Todd, Ye, Sturm, . ..

1997{: robust optimization Ben Tal, Nemirovsky El Ghaoui,. . .
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New Standard Convex Problem Classes



Some new standard convex problem classes

second-oder coneprogram (SOCP)
geometricprogram (GP) (and entropy problems)

semide nite program (SDP)

for thesenew problem classesve have

completeduality theary, similar to LP
good algaithms, and robust, reliablesoftware

wide variety of new applications
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Convex optimization heirarchy

convexproblems

coneproblems

SDP
SOCP GP
QP LP

LS
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more general
A

more Speci
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Second-order cone program

second-arder cone program (SOCP) hasform

minimize ¢} x

subjectto  kAjx+ bk, c'x+dj; i=1;:::

with variablex 2 R"

IncludesLP and QP as specialcases
nondi erentiablewhenA;x + b = 0

new IP methods can solve(almost) asfast as LPs

H. Hindi, ACC 04
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Example: Stochastic linear program

minimize c¢'x
subjectto Prob (a/x h) ; i=1:::;;m

wherea; N (a;; ;)
equivalentto

minimize c'x
subjectto a'x+ 1( )k °xk; b; i=1;:::;m

where is (unit) normal CDF

robust LP is an SOCPfor O5(( ) 0
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Geometric program (GP)

log-sum-exp function:
Ise(x) = log(e*t+ + &)

. .. a smaooth convex approximation of the max function

geometric program:

minimize Ise(AgX + )
subjectto Ise(Aix+Db) O 1=1:::;m

A 2R" " b 2R": vaiablex 2 R"

H. Hindi, ACC 04
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Posynomial form geometric program

functionf of form

Xt
f(x) = CkX X% X,
k=1

withc, 0, ik 2 R, iscalledposynomial

like polynomial, but

coe cients must be positive
exponentscan be fractional or negative
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Posynomial form geometric program

posynomial form GP:

minimize fg(X)

subjectto f;(x) 1, 1=1;:::;

fi are posynomial;x; > 0 are variables

to convertto (convexform) GP, exgessas

minimize logfy(€’)

subjectto logfi(e¢¥) O; 1=1;:::

objectiveand constraintshaveform Ise(A;y + hy)
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Solving GPs (and entropy problems)

GP and entropy problemsare duals (if we solveone, we solvethe other)

new IP methaods can solvelarge scaleGPs(and entropy problems)
almostasfast asLPs
applicationsin many areas:

{ information theay, statistics
{ communicationswirelesspower control
{ digital and analogcircuit design
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Semide nite program

semide nite program (SDP):

minimize c'x
subjectto Xx;A; + + XpnA, B

B; A; are symmetricmatrices;variableis x 2 R"
IS matrix inequality; constraintis linear matrix inequality (LMI)

SDP can be expressedas convexproblemas
max (B X1A1 XnApn) O

or handleddirectly as cone problem
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Early SDP applications

(around 19900n)

control (many)

combinataial optimization & graphtheay (many)
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More recent SDP applications

structural optimization: Ben-Tal, Nemirovsky Kocvara, Bendse, . . .

signalprocessing:Vandenlerghe,Stoica, Lorenz, Davidson,Shaled,
Nguyen, Luo, Sturm, Balakrishnan,Saadat,Fu, de Souza,. . .

circuit design: El Gamal,Vandenlerghe,Boyd, Yun, . ..

algelvaic geometry:
Parrilo, Sturmfels,Lasserrede Klerk, PressmanPasechnik,. . .

communicationsand information theary:
RasmussenRains,Abdi, Moulines,. . .

guantum computing:
Kitaev, Waltrous, Doherty, Parrilo, Spedalieri,Rains,. . .

nance: lyenga, Goldfab, . ..
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Robust Optimization



Robust optimization problem

robust optimization problem:

minimize maxa2a fo(a;X)
subjectto maxagoa fi(a;x) O; 1= 1:::;m

X 1S optimization variable
a Is uncertain parameter

A Is parameterset (e.g., box, polyhedron,ellipsoid)

heuristics(detuning, sensitiviy penall term) havebeenusedsince
beginningof optimization
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Robust optimization via convex optimization

El Ghaoui,Ben Tal & Nemirovsky. . .

robust versionsof LP, QP, SOCP problems,with ellipsoidalor
polyhedraluncertaint, can be formulated as SDPs(or simpler)

other robust problems(e.g., SDP) intractable, but there are good
convexapproximations
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robust LS problemwith uncertainparametersvy, . ..

Robust least-squares

minimize sup., 1 K(Ag+ viA1+

equivalent SDP (variablesx, tq, to):

where

P(x) =

H. Hindi, ACC 04

minimize

subjectto

A1X AsX

t, + to
2

|
4 P(x)T
q(x)"

ApX

,Vp
+ VpAp)X bk
3
P(x) a(x)
sl 0 2 0
0 ts
2 R™ P a(x) = AgX
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example: minimize sup,,, K(Ag + ViA1 + VoAL)X  bk?

12

=
00 o

worst-caseresidual
(@))

robustLS SC

0 0.2

(kAgk = 10, kAk = KAk = 1)
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example: minimize sup.,, { K(Ap + ViAL + VoAL)X k2

R .

k(Ao'l‘ UAq+ U2A2)X bk 5
distribution assumingyv is uniformly distributed
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Conclusions



Conclusions

convexoptimization

theary fairly mature; practice hasadvancedremendouslylast decade
gualitatively di erent from generalnonlinea programming
costonly 30 more than least-squaes, but far more expressive

lots of applications still to be discovered
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Some accessiblereferences

ConvexOptimization,

Camlridge 2004, Boyd & Vandenlerghe
completetext availablenow (and in future)
at www.stanford.edu/ ~boyd/cv xbook.h tml

Lectureson Modern ConvexOptimization,
SIAM 2001, Ben Tal & Nemirovsky
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Interior-Point Metho ds
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Interio r-point methods

handlelinea and nonlinear convexproblemsNesterov& Nemirovsky

basedon Newton's methaod appliedto "barier' functionsthat trap x in
Interio r of feasibleregion(hencethe namelP)

worst-casecomplexiy theay: # Newton steps P problemsize

In practice: # Newton stepsbetween20 & 50 (1)
| overwiderangeof problemdimensionstype, and data

1000variables,10000constraintsfeasibleon PC; far larger if structure
IS exploited

readily available(commercialand noncommercialpackages
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Log barrier

for convexproblem

minimize fo(X)
subjectto fi(x) O; 1=1;:::;m

we de ne logarithmic barrier as

X0
(x) = log( 1i(x))

=1

IS convex,smath on interior of feasibleset

I 1 asx appoachesbounday of feasibleset
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Central path

central path is curve

x?(t) = argmin (tf o(x) + (X)) :

x?(t) is strictly feasible,i.e., fi(x) < O
x?(t) canbe computedby, e.g., Newton's method
intuition suggests”(t) convergedo optimal ast !

usingduality can prove x”(t) is m=t-suboptimal
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Central path & duality
from
? ”? 2 )(T'I 1
rx(tfo(X7) + (X7)) = tr fo(x7) + L R)
we nd that 1
(1) = tfi(X?); = b
is dual feasible,with g( ?(t)) = fo(x?) m=t
duality gap assaiated with pair x?(t); ?(t) is m=t

hence,x’(t) is m=t-suboptimal
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x?(t) = argmin,
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Example: central path for LP

P
tc™x ., log(h a'x)
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Barrier method

a.k.a. path-follo wing method

given strictly feasiblex,t > 0, > 1
repeat
1. computex = x?(t)
(using Newton's methaod, starting from x)
2. exit if m=t < tol
3.t:=1

duality gapreducedby eachouter iteration
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Typical convergence of IP method

10 ¢

=
(@)
o

duality gap

SOCR IGP [LP

| |
SDP

0 10 20 30 40 50
# Newton steps

=
OI
A

10

LP, GP. SOCP SDP with 100 variables
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Typical e o rt versus problem dimensions

LPswith n vbles,2n
constraints

100 instancesfor eachof
20 problemsizes

avg & std devshawvn
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Newton steps

35
301

i

201

25

15+

-~
-

HHE

10

10
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Computational e o rt per Newton step

Newton step e ort dominatedby solvinglinea equationsto nd
primal-dual seach direction

equationsinherit structure from underlyingproblem

equationssameas for least-squees problemof simila sizeand structure

conclusion:

we can solvea convex problem with about the samee ort as
solving20{50 least-squares problems
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Problem structure

commontypesof structure:
spasity
state structure
Toeplitz, circulant, Hankel; displacementank
Kronecler, Lyapunovstructure

symmetry
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Exploiting sparsity

well develod, sincelate 1970s
direct (spase factorizations) and iterative methods (CG, LSQR)
standad in generalpurposelLP, QP, GP, SOCPimplementations

can solveproblemswith 10°, 1P vbles,constraints
(dependingon spasity pattern)
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Other interior-point methods

more sophisticatedlP algaithms

primal-dual, incompletecentering,infeasiblestart
usesameideas,e.g., central path, log barier

readily available(commercialand noncommerciabackages)

typical perfaomance: 20 { 50 Newton steps(!)
| overwiderangeof problemdimensionsproblemtype, and problemdata
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