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Abstract

This paper details local control design approaches for systems
with actuators that are subject to saturation. Three design
algorithms are presented which produce output feedback con-
trollers that either maximize regions of attraction, maximize
disturbance rejection, or optimize an L 2-gain performancemet-
ric. In all cases,the stabilit y analysesare basedon the Popov
stabilit y criterion and the design techniques are given in terms
of LMI/BMI algorithms that are readily solved with available
software.

1 In tro duction

Saturation is a phenomenon that is prevalent in real control
systems. A typical example is that of a control system with
saturating control inputs. This is shown in Fig. 1, where sat(�)
is the unit saturation function; H is an LTI plant that is to be
controlled; K is an LTI controller for the plant that is to be
designed; L is some strictly proper very high bandwidth low
passsystem which is included for technical reasons. The signal
w is the disturbance input, and z is the performance output.
Such systems, when operating in saturation, exhibit nonlinear
behaviour such as:

1. local stabilit y,

2. �nite disturbance rejection, and

3. performance degradation.

In [1], LMI tools were presented for analysis of the nonlinear
phenomenaabove. The main objectiv e of this paper is to con-
tin ue the work from [2] that extended the analysis in [1], for
the synthesis of controllers for systemswith saturating control
inputs.

2 Motiv ation for Lo cal Analysis

We will now consider three basic engineering design problems
that will motiv ate the local analysis approach as in [1]. For
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Figure 1: Control System with saturation nonlinearit y.

simplicit y, we consider the caseof a single saturation nonlin-
earity, though our results can be extended to the MIMO case.
Let Umax be the maximum available actuator authorit y (as-
sumed normalized to 1); let

p
� max be the radius of the largest

L 2-ball of input disturbances w that can be rejected starting
with zero initial conditions:

� max
�
= supf � j kwk2

2 � �; x(0) = 0; lim
t !1

x(t) = 0g (1)

where x is the overall state of H , L , and K ; let 
 22 be the
L 2-gain (energy gain from w to z) of the closed loop system


 22
�
= sup

kwk2
2 2 L 2

x(0) = 0

kzk2

kwk2
; (2)

and let D bea region in the state spaceof H of initial conditions
from which the closedloop system is guaranteed to be brought
back to zero with the �nite actuator authorit y in the absence
of disturbance, i.e. , w � 0.

Now consider following design problems, where we are given
somebasic designspeci�cations and asked to designa controller
K which optimizes somecriterion:

(SR) :
Giv en : H ; Umax = 1; w � 0

Find : K which maximizes D

(DR) :
Giv en : H ; Umax = 1; 
 22 � 
 sp ec

Find : K which maximizes � max

(EG) :
Giv en : H ; Umax = 1; � max � � sp ec

Find : K which minimizes 
 22

In (SR), we are asked to �nd a controller which maximizes, in
some sense,the stabilit y region; in (DR) we seek a controller
which optimizes the closed loop disturbance rejection, while



maintaining an L 2-gain lessthan somevalue of 
 sp ec; and (EG)
requires a controller which minimizes gain, while maintaining
a disturbance rejection bound of at least � sp ec.

It might appear that we have created an arti�cial dependence
between disturbance rejection and L 2-gain in problems (DR)
and (EG), since each of these is stated in terms of both � max

and 
 22 , while in the global de�nitions (1) and (2), the two
seemunrelated. However, these global de�nitions are not well
suited for the analysis of stabilit y and performance of systems
lik e Fig. 1 for the following reasons: First, if the closed loop
systemhappensto be globally stable, then � max will be in�nite,
and 
 22 may be unnecessarily conservativ e, especially if the
system is \op erating close to linear". Second, if the closed
loop system is only locally stable, then 
 22 will be in�nite,
even though the system might be capable of good performance
for su�cien tly small inputs and initial conditions, again when
\op erating close to linear".

This motiv ates the following alternativ e local de�nitions [1]:
�rst we de�ne \close to linear" to mean that the system op-
erates in a mode where the peak input to the saturator never
exceedssome value r > 1 (values of r less than 1 mean that
the system operates linearly). Next we can de�ne the r -level
local stabilit y region D r as the maximum volume set of initial
conditions in the state spaceof H , for which the control never
exceedsr , in the absenceof disturbances. Then we can de�ne
the r -level local disturbance rejection as

� r
max

�
= supf � j kwk2

2 � �; x(0) = 0; lim
t !1

x(t) = 0; kqk1 � r g

(3)

Note that from (3), it follows that computing � r
max is equivalent

to computing the r -level local L 2-to-L 1 -gain from w to q:


 r
1 2

�
= sup

kwk2
2 � � r

max
x(0) = 0

kqk1

kwk2
�

r
p

� r
max

; (4)

The associated r -level local L 2-gain from w to z is de�ned as:


 r
22

�
= sup

kwk2
2 � � r

max
x(0) = 0

kzk2

kwk2
; (5)

It follows immediately from these de�nitions, that for a given
closed loop system, � r

max , 
 r
1 2 and 
 r

22 are all monotonically
increasing functions of r , which tend to their global values for
large r . Therefore, they will always produce less conservativ e
bounds their global counterparts. Thus it seemsreasonableto
recast problems (SR), (DR), and (EG) in terms of � r

max , 
 r
1 2

and 
 r
22 . Note that, in contrast to the global case,there is now

a de�nite relationship between � r
max , 
 r

1 2 , 
 r
22 , and r .

3 The Design Approac h

The local de�nitions above make it possible to talk about the
local stabilit y and performance of linear systems with satura-
tion in a precise way. Unfortunately , at this time, the exact
computation of D r , � r

max , and 
 r
22 for general linear systems

with saturation such as Fig. 1 operating with r > 1 is still an

open problem, and the same goes for the synthesis problems
above. Therefore, in our actual design proceduresfor problems
(SR), (DR), and (EG), we will make use of estimates of these
objects. Speci�cally , we compute: D̂ r , an inner approximation
to D r ; �̂ r

max , a lower bound on � r
max , (and hence an upper

bound on 
 r
1 2 , 
̂ r

1 2); and 
̂ r
22 , an upper bound on L 2-gain 
 r

22 .
These estimates are computed using LMI/BMI techniques, by
applying the Popov criterion to the r -level sector model of the
system which will be described in the following sections.

Consider the design of a controller for problem (EG). Strictly
speaking, this problem is a mixed L 2-gain and L 2-to-L 1 -gain
optimization problem. Such mixed norm multiob jectiv e prob-
lems are, in general, not very easy to solve, even in the linear
case. So one reasonableapproach would be to simply start by
trying a linear design, ie, assuming that (EG) can be solved
with a controller which does not saturate, i.e. , r = 1. One
can then solve the single objectiv e controller synthesis prob-
lem of computing a K which minimizes the H 1 -norm of the
closedloop system using standard techniques. The closedloop
system with K can then be post-analyzed to ensure that the
� 1

max � � sp ec constraint is met. If this is the case, then the
problem is solved. (Note that when the system operates lin-
early, it is possible to compute D1 , � 1

max , and 
 1
22 exactly.)

If the � 1
max � � sp ec constraint is not satis�ed, then the r = 1

saturation level disturbance rejection bound is too small. At
this point, one might wonder if it would be possibleto increase
� max by allowing the system to saturate slightly , while possibly
trading o� some L 2 performance. One can try increasing r to
a value slightly greater than 1, and redoing the synthesis, this
time computing a controller K which minimizes 
̂ r

22 using BMI
synthesis. Equation (4) shows that if the relativ e increase in
the gain 
 r

1 2 for the new controller is smaller than the relativ e
increase in r , then � r

max will increase. Then the closed loop
system can once again be post-analyzed: LMI techniques are
used to compute �̂ r

max and the constraints are checked (con-
servativ ely) by checking if �̂ r

max � � sp ec . If not, then r can
be increased once more and the processof BMI synthesis and
LMI post-analysis can be repeated, until either the LMI's used
in the computations become infeasible, or the speci�cation is
achieved.

Similar BMI-syn thesis/LMI-p ostanalysis design methods can
be proposedfor (SR) and (DR). Such methods, while seemingly
crude, can often do a good job at tuning an initial controller
to satisfy somedesired speci�cations. A numerical example in
x6 is used to demonstrate this design approach.

4 System Mo del

We will now describe the models that we use for the compo-
nents of Fig. 1. The linear plant H (s) shown is given by the
dynamics:

H

(
_xP = AP xP + BP w w + BP u p
z = CP z xP + D P z w w + D P z u p
y = CP y xP + D P y w w;

(6)

where it is assumedthe matrix A may have unstable eigenval-
ues, and that the system is both observable and controllable.
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Figure 2: Transformed system with deadzone nonlinearit y.

The control u is assumed to be �ltered with the high band-
width, lowpass network L (s):

L

�
_xL = AL xL + BL u
q = CL xL :

(7)

Without this �lter, the control signal feedthrough to the non-
linearit y would signi�can tly complicate the controller elimina-
tion in the synthesis in x5. The �lter output q is subject to
saturation

p = sat(q): (8)

We will consider the design and analysis of proper, linear con-
trollers K of the form

K

�
_xc = A cxc + B cy
u = Ccxc + D cy:

(9)

Following the analysis in Ref. [1], de�ne the deadzonenonlin-
earity dzn(�) as

sat(�) + dzn(�) = 1(�) (10)

and apply the loop transformation

�p = dzn(q) = � (sat(q) � 1(q)) (11)

which transforms the system in Fig. 1 to that in Fig. 2, which
is the nominal closed loop system (i.e. , with no saturation)
perturb ed by the dzn(�) nonlinearit y. The corresponding open
loop plant G : ( �p; w; u) ! (q; z; y), shown by dashed line in
Fig. 2 is de�ned by

G
s
=

2

6
6
6
4

AP BP u CL � BP u BP w 0
0 AL 0 0 BL

0 CL 0 0 0
CP z D P z u CL � D P z u D P z w 0
CP y 0 0 D P y w 0

3

7
7
7
5

(12)

�
=

2

6
4

A Bp Bw Bu

Cq D qp D qw D qu

Cz D z p D z w D z u

Cy D y p D y w D y u

3

7
5 :

This model is used in the synthesis phase of the design pro-
cedure. Similarly , the closed loop plant, shown by the dotted
line in Fig. 2 ~G : ( �p; w) ! (q; z) is

~G
s
=

2

6
4

A11 Bu Cc Bp M 14

B cCy A c 0 B cD y w

Cq 0 0 0
C13 0 D z p D z w

3

7
5 (13)
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Figure 3: Deadzone nonlinearit y and saturation parameter r .

�
=

2

4
~A ~Bp ~Bw

~Cq ~D qp ~D qw

~Cz ~D z p ~D z w

3

5 ;

where A11 = A + B u D cCy , M 14 = Bw + Bu D cD y w , and
C13 = Cz + CqD z p . This model is used in the analysis phase
of the design procedure. The level r relates to the transformed
system, Fig. 2, as the limit on the input q to the dzn nonlinear-
it y. Now if the input signal is limited such that jq(t)j � r ; 8t;
then the dzn is guaranteed to act as a sector bounded non-
linearit y, in sector[0; � r ], where � r = (1 � 1

r ), as depicted in
Fig. 3. Normalizing the sector to [0; 1] then results in a mul-
tiplication of the corresponding matrices, B p ; D qp ; D z p ; D y p ,
of system (13) by a factor of � r , and similarly for the closed
loop matrices de�ned in (14). In the sequel,thesescaledtrans-
formed matrices will be designatedwith superscript r (i.e. , ~B r

p ,
etc.).

5 Design Algorithms

Becausethe dzn(�) function is a sector bounded, memoryless
nonlinearit y, the system, Fig. 2, is in a form suitable for Popov
analysis [3]. In this section we present the analysis based on
the Popov criterion to estimate the stabilit y regions, distur-
bance rejection capabilit y, and local L 2-gain performance for
the closed loop system, and provide the corresponding (SR),
(DR) and (EG) designalgorithms. Note that each caseis based
on an assumedr -level being maintained, so that the local sec-
tor model described above is satis�ed. The (SR), (DR) and
(EG) analyses and design solutions, presented in the follow-
ing sections, extend the LMI local analysis and synthesis work
in [2, 1, 4]. For brevit y, the proofsare not included here, but are
easily developed using a Lyapunov/P opov approach detailed in
Ref. [1].

5.1 Stabilit y Region (SR)
In this case, we set the disturbance w = 0, and consider the
simple objectiv e of designing a controller K that maximizes the
region of attraction for the system (14). Adapting the general
analysis presented in [1, 5] to the system (14) we have the
following theorem, using de�nitions from [1].

Theorem 5.1: An r -level region of attraction D̂ r is given by
the invariant set lev1V , where V is the Popov function obtained
by solving the following convex optimization problem in the
variables ~P = P T 2 R n ~x � n ~x , � = diag(� 1 ; : : : ; � n q ), and T =



diag(t1 ; : : : ; tn q ) [1]:

min Tr ( ~P + ~CT
q � ~Cq)

s.t.

�
r 2

i
~Cq;i

~CT
q;i

~P

�
� 0; i = 1; : : : ; nq

~P > 0; � > 0; T > 0;�
~AT ~P + ~P ~A ~P ~B r

p + ~AT ~CT
q � + ~CT

q T
(�)T

12 � 2T

�
< 0;

(14)

for i = 1; : : : ; m; where the closedloop system matrices de�ned
in (14). The corresponding control design is posedby the fol-
lowing corollary.
Corollary 5.1: A controller which maximizes the region of
attraction is parameterized by the matrices R, S that solve the
following optimization problem:

min TrR + Tr CT
q � Cq

s.t.

�
r 2

i Cq;i

CT
q;i R

�
� 0; i = 1; : : : ; nq

�
R I
I S

�
> 0; � > 0; T > 0;

UT
?

�
AR + RAT M 12

M T
12 � 2T

�
U? < 0

V T
?

�
AT S + SA N12

N T
12 � 2T

�
V? < 0;

(15)

for i = 1; : : : ; m; and where M 12 = B r
p + RAT CT

q � + RCT
q T ,

N12 = SB r
p + AT CT

q � + CT
q T ,

U? =

�
Bu

� CqBu

�

?

and V? =

�
CT

y

D r
y p

T

�

?

; (16)

with U? being the orthogonal complement of U, and the open
loop system matrices de�ned in (13).

5.2 Disturbance rejection (DR)
Theorem 5.2: For system (14), an r -level disturbance rejec-
tion bound, �̂ r

max, can be computed as

�̂ r
max = max

� 2 [0 ;1]

r 2

~CqP � 1
� ~CT

q
+ 2� �

Z r

0

' (� ) d� (17)

where for each � 2 [0; 1], (P� ; � � ) is the optimal value of the
following convex semide�nite program in the variables s1 ; s2 2
R, ~P = ~P T 2 R n x � n x ,

min (1 � � )s1 + �s 2

s.t.

�
s1 ~Cq;i
~CT

q;i
~P

�
� 0;

�
s2 1
1 �

�
� 0

~P > 0; � > 0; s > 0;2

4
~AT ~P + ~P ~A M 12 ~P ~Bw

M T
12 � 2T � ~Cq ~Bw

~B T
w

~P ~B T
w

~CT
q � � I

3

5 � 0;

(18)

i = 1; : : : ; m; where M 12 = ~P ~B r
p + ~AT ~CT

q � + ~CT
q T .

Corollary 5.2: A controller which maximizes the disturbance
rejection is parameterized by the matrices R, S that solve the

following optimization problem:

min (1 � � )s1 + �s 2

s.t.

�
s1 Cq;i

CT
q;i R

�
� 0;

�
s2 1
1 �

�
� 0

�
R I
I S

�
> 0; � > 0; s > 0;

UT
?

2

4
AR + RAT M 12 Bw

M T
12 � 2T � CqBw

B T
w (�)T

23 � I

3

5 U? < 0

V T
?

2

4
AT S + AA SBw N12

B T
w S � I B T

w CT
q �

N T
12 (�)T

23 � 2T

3

5 V? < 0;

(19)

i = 1; : : : ; m; where

U? =

2

4

�
Bu

� CqBu

�

?

0

0 I

3

5 ; V? =

2

4

�
CT

y

D T
y w

�

?

0

0 I

3

5 ; (20)

and N12 , M 12 are de�ned as in (15). An extension of Theo-
rem 5.2 and the corresponding design corollary to the caseof
multiple nonlinearities is possible using the analytical exten-
sion given in [1]. We now consider the case with an output
performance variable z(t):

5.3 Lo cal L 2-Gain (EG)
Theorem 5.3: For system (14), whenever kwk2 � �̂ r

max, and
x(0) = 0, an r -level L 2-gain bound bound, 
̂ r , can be computed
by solving the convex semide�nite program [3]:

min 
̂ 2
r

s.t. ~P > 0; � > 0; T > 0; and2

4
~AT ~P + ~P ~A + ~CT

z
~CT

z M 12 + ~CT
z

~D r
z p

~P ~Bw

(�)T
12 D r

z p
T D r

z p � 2T � ~Cq ~Bw
~B T

w
~P ~B T

w
~CT

q � � 
̂ 2
r I

3

5 � 0;

(21)
where M 12 is de�ned as in (18).

Corollary 5.3: A controller K 
 ;r which minimizes the L 2-
gain bound is parameterized by the matrices R, S that solve
the following optimization problem:

min 
̂ 2
r

s.t.

�
R I
I S

�
> 0; � > 0; T > 0; and

UT
?

2

6
4

AR + RAT M 12 Bw RCT
z

M T
12 M 22 � CqBw 0

B T
w (�)T

23 � 
̂ 2
r I 0

Cz R 0 0 � I

3

7
5 U? < 0

V T
?

2

6
4

AT S + SA SBw N12 CT
z

B T
w S � 
̂ 2

r I � CqBw 0
(�)T

13 B T
w Cq � M 22 0

Cz 0 0 � I

3

7
5 V? < 0;

(22)

where M 12 = B r
p + RAT CT

q � + RCT
q T + RCT

z D r
z p , M 22 =

D r
z p

T D r
z p � 2T , N12 = SB r

p + AT CT
q � + CT

q T + CT
z D r

z p , and

U? =

2

6
6
4

"
Bu

� CqBu

D z u

#

?

0

0 I

3

7
7
5 and V? =

2

6
6
4

2

4
CT

y

D r
y p

T

D T
y w

3

5

?

0

0 I

3

7
7
5 :

(23)
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Fig. 4: Performance and disturbance level dependence on r .

5.4 Con troller Reconstruction
To obtain the controller K from a pair (R; S) that solvesone of
the optimization problems requires the solution of a feasibilit y
problem:

M 
 ;r + UK V T + V K T UT < 0 (24)

where U; V are complements of the corresponding matrices
above, and M 
 ;r is a constant matrix involving the open loop
system matrices and the speci�ed performance and saturation
levels. These matrices are easily derived using the elimination
technique well documented in [6] and omitted here for brevit y.

5.5 Optimization Algorithms
The optimization problems are bilinear in the multipliers (� ; T )
and the Lyapunov variables (R; S). This problem is well known
to be nonconvex, and typically solved by successive optimiza-
tion over the two setsof variables. This technique is referred to
as BMI synthesis, and applicable to the local designsdescribed
above. For further detail, see[4, 7], for examplesof BMI design
implementations.

6 L 2-Gain Con trol Example

Here we consider the linearized inverted pendulum problem,
with control force f input and angle � output, and dynamics
� =f = 1

s2 � k 2 , with k = 0:1. The disturbance is a force f d ,
entering the system in the same way as the control. The per-
formance z = [W1 � W2u]T is a weighted combination of angle
and control e�ort, with W1 = (0:1s+ 1)=(s+ 1) and W2 = W � 1

1 ,
and the lowpassset at L = 1=(s=200+ 1). Using a BMI synthe-
sis algorithm based on Corollary 5.3, L 2-gain controllers were
designed for this system using saturation levels ranging from
r = 1:1 to r = 3:0, in increments of 0:10. For each r value,
the algorithm was initialized with a controller designedby ex-
tending the Circle criterion method in [2] to optimize the given
performance. The BMI algorithm for this example typically
converged to a minim um after 13 iterations, and yielded a new
controller, basedon the Popov analysis, that improved perfor-
mance by about 20% over that basedon the Circle criteria.

The performance, 
 r
22 , of the new controllers is shown for each

r value in Fig. 4. Performance degradesas r increases,with

 r

22 increasing from 1:7 to 4:5 as r ranges from 1:1 to 3:0: This
trend should be expected sincehigher valuesof r correspond to
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r 22

1=�̂ r
max

r = 1:1

r = 3:0

Fig. 5: Disturbance rejection vs. L 2 -gain performance trade-o�.

a larger sector widths, which allows the possibility of more non-
linear control behavior. However, widening the sector generally
improvesthe disturbance rejection capabilit y. The disturbance
energy bound for this system, �̂ r

max, computed using Theo-
rem 5.2, increasesby 66% over the full range of r (seeFig. 4).
So that while performance does degrade, designsusing higher
valuesof r give the closedloop systemsthat can tolerate larger
disturbances. The tradeo� between performance and distur-
bance rejection is depicted with a graph of 
 r

22 vs. 1=�̂ r
max in

Fig. 5. Systemswith good performance(low valuesof 
 22 ) have
relativ ely poor disturbance rejection (high values of 1=�̂ r

max).
Conversely, designs with improved disturbance rejection are
necessarily penalized with degraded performance. Of course,
if disturbance rejection is critical and performance is not an
issue, then the controller should be designed directly using a
BMI algorithm basedon Corollary 5.2.

7 Conclusions

This paper details control synthesis for systems with actua-
tors that are subject to saturation. Optimal control designs
for three di�eren t performance objectiv es are considered, and
each is formulated as a solution to an LMI/BMI optimization
problem. The �rst design method produces controllers that
maximize region of attraction for an unstable plant. In this
case, the optimal controller guarantees the largest region in
state space in which all initial conditions will result in stable
tra jectories. The solution to the secondoptimization problem
gives controllers that allow the closed loop system to reject
external disturbances which have a maximum level of energy
content. The last design algorithm yields controllers that op-
timize the L 2-gain acrossa speci�ed performance channel.

Each designalgorithm is basedon the Popov stabilit y criterion,
and employs a sector model of the saturation nonlinearit y. The
BMI implementations are e�cien tly solved using available LMI
software. For a simple numerical example the algorithms typ-
ically converged after 13 iterations and produced Popov con-
trollers that achieved a 20% improvement in L 2-gain perfor-
mance compared to controllers designed based on the Circle
criteria.

One limitation in the L 2-gain design case is that each closed



loop system must be post analyzed to determine the worst case
disturbance levels the system can tolerate while achieving the
optimal disturbance attenuation. As a practical consideration,
it may be desired to trade o� L 2-gain performance against dis-
turbance energy levels in order to accomplish the �nal design.
Control designusing this approach is explored with the numer-
ical example.

References
[1] H. Hindi and S. Boyd, \Analysis of linear system with
saturation using convex optimization," in Proc. Conf. on Dec.
and Control, 1998.

[2] T. Par�e, H. Hindi, J. How, and S. Boyd, \Syn thesiz-
ing stabilit y regions for systemswith saturating actuators," in
Proc. Conf. on Dec. and Control, 1998.

[3] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrish-
nan, Linear Matrix Inequalities in Systemand Control Theory.
SIAM, 1994.

[4] D. Banjerdp ongchai and J. How, \LMI synthesis of para-
metric robust H 1 controllers," in Proc. Amer. Control Conf.,
1997.

[5] C. Pittet, S. Tarbouriech, and C. Burgat, \Stabilit y re-
gions for linear systemswith saturating controls via circle and
popov criteria," in Proc. Conf. on Dec. and Control, 1997.

[6] P. Gahinet, \Explicit controller formulas for LMI-based
H 1 synthesis," Automat., vol. 32, 1996.

[7] T. Par�e and J. How, \Algorithms for reduced order H 1

control design," in Proc. Conf. on Dec. and Control, 1999. Sub-
mitted.


