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Abstract

Recently, somepowerful tools for system identi�cation from frequencyresponsedata have
beendeveloped. However, thesetools are not able to identify state spacemodelsfor spectral
frequencydomain data which is purely real, sincethey require both magnitude and phase.
We show how the complex cepstrum technique can be used to easily synthesizean appro-
priate phasefrom the real spectral data, thus enablingany frequencyresponseidenti�cation
tool to be usedfor power spectrum identi�cation. We then show how this technique can be
easily usedto identify the standard generaldisturbancemodel from output spectrum mea-
surements, for a closedloop SISO control system,wherethe plant and controller frequency
responsesare known. Finally, we show that when the processand sensornoisesare white,
and all other disturbancesentering the loop are narrow band, convex optimization can be
usedto obtain an adequatedecomposition of all three noises.



1 In tro duction

The problem of systemidenti�cation can be divided into three parts, conceptually: identi-

�cation of the plant model, identi�cation of the disturbancemodel, and identi�cation of an

uncertainty model. The purposeof this note is to describe two techniques for the identi-

�cation of disturbance models from frequencydomain data, that have beenfound to work

well in practice, in situations wherethe frequencyresponsesof the plant and controller are

known, or identi�ed a priori.

In general, identi�cation of plant and disturbance models can be done in either time

domain, or in the frequencydomain, and within each domain, there are many techniques

available [1, 2, 3, 4, 5]. Each of thesetechniqueshas its advantagesand disadvantagesand

performsdi�erently under di�erent conditions. Unfortunately, it is often not obvious which

of the techniqueswill perform better on any particular problem. The task of evaluating all

the di�erent options canbe quite overwhelming,hence,it is desirableto have onetool which

is capableof identifying reasonablyaccuratemodels for both plant and disturbances.

The past decadehas seensome important advancesin the area of frequency domain

system identi�cation [3, 4, 5]. In particular, references[3, 4] describe powerful tools that

are capableof identifying very high order systemsthat can be multiv ariable. Unfortunately,

thesetools are not able to identify state spacemodels for spectral frequencydomain data

which is purely real, sincethey require both magnitude and phaseinformation.

Note that the problem of identifying a model for a power spectrum is essentially a (pos-

sibly MIMO) I IR �lter design problem, which has been studied extensively; see[6] for a

survey of classicalmethods, and [7] for more recent. However, the instead of the 
at pass-

band/stopband type speci�cations, oneis given samplesof the magnitude responseat many

di�erent frequencies,and the objective is to match them all as closelyas possible,with a

model of reasonableorder. So the usual classical�lter designtools are often not well suited

for identi�cation of spectra.

Recently in [8], the authors have presented a technique for identifying power spectra

directly from frequencydomain data. The technique is quite general,and capableof identi-

fying multiv ariable spectra aswell. The subspacemethods developed in [2, 4] are combined

with spectral realization theory, to develop algorithms that are able to computestate space

matrices of the desiredmodel directly from the data. In practical situations, a \p ost anal-

ysis" stagemay be required to ensurethat the obtained spectrum is nonnegative. This is

achieved by meansof the solution of a large semide�nite program or nonlinear least squares

problem.
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The �rst goal of this paper is to present a di�erent approach for computing a model

from frequencydomain spectral data: the classicaltechnique of minimum-phase/maximum-

phasedecomposition via the complexcepstrum[6] is usedto generatean appropriate phase

from the magnitude data. The magnitude and phasedata can then be passedto any of the

above mentioned frequencydomain identi�cation tools. The technique amounts to a simple

algorithm which is very easyto implement. The algorithm we present handlesonly SISO

spectra, but it might be possibleto extend it to the MIMO case,sinceeach of the operations

usedin the algorithm, has a matrix analog. The complex cepstrum technique is also used

in [3], in the context of controller design,where the author usesit to synthesizemodels for

weighting �lters, which are speci�ed in terms of magnitude only.

The secondgoalof this paper is to present an approach to the identi�cation and resolution

of di�erent disturbance noisesin a control system,as described in [9, 10], which combines

the cepstrum identi�cation technique with the useof convex optimization.

The techniquesaredemonstrated�ctitious data, that is generatedto simulate the tracking

error of a typical hard-disk drive.

Notation: Givena signalx(k), weuseZ f xg to denoteits z-transform,Z f xg(z) �=
P 1

n= �1 x(n) z� n ;

and Z � 1f xg to denoteits inversez-transform, whenthey exist. For a �nite time recordgiven

by f x(0); : : : ; x(N � 1)g, we use DN f xg to denote its N -point discrete Fourier transform

(DFT), DN f xg(e� j ! k ) �=
P N � 1

n=0 x(n) e� j ! k n ; where ! k = (2� k=N ); k = 0; : : : ; N � 1, and

D � 1
N f xg to denotethe inverseDFT [6].

2 Cepstrum Iden ti�cation of Power Spectra

2.1 Power Spectrum

Let y(k) be a discretetime stationary random processwith power spectrum � yy(z). If H (z)

is any stable linear time invariant system,such that

� yy(z) = H (z) H (z� 1); (1)

then H (z) provides a model for � yy(z). In this case,if e(k) is a unit variance white noise

process,then the processd(k), obtainedby �ltering e(k) with H (z), will have the samepower

spectrum as y(k), i.e., � dd(z) = � yy(z). Evaluating (1) on the unit circle, we note that

� yy(ej ! ) = H (ej ! )H (e� j ! ) = jH (ej ! )j2; (2)

from which it follows that (i) the power spectrum � yy must be real and nonnegative for all

! 2 [0; 2� ], (ii) the power spectrum is the squareof the magnitude responseof H .
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2.2 Perio dogram

The periodogramis probably the most elementary tool for nonparametricspectral estimation

in the literature. Yet becauseof its conceptualsimplicity, and easeof implementation via

the DFT, it is probably also the most widely usedtechnique in practice, for estimating the

power spectrum of a signal.

Let y(k) be a stationary random processwith power spectrum � yy(ej ! ). Supposewe

have L time recordsof length N of the process,f y(i )(0); : : : ; y(i )(N � 1)g; i = 1; : : : ; L , then

� yy(ej ! ) can be estimatedby the averagedperiodogram [6]:

�̂ yy(ej ! k ) =
1
L

LX

i =1

1
N

jDN f y(i )g(ej ! k )j2: (3)

Note that the averagedperiodogram �̂ yy(ej ! k ) is always real and nonnegative, and that

by making N large, the frequencyresolution of the periodogram can be made arbitrarily

�ne. The averagedperiodogram is asymptotically unbiased, and under a wide variety of

conditions, its varianceis approximately given by [6]:

var �̂ yy(ej ! k ) �
1
L

�
� yy(ej ! k )

� 2
; (4)

which shows that the variance can be made arbitrarily small by making the number of

averagesL large.

2.3 Power Spectrum Iden ti�cation Problem

The frequencydomain power spectrum identi�cation problem that we addressin this paper

can now be stated as follows:

Giv en: measurements �̂ yy(ej ! k ); k = 0; : : : ; N � 1

Find: model Ĥ (z) such that

�̂ yy(ej ! k ) � jĤ (ej ! k )j2; k = 0; : : : ; N � 1:

(5)

The speci�c optimization criterion to be used in order to achieve \ � " in the problem (5)

varies in the literature. In our experience,the log-least-squarescriterion

Jlls(Ĥ ) �=
N � 1X

i =0

�
log(�̂ yy(ej ! k )) � log(jĤ (ej ! k )j2)

� 2
: (6)

seemsto be a very natural cost, for rational approximation. In situations wherethe data is

not too noisy, and whena good initial estimateis available, it hasbeenobserved to converge

3



quickly, and reliably. Rational �ts of order almost 100 can be obtained in a few minutes

using the tool described in [3], for example. This tool usesa subspacetechnique to obtain

a good initial estimate for the systemsstate spacematrices, which is used to initialize a

gradient decent technique, to minimize the cost (6).

2.4 Complex Cepstrum

In [6], the cepstrum technique is described for minimum-phase/maximum-phasedecompo-

sition. This provides us with a meansfor obtaining the magnitude and phaseof a shaping

�lter H (z), such that �( z) = H (z) H (z� 1).

Theorem 1 ([6]) Let �( z) be a powerspectrum with a spectral factorization �( z) = H (z) H (z� 1),

where H (z) is a stableminimum-phaselinear time invariant system(i.e., its polesand zeros

are all strictly stable). Let �� (k) be the complexcepstrumassociated with �( ej ! ):

�� (k) �= Z � 1f log� g(k): (7)

Then H can be recovered from the complexcepstrum by

H (z) = expZ f �� � 1g(z); (8)

where 1(k) is the discrete time unit step function.

Although the complex cepstrum is a rather unfamiliar concept in control, it is quite well

known in the signalprocessingcommunity. Basically, the complexcepstrumhasthe property

that all of the information about the minimum-phasepart of � is contained in the causal

part of of the sequence�� . Hencethe minimum phasepart of � can be recovered from ��

multiplied by a step function.

For the purposesof this paper, the important thing about Theorem1 is that it leadsto a

very simple,practical algorithm for obtaining a complexfrequencyresponsefrom puremagni-

tude data, which canbeeasilyeasilyimplemented. In our applications,wearetypically given

a periodogramestimate �̂ yy(ej ! k ) at the discretefrequencies! k = (2� k=N ); k = 0; : : : ; N � 1

rather than the whole spectrum �̂ yy , and the DFT is usedin placeof the z-transform. This

leadsto the following practical algorithm for obtaining Ĥ (ej ! k ) from �̂ yy(ej ! k ):

1: �� yy(ej ! k ) = log �̂ yy(ej ! k )

2: �� p
yy(k) = D � 1

N f �� yyg(k)

3: �� p
mp(k) = �� p

yy(k) 1p(k)

4: �� p
mp(ej ! k ) = DN f �� p

mpg(ej ! k )

5: Ĥ (ej ! k ) = exp �� p
mp(ej ! k )

(9)
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Figure 1: Identi�cation of closedloop disturbance spectrum.

where1p(k) is the N -periodic step responsefunction de�ned as

1p(k) =

8
<

:

1 ; k = 0; : : : ; N=2

0 ; k = N=2 + 1; : : : ; N � 1
(10)

As a result of using �nite time recordsand using the DFT instead of the z-transform, the

above algorithm is only approximate. In particular, there is time-aliasing of the cepstrum
�� p

yy(k) in step 2. So in general,the Ĥ (ej ! k ) obtained from the practical algorithm will not

be exactly equal to H (ej ! k ) that would have beenobtained from Thm 1. However, by using

a large number of points in the DFT computations (e.g., N = 512), this error can be made

practically insigni�cant.

The complexcepstrumalgorithm in (9) cannow beusedasa \fron t-end" or preprocessor,

to enableany frequencydomain systemidenti�cation tool to handle power spectra.

3 Standard Disturbance Mo del

Considerthe standard SISOdisturbancerejection problem in �g.1, whereit is assumedthat

the frequencyresponseof the sensitivity function S = (1 + GK ) � 1 is known. The signald is

the input disturbancewith power spectrum � dd; e is a �ctitious, white, unit variancenoise

source. If a good model for Gd could be obtained, then an optimal controller for rejecting

the disturbancecould be designed[11, 12].

In this case,it is easyto obtain a model Ĝd, for modelGd(z), where� dd(z) = Gd(z)Gd(z� 1).

Note that the output spectrum � yy(ej ! ) is given by

� yy(ej ! ) = jS(ej ! )j2 � dd(ej ! ) � jS(ej ! )j2 jGd(ej ! )j2: (11)

Therefore,given the measurements f �̂ yy(ej ! k )g, we can usethe expression

�̂ dd(ej ! k ) = jS(ej ! k )j � 2 �̂ yy(ej ! k ) (12)
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Figure 2: Squareroot of periodogram estimate of output disturbance spectrum �̂ yy .

to obtain an estimateof � dd, wherewe have assumedthat S hasno zeroson the unit circle.

From this, the complexcepstrumalgorithm (9) canbeusedto obtain an associatedminimum

phasefrequencyresponseĜd(ej ! k ). This canthen bepassedto any frequencydomainsystem

ID tool.

This simple technique was applied to �ctitious data, that is generatedto simulate the

tracking error of a typical hard-disk drive. Fig.2 shows the periodogram estimate of the

output spectrum, taken from 64 recordsof length approximately 4000points. Fig.3 shows

jS(ej ! k )j � 2 �̂ yy(ej ! k ), as well as the 50th order �t obtained using DynaMod [3, 13], which

givesus the desiredmodel for Ĝd(z).

4 Decomp osition using Con vex Optimization

When there is someknown structure to the noise,more detailed models can be identi�ed,

by combining the ideas above with convex optimization. We will illustrate this with the

practical exampleof disturbancemodeling and decomposition, for the on-track control of a

hard disk drive. However, the sameidea can be applied to more generalsituations.

Considerthe scenarioin �g.4, whereit is now assumedthat both the sensitivity function
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Figure 3: Identi�ed spectrum model versusthe square-root magnitude with reconstructed

phaseof jS(ej ! k )j � 2 �̂ yy (ej ! k ).
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S = (1+ GK ) � 1 and the plant model G areknown. The processnoisew and the sensornoise

v are white, with covariances� 2
w and � 2

v , respectively, and d is the output disturbancewith a

very narrow band power spectrum � dd. This is a fairly realistic model of the on-track control

problem in hard disk drives,wherethe processnoiseis dominatedby white turbulencenoise,

the sensornoiseis fairly white, and the main sourceof output disturbanceis bearingdefects

and vibrational coupling, which producevery narrowband spectra [9].

The objectivehereis to identify � w , � v , anda model Gd such that � dd(z) = Gd(z)Gd(z� 1),

from measurements of the output spectrum � yy . Under the reasonableassumptionthat the

noisesare uncorrelated,this is given by

� yy(ej ! ) = jS(ej ! )j2jG(ej ! )j2� 2
w + jS(ej ! )j2� 2

v + jS(ej ! )j2 � dd(ej ! ): (13)

This problem is important (a) becausethe measurement of the torque and sensornoisesis

very di�cult to do directly oncethe drive hasbeenassembled and sealedand (b) becausea

good model for Gd enablesbetter controller design.

In [9], a two step heuristic method is used to estimate the noise covariances,and the

authors do not discusshow to obtain a model for the narrow band disturbance. We will

show that the problem of estimating all three quantities � w , � v and � dd simultaneously, can

be formulated asa constrainedlinear approximation problem,which canbesolvede�cien tly.

The technique of the previoussectioncan then be usedto obtain a model for Gd from � dd.

4.1 Form ulation

Since the disturbance spectrum � dd is very narrowband, then over most of the frequency

rangef ! 0; : : : ; ! N � 1g, we have

� yy(ej ! k ) � jS(ej ! k )j2jG(ej ! k )j2� 2
w + jS(ej ! k )j2� 2

v : (14)

Thus the identi�cation problem can be reducedto �nding � 2
w and � 2

v which minimize the

errors

jS(ej ! k )j2jG(ej ! k )j2� 2
w + jS(ej ! k )j2� 2

v � � yy(ej ! k ) (15)

at each frequency! k . The terms jS(ej ! k )j2 � dd(ej ! k ), when they are not negligible, can be

viewed as outliers.

If we stack up the equations(15), the objective becomesto minimize

kAx � bkp (16)
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wherek � kp denotesthe p-norm in R N , and

x = [� 2
w � 2

v ]T

A =

2

4
� � � jS(ej ! k )j2jG(ej ! k )j2 � � �

� � � jS(ej ! k )j2 � � �

3

5

T

b = [� � � � yy(ej ! k ) � � �]T :

(17)

Someuseful choicesof the p-norm above are the l1, l2 or l1 norm. The minimization needs

to be donesubject to the following two constraints:

1. At any frequency ! k , the sum of the terms jS(ej ! k )j2jG(ej ! k )j2� 2
w and jS(ej ! k )j2� 2

v

should never be larger than � yy(ej ! k ), i.e., at each frequencywe must have

jS(ej ! k )j2jG(ej ! k )j2� 2
w + jS(ej ! k )j2� 2

v � � yy(ej ! k ): (18)

In terms of the matrices above, this can be written as:

A x � b (19)

wherethe inequality above appliesto each row.

2. Both � 2
w and � 2

v should be nonnegative, i.e.:

� I x � 0 (20)

whereI heredenotesthe 2-by-2 identit y matrix, and the 0 is the vector [0 0]T .

So the overall problem that must be solved is

min kAx � bkp

s.t. Ax � b;

� I x � 0:

(21)

This is a convex optimization problem in two variables x = (� 2
w ; � 2

v ), which can be solved

for the global optimum x?. If the p-norm above is chosento be the l1, l2 or l1 norm, the

problem can be solved reliably and e�cien tly as a linear or quadratic program [14].

Oncethe optimal � ?
w and � ?

v have beencomputed,an estimateof the narrow band noise

spectrum can be obtained from the residuals,r �= A x? � b, as

�̂ dd(ej ! k ) � jS(ej ! k )j � 2r (k): (22)

From this, point on, onecan proceedas in the previoussectionto obtain a model Ĝd, such

that �̂ dd(ej ! k ) � Ĝd(ej ! k )Ĝd(e� j ! k ).

9



4.2 Practical Implemen tation

In practice, insteadof � yy we have the averagedperiodogramestimate, �̂ yy , sowe would use

b = [� � � �̂ yy(ej ! k ) � � �]T (23)

in (17). Also, the variance of the periodogram estimate given in (4) should be taken into

account in the constraint (19). Under the crude approximation that at each frequency

�̂ yy � � yy and �̂ yy is Gaussianwith distribution N (�̂ yy; (1=L)�̂ 2
yy), then the constraint (18)

can be relaxedby \3-sigma" to give

jS(ej ! k )j2jG(ej ! k )j2� 2
w + jS(ej ! k )j2� 2

v � (1 + 3=
p

L) �̂ yy(ej ! k ): (24)

This leadsto a relaxedversionof (19):

A x � (1 + 3=
p

L) b: (25)

If we chooseto minimize the di�erence by minimizing the l1-norm of the errors,subject to

the two constraints above, then the overall problem can be written as following constrained

l1-norm approximation problem:

min kAx � bk1

s.t. Ax � (1 + 3=
p

L) b;

� I x � 0:

(26)

Note that this relaxed version of (21) is still a convex optimization problem, and henceit

can be solved globally. The l1-norm cost has the property that it puts equal weighting on

small errorsand largeerrors,making it lesssensitive to outliers than a leastsquarescost, for

example. Thus it seemsthat the l1-norm cost is the appropriate norm for this application.

Solving (26) gives the optimal estimates� ?
w and � ?

v , and the residualscan then be used

to obtain an estimate of the magnitude of jS(ej ! k )j2 � dd(ej ! k ). Note that in order to be a

valid candidate for a spectrum, r must be nonnegative. However, as a consequenceof the

3-sigmarelaxation, the nonnegativity of the residualsis no longerguaranteed. Thereforewe

usethe absolutevalue of the residualsinstead,

�̂ dd(ej ! k ) � jS(ej ! k )j � 2jr (k)j: (27)

This technique was also applied to �ctitious data, that is generatedto simulate the

tracking error of a typical hard-diskdrive. The resulting decomposition is shown in �g.5. The

optimization problem (26) was solved as a large-scalelinear program, using the MATLAB

optimization toolbox. The resulting Ĝd(z), obtained onceagain using DynaMod, is shown

in �g.6. The resulting estimatesfor � w and � v are shown in Table 1.
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Actual Estimated

� w 5.56 5.82

� v 0.446 0.444

Table 1: Noise sourcelevels computed by the decomposition.
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Figure 5: Output spectrum and decomposition.
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Figure 6: Identi�ed spectrum model Ĝd.

5 Conclusion

A very simplealgorithm, basedon the complexcepstrum,hasbeenpresented. It canbe used

to enableany frequencydomain system identi�cation technique to identify power spectra

from frequencydomain data. It wasthen shown how the technique could be usedto identify

disturbancespectra for in closedloop systems.Finally, it wasshown how convexoptimization

could be usedto perform sourcelevel decomposition in SISO control systems,and how the

result of the optimization could then be usedto obtain a model for the disturbancesat the

input.
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