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Abstract

We considera linear cortrol system in which seweral signals are transmitted over
communication channelswith bit-rate limitations. With the coding and medium access
schemesof the communication system xed, the achievable bit-rates are determined by
the allocation of communications resourcessud as transmit powers and bandwidths,
to di®erert communication channels. We model the e®ectof bit-rate limited commu-
nication channelsby uniform quantization, and the quantization errors are modeled by
additiv e white-noiseswhosevariancesdepend on the achievable bit-rates. We optimize
the stationary performance of the linear system by jointly allocating resourcesin the
communication systemand tuning parametersof the cortroller.

Index Terms: cortrol over networks, quantization noise,communication systems,
resourceallocation, corvex optimization.

| Intr oduction

We considera linear systemin which seeral signalsare transmitted over wirelesscom-
munication channels,as illustrated in gure 1. All signalsare vector-valued: w is a vector
of exogenoussignals (sudch as disturbancesor noisesacting on the system); z is a vector
of performancesignals (including error signalsand actuator signals);and y and y, are the
signalstransmitted and received over the comnunication network respectively. This gen-
eral arrangememn canrepreseh a variety of systems,for examplea cortroller or estimator in
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which actuator and sensorsignalsare sent over wirelesschannels. In this note, we addresshe
problem of optimizing the stationary performanceof the linear systemby jointly allocating
resourcedn the comnmunication network and tuning parametersof the linear system.

Many issuesarise in the designof networked cortrollers, including bit-rate limitations,
communication delays, padet loss,transmissionerrors,and asyndronicity (see,e.g. [1){[8]).
In this note we considerproblemsrelated to only the rst issue,i.e., bit-rate limitations.
Much of the work on cortrol with bit-rate limitations has concertrated on joint designof
cortrol and coding to nd the minimum bit-rate required to stabilize a linear system. For
example,referenceqd1] and [2] establishedvarious closed-lmp stability conditions involving
the feedbak data-rate and eigervaluesof the open-loop system, and referenceq8] and [3]
studied cortrol with communication constrairts within the classicalLQG framework.

Our focusin this note is di®eren. We assumethat the sourcecoding, channelcoding and
medium accesshemeof the comnunication systemare xed, and we concertrate on nding
the allocation of comnmunications resourcessud as transmit powers and bandwidths, that
yields the optimal performanceof the linear system. For a xed sampling frequencyof the
linear system,the limit on comnunication rate translatesinto a constrairt on the number of
bits that can be transmitted over eacy communication channel during one sampling period.
We assumethat the individual signalsy; are coded usingmemorylesauniform quartizers, see
“gure 2. We imposelower bounds on the number of quartization bits, which correspnds
to lower bounds on the channel bit-rates. Theselower bounds ensurethat the data rates
are high enoughfor stabilization (i.e., much higher than lower boundsgivenin [1, 2]), and
allow us to usethe white-noise model for quartization errors introduced by Widrow (see,
e.g, [15 16]). Memorylessuniform quartization is certainly not the optimal sourcecoding
scheme (see, e.g, [12 8, 3]), but it is corvertional, easily implemerted, and leadsto a
simple model for how the systemperformancedependson the bit-rates which, in turn, are
determinedby the allocation of commnunications resourcego di®erer channels.

There hasbeensigni cant researt on cortrol with quartized feedba& information (see,
e.g, [9){[14]), and joint optimization of quartizer and estimator/controller hasbeenconsid-
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eredin, e.g, [9){[11]; howewer, joint optimization of commnunications resourceallocation and
linear systemdesign,interacting through bit-rate limitations and quartization, hasnot been
addressedbefore in the literature. Even in the simpli ed setting under our assumptions,
the joint optimization problem is quite nontrival, and its solution requires conceptsand
techniquesfrom communication, cortrol, and optimization. We show that for xed linear
system, the problem of optimally allocating comnunication resourcess often corvex and,
hence,readily solved. We discussezcient solution methods and suggesta heuristic for ob-
taining suboptimal integer solutions. The problem of jointly designingthe linear systemand
allocating the comnunication resourcess in generalnot corvex, and we presen a iterative
heuristic that exploits problem structure and appearsto work very well in practice.

Il Linear System and Quantizer Model

A. Linear SystemModel

To simplify the presenation we assumea syndironous, single-ratediscrete-time system.
The linear time-invariant (LTI) system(see gure 1) can be descriked as

z= Gu( )w+ Gpo" )yr; y = Goa(" )W+ G )Yr; (1)

whereG; arelLTI operators (i.e., corvolution systemsdescrited by transfer or impulse ma-

trices). Here,' is the vector of designparameters,suc asestimator or cortroller gains,that

canbe tuned to optimize performance.To give lighter notation, we suppresshe dependence
of Gj on' exceptwhen necessary We assumethat the signalssert (i.e., y) and received
(i.e., y;) over the communication links are related by memorylessscalar quartization.

B. Quantization Model

Unit uniform quantizer and saling. A unit-range uniform b-bit quartizer partitions
the range[j 1;1] into 2% intervals of uniform width 2% 8. To eat quartization interval a
codeword of by bits is assigned.Givenareceived codeword, the input valuey; is approximated
by (or reconstructedas) y;i, the midpoint of the correspnding interval. As long as the
quartizer doesnot over®ow, i.e., jyij < 1, the quartization error liesin the interval § 2i &,
To avoid over®ow, ead signal y;(t) is scaledby a factor si* > 0 prior to encaling and
re-scaledby s; after decading (see gure 3). To minimize quartization error while ensuring
no over°ow (or that over°ow is rare) the scalingfactors s; shouldbe chosenasthe maximum
possiblevalue of jy;(t)j, or asa valuethat with very high probability is largerthan jy;(t)j. We
will usethe so-called3%zrule, s; = 3rms(y;), where rms (y;) = (limu:  E yi(t)?)*2 denotes
the RMS (root-mean-square)value of y;. For example,if y; has a Gaussiandistribution,
then over°ow occursonly about 0:3% of the time.
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White-noise quantization error model. We adopt the stochastic quartization noisemodel
introducedby Widrow (see,e.g, [19). Assumingthat over®ow is rare, we model the quan-
tization errors g (t) = y;i(t) i vi(t) asindependert random variables, uniformly distributed
on the interval si[j 21 B;2i B]. In other words, we model the e®ectof quartizing y;(t) asan
additive white-noise sourceq; (t) with zeromeanand varianceE g (t)? = 1s?2i . We will
imposea lower bound on ead Iy, which correspndsto a lower bound on the bit-rate for
individual communication channels. This lower bound should be high enoughfor stabilizing
the closed-lmp system(cf. [1, 2, 3]) and make the white noisemodel a reasonableassumption
in a feedbak cortrol context (cf. [15, 16]).

C. Performana of the Closal-Loop System

Using the white noise quartization error model, we obtain the systemin gure 4. The
LTI systemis driven by exogenousnputs w and g. We expressz andy in terms of w and q
as

z= GuW+ Gy y = GyuwW+ GyyQ;

whereG,y; Gzq; Gyw and Gyq are the closed-l@p transfer matrices from w and q to z and
y, respectively. They can be expresseds linear fractional transformations of the matrices
G;j in (1). The varianceof z induced by the quartization is given by

M f

X 1,
Vq= EKG0k?* = KGyqik? ésizz' S 2)
i=1

where G, is the ith column of the transfer matrix G,4, and k ¢k denotesthe L2 norm
(see[l17, x5.2.3]). This expressionshavs how V, dependson the allocation of quartizer bits

of the e®ectof quartization on the overall system performance. If w is also modeled as a
stationary stochastic process(independen of @), the overall varianceof z is given by

V = Ekzk? = V4 + E kG, Wk?: (3)
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[l Communications Model and Assumptions

A. A Generic Model for Bit-R ate Constraints

The capacitiesof comnmunication channelsdepend on the media accessschemeand the
selectionof certain critical parameters,sud astransmissionpowersand bandwidths or time-
slot fractions allocated to individual channels (or groups of channels). We refer to these
critical communications parameters collectively as communictions variables and denote
the vector of communications variablesby . The comnunications variablesare themsehes
limited by variousresourceconstrairts, sud aslimits on the total power or total bandwidth
available. We will assumethat the medium accessmethods and coding and modulation
schemesare xed, but that we canoptimize over the underlying comnunications variables.

Weletb2 RM denotethe vector of bits allocatedto eah quartized signal. The ass@iated
communication rate r; (in bits per second)is proportional to by, and their relationship can
be expressedashh = ®r;. The constart ® hasthe form ® = cs=fs, wherefy is the sample
frequency of the linear systemand cs is the channel coding exciency (in sourcebits per
transmissionbit) for a xed coding scheme. This relationshipwill allow usto expresscapacity
constraints in terms of bit allocations rather than comrmunication rates.

We will usethe following generalmodel to relate the vector of bit allocationsb, and the
vector of communications variables

fi(b;) 0 i=1:m

hfw - d; i=1:::,my

Wo.o0 i=Liinm, (4)
b - b - by i=L:5M

We make the following assumptionsabout this genericmodel.

2 The rst setof inequalities describe capacity constrairts on the communication chan-
nels. The functions f; are corvexin (b;u), monotoneincreasingin b and decreasingn
K We will shav below that many classicalcapacity formula satisfy theseassumptions.

2 The secondset of constraints descrikesresourcelimitations, sud as a total available
power or bandwidth for a group of channels.

2 The third constrairnt speci esthat the comnunications variablesare nonnegatiwe.

2 The last group of inequalities specify lower and upper boundsfor ead bit allocation.
We assumethat b and b are nonnegatiw integers. The lower bounds are imposedto
ensurethat the white noisemodel for quartization errorsis a reasonableassumption
(seesectionB.). The upper boundscan arise from hardware limitations.

This genericmodel will allow usto formulate the comnmunication resourceallocation problem,
i.e., choosing 1 to optimize overall systemperformance,as a cornvex optimization problem.
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Thereis alsoonemoreimportant constraint on bnot includedin the model above: the b's
should all be integers. We ignore this constraint for now and will return to it in sectionlV.

B. Examplesof Channel Capacity Constraints

In this section, we descrite some classicalchannel models and shov how they t the
genericmodel (4). Detailed descriptionsof morechannelmodelscanbefoundin, e.g, [18, 19].
Channelswith gain variations (fading) as well as rate constrairts basedon bit-error rates
can be formulated in a similar manner (see,e.g, [20]).

Frequencydivision multiple accessGaussianchannels. In the Gaussianbroadcastchan-
nel with frequencydivision multiple acces§FDMA), a transmitter sendsinformation to n
receivers over disjoint frequency bands with bandwidths W; > 0, and assignsa transmit
power P; > 0 to ead band. The commnunications variablesare P; and W; for ead individ-
ual channel. The receiwers are subject to independert additive white Gaussiannoiseswith
power spectral densitiesN;. The classicalShannoncapacity result (see,e.g, [18)), relatesthe
achievable bit allocationshy and the comnunications variablesby b - ®W;log, 1+ ﬁ ,
which is equivalent to

H 1

P _
fi(h;Wi;P))=hj ®Wlog, 1+ NW 0 i=1:;n (5)

It is easilyveri ed that f; is jointly corvexin the variables(b; W;; P;), monotoneincreasing
in b, and monotonedecreasingn W; and P;. So(5) is in the genericform of the rst setof
constrairts in (4). The commnunications variablesare constrainedby total resourcelimits:

Py + ¢CC+ P, - Pyt Wi + ¢¢¢+ W, - Wiy ;

which have the genericform for total resourcelimits (the secondset of constrairts) in (4).

In the Gaussianmultiple accesschannel with FDMA, n transmitters sendinformation
to a common reveiver, eat using power P; over bandwidth W;. It has the sameset of
constraints asfor the broadcastchannel, exceptthat N; = N; i = 1;:::;n (sincethey have
a commonreceier).

IV Resour ce Alloca tion for Fixed Linear System

In this section, we assumethat the linear systemis xed and considerthe problem of
choosingthe comnmunications variablesto optimize the systemperformance.We take asthe
objective (to be minimized) the varianceof the performancesignalz, givenby (3). Sincethis
varianceconsistsof a xed term (related to w) and the varianceinducedby the quartization,
we can just as well minimize the variance of z induced by the quartization error, i.e., the



quartity V, de ned in (2). This leadsto the optimization problem

I P _
minimize M, g2 %

subjectto fi(b;u) - O; i=1;:::;mg¢
hiu- d; i= 21 mp (6)
b, O I=21:my
b-b-h; i=1::5M

whereag; = %szqi k?s?, and the optimization variablesare g and b. We note that while the
formula (2) wasderived assumingthat by areintegers,the objective function makessensefor
bh 2 R.. Sincethe objective function and ead constrairt in problem (6) are corvex, this
is a convex optimization problem. It can be solved globally and exciently using a variety
of methods, e.g, interior-point methods (e.g, [21]). In many casesthe problem (6) hasan
separablestructure, which canbe exciently exploited by dual decompsition (e.g. [21, 22)).

We now return to the requiremen that the bit allocations must be integers. Since
general-purpseinteger programming techniques have high computational complexity, it is
of interestto dewelop excient heuristic methodsthat give good suboptimal integer solutions.
We proposeto usea simple variable thresholdrounding: for a giventhreshold0- t - 1, we
round b down if its fractional part is no larger than t, and round it up otherwise. Given
the rounded bit allocations, we nd the assaiated comnunications variables p by solving
a corvex feasibility problem with the constrairts in (6). We then nd the smallestt that
admits a feasiblesolution. In [23], we discuessedometheoretical properties of this scheme
and demonstratedits e®ectieneson networked least-squaresestimator.

V Joint Design of Communication and Linear Systems

We have seenthat when the linear systemis xed, the problem of optimally allocat-
ing comnunication resourcess often corvex (ignoring integrality constrains) and can be
exciently solved. In orderto achieve optimal systemperformance however, oneshould opti-
mize the linear systemparametersand the comnunications variablesjointly . Unfortunately,
this joint designproblemis in generalnot convex.

In somecases,howewer, the joint designproblem is convex in subsetsof the variables.
For example,the globally optimal commnunicationsvariablescanbe computedvery exciently
(ignoring the integrality constrairts) when the linear systemis xed. Similarly, when the
comnunicationsvariablesare xed, it is often possibleto computethe globally optimal linear
systemvariables. Finally, whenthe linear systemand the commnunicationsvariablesare xed,
it is straightforward to nd the quartizer scalings,e.g, by the 3%rule. This naturally leads
to an approad wherewe sequetially X one set of variablesand optimize over the others.



A. Alternating Optimization for Joint Design

The fact that the joint problemis corvexin certain subsetsof the variableswhile others
are xed can be exploited by the following iterativ e optimization procedure:

given initial linear systemvariables' @, comnunications variablesu©, scalingss®©
rep eat

1. Fix " 0, s0 and optimize over p. Let p&*Y be the optimal value.

2. Fix pk*D) s and optimize over' . Let ' k*1) pe the optimal value.

3. Fix ' D yk+D et s*D) pe appropriate scalingfactors.
until corvergence

Many variations on this basicheuristic method are possible. We can, for example,add trust
region constrairts to eat of the optimization stepsto limit the variable changesin eath
step. Another variation is to corvexify (by, for example,linearizing) the jointly noncorvex
problem, and solwe in ead step using linearized versionsfor the constrairts and objective
terms in the remaining variables;see,e.g, [24] and the referencegherein.

Sincethe joint problem is not corvex, there is no guarartee that this heuristic corverges
to the global optimum. On the other hand it appearsto work well in practice.

B. Control over Communiction Networks

We considera systemwith distributed sensorsand actuators. The sensorssend their
measuremets to a certral cortroller through a multiple accesschannel, and the cortroller
sendscortrol signalsto the actuators through a broadcastchannel, as shavn in gure 5.

The linear dynamical systemhas a state-spacemodel

x(t+ 1)
yr (1)

AX(t) + B (u(t) + w(t) + p(t))
Cx(t) + v(t) + o(t);

whereu(t) 2 R™ and y(t) 2 R", w(t) is the processnoise, v(t) is the sensornoise, and
p(t) and g(t) are quartization noisesdue to the bit-rate limitations of the comnmunication
channels. Assumethat w(t) and v(t) are independert zero-meanwhite noiseswith covari-
ance matrices R,, and R, respectively. Using the independert white-noise model for the
guartization noises,we cande ne the equivalert processnoiseand sensormnoise

w(t) = w(t) + p(t);  e(t) = v(t) + q(t);

with covariancematricesRg = Ry + Ry and Rg = Ry + Ry respectively, where
A ! A
2

: S S o ob . S S
R, = diag %2' bal;:::;%2I bam . Ry = diag L2l ;TSN oi 2 (7)
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Figure 5: Control over communica- Figure 6: Control of a mass-springsystem.

tion networks.

Here b, and by, are numbers of bits allocatedto the actuators and sensorsand s and Sg;
are correspnding scalingfactors for the quartizers, found by the 3%rule.

Our goalis to designa cortroller that minimizesthe RMS value of z = Cx, subject to
someupper bound constrairts on the RMS valuesof the corntrol signals:

minimize  rms(z)
subjectto rms(u)) - §; i=1::5;m

(8)

The constrains are addedto avoid actuator saturation. It can be shown that the optimal
cortroller for this problem hasthe standard estimated state feedba& form,

R(t + 1jt)
u(t)

AR(tjiti 1)+ Bu(t) + L (y(t) i Cx(tjtj 1))
i Kr(tjiti 1)

whereK is the state feedba& cortrol gain and L is the estimator gain, found by solving an
appropriately weighted LQG problem. Finding the appropriate weights, for which the LQG
controller solvesthe problem (8), canbe donevia solvingthe dual problem; seee.g, [25, 17].

Iterative procedures for controller design. First we allocate an equal number of bits to
ead actuator and sensor. This meansthat we assignpower and bandwidth (in the case
of FDMA) uniformly acrossall channels. We can designa cortroller for this xed uniform
resourceallocation via an iterative designon the scaling factors and the cortroller. The
iterativ e procedureis very similar to the onein sectionA., but without the resourceallocation
step. For the joint optimization problem, we usethe alternating optimization procedurein
sectionA.. Here, the cortroller parameters' are the state feedba& gain K and estimator
gain L, and the communications variables are the power and bandwidths allocated to the
multiple accessand broadcastchannels. Step 1 of the iterativ e proceduresolvesthe resource
allocation problem (6); step 2 solvesthe cortroller designproblem (8); step 3 compute the
RMS valuesof u; andy; and nd the scalingfactors using the 3%rule.
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Figure 7: Allo cation of quartization bits and comnmunications resources.

C. Numerical Example: Control of a Mass-SpringSystem

Now we considerthe systemshawvn in gure 6. The position sensorson ead masssend
measuremets y; = X; + v;, wherey; is the sensomoise,to the cortroller through a Gaussian
multiple accesschannelusing FDMA. The cortroller receivesy;; = x; + v; + g, whereq is
the quartization error. The cortroller sendscortrol signalsu; to actuators on eath mass
through a Gaussianbroadcastchannelusing FDMA. The actual forceacting on eat massis
uj = u; +w; + pj, wherew; is the exogenoudlisturbance,and p; is the quartization error.

The medanical systemparametersarem; = 10,m, = 5;m3 = 20,m4 = 2;ms = 15and
k = 1. The discrete-time system dynamicsis obtained using a sampling frequencywhich
is 5 times faster than the fastest mode of the cortinuous-time dynamics. The independen
zero-meanwhite noisesw and v have covariancematricesR,, = R, = 10 él. The actuators
imposeRMS constraints on the cortrol signals: rms (u;) - 1; i=1;:::;5.

The multiple accesschanneland the broadcastchannel have separatetotal power limits
Pmacitot = Poctot = 7:5, but they sharea total bandwidth limit Wy, = 10. All receiwershave
the samenoisepower density N = 0:1. The proportional coexcient in the capacity formula
is®= 2. We imposea upper bound b= 12 and a lower bound b= 5 for all quartizers.!

First we allocate power and bandwidth evenly to all sensorsand actuators, which results
in a uniform allocation of 8 bits for ead channel. For this xed resourceallocation, the
iterativ e cortroller and scaling designyields rms (u;) = 1 for all i's and rms(z) = 0:549.
Then we usedthe alternating procedurein sectionA. to do joint optimization of bit allocation
and cortroller design. After four iterations, it resulted in rms(u;) = 1 for all i's and
rms (z) = 0:116. The variable threshold rounding procedure[23] yields the threshold t? =
0:615and rms(z) = 0:126, which is quite closeto the relaxed non-integer solution. We see
a signi cant 77%reduction in RMS value comparedwith the uniform bit allocation.

1Here the open-loop systemis critically stable, and the lower bound for stabilization givenin [1, 2, 3] is
zero. More generally, if we discretize an unstable cortin uous-time open-loop system using a sampling rate
which is at least twice the largest magnitude of the eigervalues (a traditional rule-of-thumb in design of
digital cortrol systems,see,e.qg., [16]), then the lower bound givenin [1, 2, 3] is lessthan onebit, and b , 3
or 5 is usually high enoughfor assumingthe white noise model for quartization errors.
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Figure 7 shows the roundedresourceallocation. We seethat more bandwidth, and hence
more bits are allocated to the broadcastchannelthan to the multiple accesschannel. This
meansthat the closed-lmp performanceis more sensitive to the equivalert processnoises
than to the equivalert sensornoises.

VI  Conclusion

We have addressedhe problem of jointly optimizing the parametersof a linear system
and allocating resourcesn the communication systemthat is usedfor transitting sensorand
actuator information. We considereda scenariowherethe coding and mediumaccessheme
of the communication systemare xed, but the available comnunications resourcessud as
transmit powersand bandwidths, canbe allocatedto di®eren channelsin orderto in°uence
the achivable commnuniucation rates. To model the e®ectof limited comnunication rates on
the performanceof the linear systemwe assumecconvertional uniform quartization and used
a simplewhite-noisemodel for quartization errors. We shovedthat the problem of allocating
communication resourcesto optimize the stationary performanceof the linear system s
often corvex (ignoring the integrality constrairt), hencereadily solved. The problem of
jointly allocating commnunication resourcesand designingthe linear systemis in generalnot
corvex, but is often corvex in subsetsof variableswhile the others are xed. We suggested
an iterativ e heuristic for the joint designproblem that exploits this special strucutre, and
demonstratedits e®ectienesson the designof a multiv ariable networked LQG cortroller.
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