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Abstract

We consider a linear control system in which several signals are transmitted over
communication channelswith bit-rate limitations. With the coding and medium access
schemesof the communication system¯xed, the achievable bit-rates are determined by
the allocation of communications resourcessuch as transmit powers and bandwidths,
to di®erent communication channels. We model the e®ectof bit-rate limited commu-
nication channelsby uniform quantization, and the quantization errors are modeledby
additiv e white-noiseswhosevariancesdepend on the achievable bit-rates. We optimize
the stationary performanceof the linear system by jointly allocating resourcesin the
communication system and tuning parametersof the controller.

Index Terms: control over networks, quantization noise,communication systems,
resourceallocation, convex optimization.

I Intr oduction

We considera linear systemin which several signalsare transmitted over wirelesscom-

munication channels,as illustrated in ¯gure 1. All signalsare vector-valued: w is a vector

of exogenoussignals (such as disturbancesor noisesacting on the system); z is a vector

of performancesignals(including error signalsand actuator signals); and y and yr are the

signals transmitted and received over the communication network respectively. This gen-

eral arrangement can represent a variety of systems,for examplea controller or estimator in
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communication links.

which actuator and sensorsignalsaresent over wirelesschannels. In this note, weaddressthe

problem of optimizing the stationary performanceof the linear systemby jointly allocating

resourcesin the communication network and tuning parametersof the linear system.

Many issuesarise in the designof networked controllers, including bit-rate limitations,

communication delays, packet loss,transmissionerrors,and asynchronicity (see,e.g., [1]{[8]).

In this note we considerproblems related to only the ¯rst issue, i.e., bit-rate limitations.

Much of the work on control with bit-rate limitations has concentrated on joint designof

control and coding to ¯nd the minimum bit-rate required to stabilize a linear system. For

example,references[1] and [2] establishedvarious closed-loop stabilit y conditions involving

the feedback data-rate and eigenvaluesof the open-loop system,and references[8] and [3]

studied control with communication constraints within the classicalLQG framework.

Our focusin this note is di®erent. We assumethat the sourcecoding, channelcoding and

mediumaccessschemeof the communication systemare¯xed, and weconcentrate on ¯nding

the allocation of communications resourcessuch as transmit powers and bandwidths, that

yields the optimal performanceof the linear system. For a ¯xed sampling frequencyof the

linear system,the limit on communication rate translatesinto a constraint on the number of

bits that can be transmitted over each communication channel during onesamplingperiod.

We assumethat the individual signalsyi arecodedusingmemorylessuniform quantizers, see

¯gure 2. We imposelower bounds on the number of quantization bits, which corresponds

to lower bounds on the channel bit-rates. These lower bounds ensurethat the data rates

are high enoughfor stabilization (i.e., much higher than lower boundsgiven in [1, 2]), and

allow us to use the white-noisemodel for quantization errors introduced by Widrow (see,

e.g., [15, 16]). Memorylessuniform quantization is certainly not the optimal sourcecoding

scheme (see, e.g., [12, 8, 3]), but it is conventional, easily implemented, and leads to a

simple model for how the systemperformancedependson the bit-rates which, in turn, are

determinedby the allocation of communications resourcesto di®erent channels.

There hasbeensigni¯cant research on control with quantized feedback information (see,

e.g., [9]{[14]), and joint optimization of quantizer and estimator/controller hasbeenconsid-
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eredin, e.g., [9]{[11]; however, joint optimization of communications resourceallocation and

linear systemdesign,interacting through bit-rate limitations and quantization, hasnot been

addressedbefore in the literature. Even in the simpli¯ed setting under our assumptions,

the joint optimization problem is quite nontriv al, and its solution requires conceptsand

techniques from communication, control, and optimization. We show that for ¯xed linear

system, the problem of optimally allocating communication resourcesis often convex and,

hence,readily solved. We discusse±cient solution methods and suggesta heuristic for ob-

taining suboptimal integersolutions. The problem of jointly designingthe linear systemand

allocating the communication resourcesis in generalnot convex, and we present a iterativ e

heuristic that exploits problem structure and appearsto work very well in practice.

I I Linear System and Quantizer Model

A. Linear SystemModel

To simplify the presentation we assumea synchronous,single-ratediscrete-timesystem.

The linear time-invariant (LTI) system(see¯gure 1) can be described as

z = G11(' )w + G12(' )yr ; y = G21(' )w + G22(' )yr ; (1)

whereGij are LTI operators (i.e., convolution systemsdescribed by transfer or impulsema-

trices). Here, ' is the vector of designparameters,such asestimator or controller gains,that

canbe tuned to optimize performance.To give lighter notation, we suppressthe dependence

of Gij on ' except when necessary. We assumethat the signalssent (i.e., y) and received

(i.e., yr ) over the communication links are related by memorylessscalarquantization.

B. Quantization Model

Unit uniform quantizer and scaling. A unit-range uniform bi -bit quantizer partitions

the range [¡ 1; 1] into 2bi intervals of uniform width 21¡ bi . To each quantization interval a

codeword of bi bits is assigned.Givena receivedcodeword, the input valueyi is approximated

by (or reconstructed as) yr i , the midpoint of the corresponding interval. As long as the

quantizer doesnot over°ow, i.e., jyi j < 1, the quantization error lies in the interval § 2¡ bi .

To avoid over°ow, each signal yi (t) is scaledby a factor s¡ 1
i > 0 prior to encoding and

re-scaledby si after decoding (see¯gure 3). To minimize quantization error while ensuring

no over°ow (or that over°ow is rare) the scalingfactorssi shouldbe chosenasthe maximum

possiblevalueof jyi (t)j, or asa valuethat with very high probability is larger than jyi (t)j. We

will usethe so-called3¾-rule, si = 3rms (yi ), where rms (yi ) = (lim t !1 E yi (t)2)1=2 denotes

the RMS (root-mean-square)value of yi . For example, if yi has a Gaussiandistribution,

then over°ow occursonly about 0:3% of the time.
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White-noisequantization error model. We adopt the stochastic quantization noisemodel

introducedby Widrow (see,e.g., [15]). Assumingthat over°ow is rare, we model the quan-

tization errors qi (t) = yr i (t) ¡ yi (t) as independent random variables,uniformly distributed

on the interval si [¡ 2¡ bi ; 2¡ bi ]. In other words, we model the e®ectof quantizing yi (t) as an

additive white-noisesourceqi (t) with zero mean and varianceE qi (t)2 = 1
3s2

i 2¡ 2bi . We will

imposea lower bound on each bi , which corresponds to a lower bound on the bit-rate for

individual communication channels.This lower bound shouldbe high enoughfor stabilizing

the closed-loop system(cf. [1, 2, 3]) and make the white noisemodel a reasonableassumption

in a feedback control context (cf. [15, 16]).

C. Performance of the Closed-Loop System

Using the white noisequantization error model, we obtain the systemin ¯gure 4. The

LTI systemis driven by exogenousinputs w and q. We expressz and y in terms of w and q

as

z = Gzww + Gzqq; y = Gyww + Gyqq;

whereGzw ; Gzq; Gyw and Gyq are the closed-loop transfer matrices from w and q to z and

y, respectively. They can be expressedas linear fractional transformations of the matrices

Gij in (1). The varianceof z inducedby the quantization is given by

Vq = E kGzqqk2 =
MX

i =1

kGzqi k2
µ 1

3
s2

i 2¡ 2bi

¶

; (2)

where Gzqi is the i th column of the transfer matrix Gzq, and k ¢k denotesthe L 2 norm

(see[17, x5.2.3]). This expressionshows how Vq dependson the allocation of quantizer bits

b1; : : : ; bM , as well as the scalingss1; : : : ; sM and LTI system. We can useVq as a measure

of the e®ectof quantization on the overall systemperformance. If w is also modeled as a

stationary stochastic process(independent of q), the overall varianceof z is given by

V = E kzk2 = Vq + E kGzwwk2: (3)
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I I I Communica tions Model and Assumptions

A. A Generic Model for Bit-Rate Constraints

The capacitiesof communication channelsdepend on the media accessschemeand the

selectionof certain critical parameters,such astransmissionpowersand bandwidths or time-

slot fractions allocated to individual channels (or groups of channels). We refer to these

critical communications parameterscollectively as communications variables, and denote

the vector of communications variablesby µ. The communications variablesare themselves

limited by various resourceconstraints, such as limits on the total power or total bandwidth

available. We will assumethat the medium accessmethods and coding and modulation

schemesare ¯xed, but that we canoptimize over the underlying communicationsvariablesµ.

Welet b2 R M denotethe vectorof bits allocatedto each quantized signal. The associated

communication rate r i (in bits per second)is proportional to bi , and their relationship can

be expressedas bi = ®r i . The constant ® has the form ® = cs=f s, where f s is the sample

frequency of the linear system and cs is the channel coding e±ciency (in sourcebits per

transmissionbit) for a ¯xed coding scheme.This relationshipwill allow usto expresscapacity

constraints in terms of bit allocations rather than communication rates.

We will usethe following generalmodel to relate the vector of bit allocations b, and the

vector of communications variablesµ:

f i (b;µ) · 0; i = 1; : : : ; mf

hT
i µ · di ; i = 1; : : : ; mh

µi ¸ 0; i = 1; : : : ; mµ

bi · bi · bi ; i = 1; : : : ; M

(4)

We make the following assumptionsabout this genericmodel.

² The ¯rst set of inequalities describe capacity constraints on the communication chan-

nels. The functions f i are convex in (b;µ), monotoneincreasingin b and decreasingin

µ. We will show below that many classicalcapacity formula satisfy theseassumptions.

² The secondset of constraints describes resourcelimitations, such as a total available

power or bandwidth for a group of channels.

² The third constraint speci¯es that the communications variablesare nonnegative.

² The last group of inequalities specify lower and upper bounds for each bit allocation.

We assumethat bi and bi are nonnegative integers. The lower boundsare imposedto

ensurethat the white noisemodel for quantization errors is a reasonableassumption

(seesectionB.). The upper boundscan arise from hardware limitations.

This genericmodel will allow usto formulate the communication resourceallocation problem,

i.e., choosingµ to optimize overall systemperformance,as a convex optimization problem.
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There is alsoonemoreimportant constraint on bnot includedin the model above: the bi 's

should all be integers. We ignore this constraint for now and will return to it in sectionIV.

B. Examplesof ChannelCapacity Constraints

In this section, we describe someclassicalchannel models and show how they ¯t the

genericmodel (4). Detaileddescriptionsof morechannelmodelscanbefound in, e.g., [18, 19].

Channelswith gain variations (fading) as well as rate constraints basedon bit-error rates

can be formulated in a similar manner (see,e.g., [20]).

Frequencydivision multiple accessGaussianchannels. In the Gaussianbroadcastchan-

nel with frequencydivision multiple access(FDMA), a transmitter sendsinformation to n

receivers over disjoint frequency bands with bandwidths Wi > 0, and assignsa transmit

power Pi > 0 to each band. The communications variablesare Pi and Wi for each individ-

ual channel. The receivers are subject to independent additive white Gaussiannoiseswith

power spectral densitiesN i . The classicalShannoncapacity result (see,e.g., [18]) relatesthe

achievable bit allocations bi and the communications variablesby bi · ®Wi log2

³
1 + Pi

N i W i

´
,

which is equivalent to

f i (bi ; Wi ; Pi ) = bi ¡ ®Wi log2

µ

1 +
Pi

N i Wi

¶

· 0; i = 1; : : : ; n: (5)

It is easilyveri¯ed that f i is jointly convex in the variables(bi ; Wi ; Pi ), monotoneincreasing

in bi , and monotonedecreasingin Wi and Pi . So(5) is in the genericform of the ¯rst set of

constraints in (4). The communications variablesare constrainedby total resourcelimits:

P1 + ¢¢¢+ Pn · Ptot ; W1 + ¢¢¢+ Wn · Wtot ;

which have the genericform for total resourcelimits (the secondset of constraints) in (4).

In the Gaussianmultiple accesschannel with FDMA, n transmitters send information

to a common reveiver, each using power Pi over bandwidth Wi . It has the sameset of

constraints as for the broadcastchannel, except that N i = N; i = 1; : : : ; n (since they have

a commonreceiver).

IV Resour ce Alloca tion f or Fixed Linear System

In this section, we assumethat the linear system is ¯xed and considerthe problem of

choosingthe communications variablesto optimize the systemperformance.We take as the

objective (to be minimized) the varianceof the performancesignalz, givenby (3). Sincethis

varianceconsistsof a ¯xed term (related to w) and the varianceinducedby the quantization,

we can just as well minimize the variance of z induced by the quantization error, i.e., the
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quantit y Vq de¯ned in (2). This leadsto the optimization problem

minimize
P M

i=1 ai 2¡ 2bi

subject to f i (b;µ) · 0; i = 1; : : : ; mf

hT
i µ · di ; i = 1; : : : ; mh

µi ¸ 0; i = 1; : : : ; mµ

bi · bi · bi ; i = 1; : : : ; M

(6)

whereai = 1
3kGzqi k2s2

i , and the optimization variablesare µ and b. We note that while the

formula (2) wasderived assumingthat bi are integers,the objective function makessensefor

bi 2 R + . Sincethe objective function and each constraint in problem (6) are convex, this

is a convex optimization problem. It can be solved globally and e±ciently using a variety

of methods, e.g., interior-point methods (e.g., [21]). In many cases,the problem (6) has an

separablestructure, which can be e±ciently exploited by dual decomposition (e.g., [21, 22]).

We now return to the requirement that the bit allocations must be integers. Since

general-purposeinteger programming techniqueshave high computational complexity, it is

of interest to develope±cient heuristic methods that give good suboptimal integersolutions.

We proposeto usea simple variable thresholdrounding: for a given threshold 0 · t · 1, we

round bi down if its fractional part is no larger than t, and round it up otherwise. Given

the rounded bit allocations, we ¯nd the associated communications variables µ by solving

a convex feasibility problem with the constraints in (6). We then ¯nd the smallest t that

admits a feasiblesolution. In [23], we discuessedsometheoretical properties of this scheme

and demonstratedits e®ectivenesson networked least-squaresestimator.

V Joint Design of Communica tion and Linear Systems

We have seenthat when the linear system is ¯xed, the problem of optimally allocat-

ing communication resourcesis often convex (ignoring integrality constraints) and can be

e±ciently solved. In order to achieve optimal systemperformance,however, oneshouldopti-

mize the linear systemparametersand the communicationsvariablesjointly . Unfortunately,

this joint designproblem is in generalnot convex.

In somecases,however, the joint designproblem is convex in subsetsof the variables.

For example,the globally optimal communicationsvariablescanbecomputedvery e±ciently

(ignoring the integrality constraints) when the linear system is ¯xed. Similarly, when the

communicationsvariablesare¯xed, it is often possibleto computethe globally optimal linear

systemvariables. Finally, whenthe linear systemand the communicationsvariablesare¯xed,

it is straightforward to ¯nd the quantizer scalings,e.g., by the 3¾-rule. This naturally leads

to an approach wherewe sequentially ¯x oneset of variablesand optimize over the others.
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A. Alternating Optimization for Joint Design

The fact that the joint problem is convex in certain subsetsof the variableswhile others

are ¯xed can be exploited by the following iterativ e optimization procedure:

giv en initial linear systemvariables' (0) , communications variablesµ(0) , scalingss(0)

rep eat

1. Fix ' (k) , s(k) , and optimize over µ. Let µ(k+1) be the optimal value.
2. Fix µ(k+1) , s(k) , and optimize over ' . Let ' (k+1) be the optimal value.
3. Fix ' (k+1) , µ(k+1) . Let s(k+1) be appropriate scalingfactors.

until convergence

Many variations on this basicheuristic method are possible.We can, for example,add trust

region constraints to each of the optimization steps to limit the variable changesin each

step. Another variation is to convexify (by, for example,linearizing) the jointly nonconvex

problem, and solve in each step using linearized versionsfor the constraints and objective

terms in the remaining variables;see,e.g., [24] and the referencestherein.

Sincethe joint problem is not convex, there is no guarantee that this heuristic converges

to the global optimum. On the other hand it appearsto work well in practice.

B. Control over Communication Networks

We considera system with distributed sensorsand actuators. The sensorssend their

measurements to a central controller through a multiple accesschannel, and the controller

sendscontrol signalsto the actuators through a broadcastchannel, as shown in ¯gure 5.

The linear dynamical systemhasa state-spacemodel

x(t + 1) = Ax(t) + B (u(t) + w(t) + p(t))

yr (t) = Cx(t) + v(t) + q(t);

where u(t) 2 R m and y(t) 2 R n , w(t) is the processnoise, v(t) is the sensornoise, and

p(t) and q(t) are quantization noisesdue to the bit-rate limitations of the communication

channels. Assumethat w(t) and v(t) are independent zero-meanwhite noiseswith covari-

ance matrices Rw and Rv respectively. Using the independent white-noise model for the

quantization noises,we can de¯ne the equivalent processnoiseand sensornoise

ew(t) = w(t) + p(t); ev(t) = v(t) + q(t);

with covariancematrices Rew = Rw + Rp and Rev = Rv + Rq respectively, where

Rp = diag

Ã
s2

a1

3
2¡ 2ba1 ; : : : ;

s2
am

3
2¡ 2bam

!

; Rq = diag

Ã
s2

s1

3
2¡ 2bs1 ; : : : ;

s2
sn

3
2¡ 2bsn

!

(7)
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Here bai and bsj are numbers of bits allocated to the actuators and sensors,and sai and ssj

are corresponding scalingfactors for the quantizers, found by the 3¾-rule.

Our goal is to designa controller that minimizes the RMS value of z = Cx, subject to

someupper bound constraints on the RMS valuesof the control signals:

minimize rms (z)
subject to rms (ui ) · ¯ i ; i = 1; : : : ; m

(8)

The constraints are added to avoid actuator saturation. It can be shown that the optimal

controller for this problem has the standard estimatedstate feedback form,

bx(t + 1jt) = A bx(tjt ¡ 1) + Bu(t) + L (y(t) ¡ C bx(tjt ¡ 1))

u(t) = ¡ K bx(tjt ¡ 1)

whereK is the state feedback control gain and L is the estimator gain, found by solving an

appropriately weighted LQG problem. Finding the appropriate weights, for which the LQG

controller solvesthe problem(8), canbe donevia solvingthe dual problem; see,e.g., [25, 17].

Iterative procedures for controller design. First we allocate an equal number of bits to

each actuator and sensor. This meansthat we assignpower and bandwidth (in the case

of FDMA) uniformly acrossall channels. We can designa controller for this ¯xed uniform

resourceallocation via an iterativ e design on the scaling factors and the controller. The

iterativ eprocedureis very similar to the onein sectionA., but without the resourceallocation

step. For the joint optimization problem, we usethe alternating optimization procedurein

sectionA.. Here, the controller parameters' are the state feedback gain K and estimator

gain L, and the communications variablesµ are the power and bandwidths allocated to the

multiple accessand broadcastchannels.Step1 of the iterativ e proceduresolvesthe resource

allocation problem (6); step 2 solves the controller designproblem (8); step 3 compute the

RMS valuesof ui and yi and ¯nd the scalingfactors using the 3¾-rule.
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C. Numerical Example: Control of a Mass-SpringSystem

Now we considerthe systemshown in ¯gure 6. The position sensorson each masssend

measurements yi = x i + vi , wherevi is the sensornoise,to the controller through a Gaussian

multiple accesschannel using FDMA. The controller receivesyr i = x i + vi + qi , whereqi is

the quantization error. The controller sendscontrol signalsuj to actuators on each mass

through a GaussianbroadcastchannelusingFDMA. The actual forceacting on each massis

ur j = uj + wj + pj , wherewj is the exogenousdisturbance,and pj is the quantization error.

The mechanical systemparametersare m1 = 10; m2 = 5; m3 = 20; m4 = 2; m5 = 15 and

k = 1. The discrete-time system dynamics is obtained using a sampling frequencywhich

is 5 times faster than the fastest mode of the continuous-time dynamics. The independent

zero-meanwhite noisesw and v have covariancematrices Rw = Rv = 10¡ 6I . The actuators

imposeRMS constraints on the control signals: rms (ui ) · 1; i = 1; : : : ; 5.

The multiple accesschannel and the broadcastchannel have separatetotal power limits

Pmac;tot = Pbc;tot = 7:5, but they sharea total bandwidth limit Wtot = 10. All receivershave

the samenoisepower density N = 0:1. The proportional coe±cient in the capacity formula

is ® = 2. We imposea upper bound b= 12 and a lower bound b= 5 for all quantizers.1

First we allocate power and bandwidth evenly to all sensorsand actuators, which results

in a uniform allocation of 8 bits for each channel. For this ¯xed resourceallocation, the

iterativ e controller and scaling designyields rms (ui ) = 1 for all i 's and rms (z) = 0:549.

Then weusedthe alternating procedurein sectionA. to do joint optimization of bit allocation

and controller design. After four iterations, it resulted in rms (ui ) = 1 for all i 's and

rms (z) = 0:116. The variable threshold rounding procedure[23] yields the threshold t ? =

0:615and rms (z) = 0:126,which is quite closeto the relaxednon-integer solution. We see

a signi¯cant 77%reduction in RMS value comparedwith the uniform bit allocation.
1Here the open-loop system is critically stable, and the lower bound for stabilization given in [1, 2, 3] is

zero. More generally, if we discretize an unstable continuous-time open-loop system using a sampling rate
which is at least twice the largest magnitude of the eigenvalues (a traditional rule-of-thumb in design of
digital control systems,see,e.g., [16]), then the lower bound given in [1, 2, 3] is lessthan onebit, and bi ¸ 3
or 5 is usually high enoughfor assumingthe white noisemodel for quantization errors.
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Figure 7 shows the roundedresourceallocation. We seethat morebandwidth, and hence

more bits are allocated to the broadcastchannel than to the multiple accesschannel. This

meansthat the closed-loop performanceis more sensitive to the equivalent processnoises

than to the equivalent sensornoises.

VI Conclusion

We have addressedthe problem of jointly optimizing the parametersof a linear system

and allocating resourcesin the communication systemthat is usedfor transitting sensorand

actuator information. We considereda scenariowherethe coding and mediumaccessscheme

of the communication systemare ¯xed, but the available communications resources,such as

transmit powersand bandwidths, can be allocated to di®erent channelsin order to in°uence

the achivable communiucation rates. To model the e®ectof limited communication rates on

the performanceof the linear systemweassumedconventional uniform quantization and used

a simplewhite-noisemodel for quantization errors. Weshowedthat the problemof allocating

communication resourcesto optimize the stationary performanceof the linear system is

often convex (ignoring the integrality constraint), hencereadily solved. The problem of

jointly allocating communication resourcesand designingthe linear systemis in generalnot

convex, but is often convex in subsetsof variableswhile the others are ¯xed. We suggested

an iterativ e heuristic for the joint designproblem that exploits this special strucutre, and

demonstratedits e®ectivenesson the designof a multiv ariable networked LQG controller.
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