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Abstract

Recerly, somepowerful tools for systemidenti cation from frequencyresponsedata have
beendewloped. Howe\er, thesetools are not able to idertify state spacemodelsfor spectral
frequencydomain data which is purely real, sincethey require both magnitude and phase.
We shov how the complex cepstrum technique can be usedto easily syrthesize an appro-
priate phasefrom the real spectral data, thus enablingany frequencyresponseiderti cation
tool to be usedfor power spectrum identi cation. We then shov how this technique can be
easily usedto identify the standard generaldisturbance model from output spectrum mea-
suremerts, for a closedloop SISO cortrol system,wherethe plant and cortroller frequency
responsesare known. Finally, we shav that when the processand sensornoisesare white,
and all other disturbancesertering the loop are narrow band, convex optimization can be
usedto obtain an adequatedecomposition of all three noises.



1 Intro duction

The problem of systemidenti cation can be divided into three parts, conceptually: iderti-
cation of the plant model, iderti cation of the disturbance model, and identi cation of an
uncertainty model. The purposeof this note is to descrike two techniques for the identi-
cation of disturbance models from frequencydomain data, that have beenfound to work
well in practice, in situations wherethe frequencyresponsesof the plant and cortroller are
known, or identi ed a priori.

In general, identi cation of plant and disturbance models can be done in either time
domain, or in the frequencydomain, and within eat domain, there are many techniques
available [1, 2, 3, 4, 5]. Each of thesetechniqueshasits advantagesand disadvantagesand
performsdi erently under di erent conditions. Unfortunately, it is often not obvious which
of the techniqueswill perform better on any particular problem. The task of ewvaluating all
the di erent options can be quite overwhelming,hence,it is desirableto have onetool which
is capableof idertifying reasonablyaccurate models for both plant and disturbances.

The past decadehas seensomeimportant advancesin the area of frequency domain
systemidenti cation [3, 4, 5]. In particular, referencedq3, 4] descrike powerful tools that
are capableof idertifying very high order systemsthat can be multiv ariable. Unfortunately,
thesetools are not able to identify state spacemodels for spectral frequencydomain data
which is purely real, sincethey require both magnitude and phaseinformation.

Note that the problem of identifying a model for a power spectrum is essetially a (pos-
sibly MIMO) I1IR Iter designproblem, which has been studied extensiely; see[6] for a
surwvey of classicalmethods, and [7] for more recen. Howewer, the instead of the at pass-
band/stopband type speci cations, oneis given samplesof the magnitude resppnseat many
di erent frequencies,and the objective is to match them all as closely as possible,with a
model of reasonableorder. Sothe usual classical lter designtools are often not well suited
for identi cation of spectra.

Recettly in [8], the authors have presened a technique for idertifying power spectra
directly from frequencydomain data. The technique is quite general,and capableof identi-
fying multiv ariable spectra aswell. The subspacemethods deweloped in [2, 4] are conbined
with spectral realization theory, to dewelop algorithms that are able to compute state space
matrices of the desiredmodel directly from the data. In practical situations, a \p ost anal-
ysis" stagemay be required to ensurethat the obtained spectrum is nonnegatie. This is
achieved by meansof the solution of a large semide nite program or nonlinear least squares
problem.



The rst goal of this paper is to presen a di erent approad for computing a model
from frequencydomain spectral data: the classicaltechnique of minimum-phase/maximum-
phasedecompsition via the complexcepstrum[6] is usedto generatean appropriate phase
from the magnitude data. The magnitude and phasedata can then be passedto any of the
above mertioned frequencydomain iderti cation tools. The technique amourts to a simple
algorithm which is very easyto implemernt. The algorithm we presem handlesonly SISO
spectra, but it might be possibleto extendit to the MIMO case,sinceead of the operations
usedin the algorithm, has a matrix analog. The complex cepstrum technique is also used
in [3], in the cortext of cortroller design,wherethe author usesit to synthesizemodelsfor
weighting Iters, which are speci ed in terms of magnitude only.

The secondyoalof this paperis to presen an approad to the iderti cation andresolution
of di erent disturbance noisesin a corntrol system, as descriked in [9, 10|, which conbines
the cepstrumidenti cation technique with the useof corvex optimization.

The techniquesaredemonstrated ctitious data, that is generatedo simulate the tracking
error of a typical hard-disk drive.

Notation: Givenasignalx(k), weuseZ f xg to denoteits z-transform, Z f xg(z) = P oox(nmz ™

and Z f xgto denoteits inversez-transform, whenthey exist. For a nite time recordgiven
by fx(0);:::;x(N  1)g, we use Dyfxg to denoteits N-point discrete Fourier transform
(DFT), Dyfxg(e ') = Pr'\l'zolx(n)e Itk where! , = (2 k=N);k = 0;:::;N 1, and
D, 'fxg to denotethe inverseDFT [6].

2 Cepstrum Identication of Power Spectra

2.1 Power Spectrum

Let y(k) be a discretetime stationary random processwith power spectrum ,(z). If H(z)
is any stablelinear time invariant system,sud that

w(@) = H@)H(Z Y); (1)

then H (z) provides a model for ,(z). In this case,if e(k) is a unit variance white noise
processthen the processd(k), obtainedby Itering e(k) with H(z), will have the samepower
spectrum asy(k), i.e., 4(z) = yy(2). Evaluating (1) on the unit circle, we note that

w(€')=H(E")H(E )= jH(E")% (2)

from which it follows that (i) the power spectrum ,, must be real and nonnegatie for all
I 2[0;2 ], (i) the power spectrum is the squareof the magnitude responseof H.
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2.2 Periodogram

The periodogramis probably the mostelemenary tool for nonparametricspectral estimation
in the literature. Yet becauseof its conceptual simplicity, and easeof implemenation via
the DFT, it is probably alsothe most widely usedtechnique in practice, for estimating the
power spectrum of a signal.

Let y(k) be a stationary random processwith power spectrum ,,(€'). Supposewe

yw(€') canbe estimated by the averagedperiodogram [6]:
. »x o
@)= I Sy fygE! 3)
L., N

Note that the averaged periodogram Ayy(e“ k) is always real and nonnegatiwe, and that
by making N large, the frequencyresolution of the periodogram can be made arbitrarily
ne. The averagedperiodogram is asymptotically unbiased, and under a wide variety of
conditions, its varianceis approximately given by [6]:

var “(e') T @) % @

which shaws that the variance can be made arbitrarily small by making the number of
averagesL large.

2.3 Power Spectrum Identication Problem

The frequencydomain power spectrum identi cation problem that we addressin this paper
can now be stated as follows:
Given: measuremets ", (€'%); k=0;::5;N 1
Find: model H(z) sud that (5)
" oy(€'%) jAE )% k=0::;N 1L

The speci ¢ optimization criterion to be usedin order to achieve \
variesin the literature. In our experience,the log-least-squaregriterion

in the problem (5)

X1 g
Jns(lq)=_ log("yy(¢'¥)) log(iR (€'4)j?) " (6)

i=0

seemdo be a very natural cost, for rational approximation. In situations wherethe data is
not too noisy, and whena good initial estimateis available, it hasbeenobsenedto cornverge
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quickly, and reliably. Rational ts of order almost 100 can be obtained in a few minutes
using the tool described in [3], for example. This tool usesa subspaceechnique to obtain
a good initial estimate for the systemsstate spacematrices, which is usedto initialize a
gradiert decen technique, to minimize the cost (6).

2.4 Complex Cepstrum

In [6], the cepstrum technique is described for minimum-phase/maxinum-phasedecommo-
sition. This provides us with a meansfor obtaining the magnitude and phaseof a shaping
lter H(z), sudhthat ( z) = H(z2)H(z ).

Theorem 1 ([6]) Let ( z) beapowerspectrum with a spectral factorization ( z) = H(z)H(z ?),
wheee H (z) is a stableminimum-phaselinear time invariant system(i.e., its polesand zems
are all strictly stable). Let (k) be the complexcepstrum assaiated with ( €'):

(k) = Z *flog g(k): (7)
Then H can be recovered from the complexcepstrum by
H(z) = expZf 19(2); (8)
wheee 1(k) is the discrete time unit step function.

Although the complex cepstrum is a rather unfamiliar conceptin cortrol, it is quite well
known in the signalprocessingcommnunity. Basically, the complexcepstrumhasthe property
that all of the information about the minimum-phasepart of is cortained in the causal
part of of the sequence . Hencethe minimum phasepart of can be recovered from
multiplied by a step function.

For the purposesof this paper, the important thing about Theorem1 is that it leadsto a
very simple, practical algorithm for obtaining a complexfrequencyresponsefrom pure magni-
tude data, which canbe easilyeasilyimplemerted. In our applications, we aretypically given

rather than the whole spectrum ", and the DFT is usedin placeof the z-transform. This
leadsto the following practical algorithm for obtaining H (€' «) from '\yy(e“ k):

L y(€') = log”yy(e'x)

2 Pk = Dy ok

3 Rk = (k) 1P(k) ©)
4 fp(e') = Dnf Roo(e'v)

5 H('x) = exp B (')
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Figure 1: Identi cation of closedloop disturbance spectrum.

where 1P (k) is the N -periodic ste%resmnsefunction de ned as
1°(K) = < 1 ;k=0;:::;N=

- 0 ;k=N=2+1:::;N 1

As a result of using nite time recordsand using the DFT instead of the z-transform, the

above algorithm is only approximate. In particular, there is time-aliasing of the cepstrum

fy(K) in step 2. Soin general,the H (¢! «) obtained from the practical algorithm will not

be exactly equalto H (&' «) that would have beenobtained from Thm 1. Howewer, by using

a large number of points in the DFT computations (e.g, N = 512), this error can be made
practically insigni cant.

(10)

The complexcepstrumalgorithm in (9) cannow be usedasa \front-end" or preprocessotr,
to enableany frequencydomain systemiderti cation tool to handle power spectra.

3 Standard Disturbance Mo del

Considerthe standard SISO disturbancerejection problemin g.1, whereit is assumedhat
the frequencyresponseof the sensitivity function S = (1+ GK) ! is known. The signald is
the input disturbance with power spectrum 4q; €is a ctitious, white, unit variancenoise
source. If a good model for G4 could be obtained, then an optimal cortroller for rejecting
the disturbance could be designed[11, 12].

In this caseijt is easyto obtain amodel G4, for model G4(z), where 44(z) = Gq(2)Ga(z 2).
Note that the output spectrum y(€') is given by

w(€') =S w(d') jS(€')j?iGa(e" )i (11)
Therefore, given the measuremets f Ayy(ei! k)g, we can usethe expression
"aa(e' ) = jS(E')] 2y (12)
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Figure 2: Squareroot of periodogram estimate of output disturbance spectrum ’\yy.

to obtain an estimateof 44, wherewe have assumedhat S hasno zeroson the unit circle.
From this, the complexcepstrumalgorithm (9) canbe usedto obtain an asse@iated minimum
phasefrequencyresponseGg(€' «). This canthen be passedo any frequencydomain system
ID tool.

This simple technique was applied to ctitious data, that is generatedto simulate the
tracking error of a typical hard-disk drive. Fig.2 shows the periodogram estimate of the
output spectrum, taken from 64 recordsof length appraximately 4000 points. Fig.3 shavs
jS(d'x)j 2",,(e'x), aswell as the 50th order t obtained using DynaMod [3, 13], which
givesus the desiredmodel for G4(2).

4 Decomp osition using Convex Optimization

When there is someknown structure to the noise, more detailed models can be iderti ed,
by conbining the ideas above with corvex optimization. We will illustrate this with the
practical exampleof disturbance modeling and decomposition, for the on-track cortrol of a
hard disk drive. Howeer, the sameidea can be applied to more generalsituations.
Considerthe scenarioin g.4, whereit is now assumedhat both the sensitivity function
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Figure 3: Identied spectrum model versusthe square-root magnitude with reconstructed
phaseof jS(&' «)j 2"y, (e'*).
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Figure 4: Identi cation of noise sourcelevelsin presenceof unknown, narrow band dis-
turbance.



S = (1+ GK) ?!andthe plant model G are known. The processnoisew and the sensomoise
v are white, with covariances 2 and 2, respectively, and d is the output disturbancewith a
very narrow band power spectrum 4q. This is afairly realistic model of the on-track cortrol
problemin hard disk drives,wherethe processnoiseis dominated by white turbulence noise,
the sensomoiseis fairly white, and the main sourceof output disturbanceis bearing defects
and vibrational coupling, which produce very narrowband spectra [9].

The objective hereisto identify ,, ,, andamodel G4 sud that 44(2) = G4(2)Gq(z ),
from measuremets of the output spectrum ,. Under the reasonableassumptionthat the
noisesare uncorrelated, this is given by

w(€') = [S(EMiFGE")i* § + iS(€')i* 7 + iS(€)i* a(€'): (13)

This problem is important (a) becausethe measuremen of the torque and sensornoisesis
very di cult to do directly oncethe drive hasbeenasserbled and sealedand (b) becausea
good model for G4 enablesbetter cortroller design.

In [9], a two step heuristic method is usedto estimate the noise covariances,and the
authors do not discusshow to obtain a model for the narrow band disturbance. We will
show that the problem of estimating all three quartities ,, , and 4q Simultaneously, can
be formulated asa constrainedlinear appraximation problem, which canbe solvede cien tly.
The technique of the previoussectioncan then be usedto obtain a model for G4 from .

4.1 Form ulation

Sincethe disturbance spectrum 44 is very narrowband, then over most of the frequency

y (') iS(€')i%GE )i? & + iS(e')i* T (14)

Thus the identi cation problem can be reducedto nding 2 and 2 which minimize the
errors

iS(€')i%G(e  )i? & + iS(e')i* ¢ yy(€'%) (15)

at ead frequency! . The terms jS(€'«)j?> 4q(€'*), whenthey are not negligible, can be
viewed as outliers.
If we stadk up the equations(15), the objective becomego minimize

KAX bk, (16)



wherek k, denotesthe p-normin RN, and

X = a
37

[ &
2
4 5 (17)

iS(€'\)i%iG(e " ¥)j?
iS(e')j?
b = [ yy(ei! “) I":
Someuseful choicesof the p-norm above are the |14, |, or I; norm. The minimization needs
to be done subject to the following two constrairts:

A =

1. At any frequency! , the sum of the terms jS(€'«)j%jG(€'«)j? 2 and jS(€'«)j? 2

w

should newer be larger than y(€'¥), i.e., at eah frequencywe must have
iS(E')FG(E )2 § + (S(€')i? ? yy(€'): (18)
In terms of the matrices above, this can be written as:
Ax b (19)
wherethe inequality above appliesto ead row.
2. Both 2 and 2 shouldbe nonnegatiw, i.e.:
Ix O (20)
wherel heredenotesthe 2-by-2 identit y matrix, and the 0 is the vector [0 O].
Sothe overall problem that must be solved is

min  kKAX bk, (22)
s.t. AX b;
I X 0:

This is a convex optimization problem in two variablesx = ( 2; 2), which can be solved

for the glokal optimum x°. If the p-norm above is chosento be the |4, |, or I; norm, the

problem can be solved reliably and e cien tly asa linear or quadratic program [14].
Oncethe optimal ? and ? have beencomputed,an estimate of the narrow band noise

spectrum can be obtained from the residuals,r = Ax? b, as
"aa(€') iS(e'9)j 2r(k): (22)

From this, point on, one can proceedasin the previoussectionto obtain a model Gq, sudh
that “ga(d'*)  Gu(d'*)Gy(e I'¥).



4.2 Practical Implemen tation
In practice, insteadof , we have the averagedperiodogramestimate, ’\yy, sowe would use
b=[ “p's) T (23)

in (17). Also, the variance of the periodogram estimate given in (4) should be taken into
accourt in the constrairt (19). Under the crude approximation that at eat frequency
"y yand "y is Gaussianwith distribution N ("yy;(1=L)"2), then the constrairt (18)
can be relaxed by \3-sigma" to give

iS(E'M)IFGE ) & + S(E'9)j? ¢ 1+ 3= L) "y (e'"): (24)
This leadsto a relaxedversionof (19):
A X 1+ 3=IO L)b: (25)

If we chooseto minimize the di erence by minimizing the I;-norm of the errors, subject to
the two constrairts above, then the overall problem can be written asfollowing constrained
[;-norm approximation problem:

min kAx bk ) (26)
s.t.  AX (1+ 3= L)b;
| X 0:

Note that this relaxed version of (21) is still a corvex optimization problem, and henceit
can be soled glokally. The I;-norm cost has the property that it puts equal weighting on
small errorsand large errors, making it lesssensitive to outliers than a leastsquarescost, for
example. Thus it seemghat the I;-norm costis the appropriate norm for this application.
Solving (26) givesthe optimal estimates / and 7, and the residualscan then be used
to obtain an estimate of the magnitude of jS(e'©)j> 4q(€' ¥). Note that in order to be a
valid candidate for a spectrum, r must be nonnegative. Howewer, as a consequencef the
3-sigmarelaxation, the nonnegativity of the residualsis no longer guararteed. Thereforewe

usethe absolutevalue of the residualsinstead,
" a(€' %) iS(€'9)j Zjr(k)j: (27)

This technique was also applied to ctitious data, that is generatedto simulate the
tracking error of atypical hard-disk drive. The resulting decompsition is shavnin g.5. The
optimization problem (26) was solved as a large-scalelinear program, using the MATLAB
optimization toolbox. The resulting G4(z), obtained once again using DynaMod, is shavn
in g.6. The resulting estimatesfor , and , are shown in Table 1.
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Table 1: Noise sourcelevels computed by the decomposition.
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Figure 5: Output spectrum and decomposition.
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Figure 6: Identied spectrum model Gg.

5 Conclusion

A very simplealgorithm, basedon the complexcepstrum,hasbeenpreserted. It canbe used
to enableany frequencydomain systemidenti cation technique to idertify power spectra
from frequencydomain data. It wasthen shovn how the technique could be usedto idertify
disturbancespectrafor in closedoop systems.Finally, it wasshovn how cornvex optimization
could be usedto perform sourcelevel decomposition in SISO cortrol systems,and how the
result of the optimization could then be usedto obtain a model for the disturbancesat the
input.
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