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1. Will show that local performancemeasuresfor
systemswith saturationless conservative than
global

2. DevelopLMI-analysis toolsfor approximatinglocal
performancemeasures

3. DevelopBMI-synthesis toolsfor tuning linear
controllersto handlesaturation

� Synthesistechniqueheuristic ; but comeswith Lyapunov
\guarantee"
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Basic Problem
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� Given: LTI systemH , Umax = 1

� Find: K whichminimizesL 2-gain
 22(K )

� Problems:

1. local stability

2. �nite disturbancerejection

3. performancedegradationin saturation

� L is highbandwidth,lowpass�lter
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Global De�nitions
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D(K ) �= f x0 2 R n j w � 0; x(0) = x0 ) lim
t!1

x(t) = 0g

� max(K ) �= supf � j kwk2
2 � � ; x(0) = 0 ) lim

t!1
x(t) = 0g


 22(K ) �= sup
w 2 L2

x(0) = 0

kzk2

kwk2
;

Problem: conservativeif operating\closeto linear"
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Local Sector Approximation
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jqj � 1 , OperatingLinear

jqj � r; r & 1 , Operating\Closeto Linear"

jqj � r , sat(q) 2 sect[� r ; 1]
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Local De�nitions
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Dr (K ) �= f x0 2 Rn j w � 0; x(0) = x0 ) lim
t!1

x(t) = 0; kqk1 � r g

� r
max(K ) �= supf � j kwk2

2 � � ; x(0) = 0 ) lim
t!1

x(t) = 0; kqk1 � r g


 r
22(K ) �= sup

kwk2
2 � � r

max

x(0) = 0

kzk2

kwk2
;
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Properties of Local De�nitions

� For r = 1, local= linear estimates,canbe computed
exactly

� As r ! 1 , local ! global:

Dr (K ) ! D(K ) mon. from inside

� r
max(K ) ! � max(K ) mon. frombelow


 r
22(K ) ! 
 22(K ) mon. frombelow

� HenceDr , � r
max, and
 r

22 less conservative thanglobal

� Remark: relationshipthroughr :


 r
1 2

�= sup
kwk2

2 � � r
max

x(0) = 0

kqk1

kwk2
�

r
p

� r
max

;
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Bounds via Popov LMIs

� Problem: exactcomputationof Dr , � r
max, and
 r still

openproblem,for r > 1.

� Fix: ApplyPopov LMIs to local sector model) :

� D̂r (K ) innerapprox of Dr (K )PSfragreplacements

r1

(vol Dr )1=n

(vol D1)1=n (vol D̂r )1=n

� �̂ r
max(K ) lower boundon � r

max(K )PSfragreplacements

r1

(� r
max)

1=2

(� 1
max)

1=2 (�̂ r
max)

1=2

� 
̂ r
22(K ) upper boundon 
 r

22(K )PSfragreplacements

r1


 r
22


 1
22


̂ r
22
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Example: Analysis LMIs for Distrubance
Rejection

� Dissipationtheory: search for Lyapunovfunction:

V(x) = xTPx + �
Z Cqx

0
(sat(� ) � � r � )d�

suchthat

_V < wTw : : :

� Theorem: An r -leveldisturbancerejectionbound,�̂ r
max,

canbe computedas

�̂ r
max = max

� 2 [0;1]

r 2

~CqP � 1
�

~CT
q

+ 2� �

Z r

0
' (� ) d�

wherefor each� 2 [0; 1], (P� ; � � ) is the optimalvalueof
the followingconvexsemide�niteprogramin the variables
s1; s2 2 R, ~P = ~PT 2 Rnx � nx,

min (1 � � )s1 + �s 2

s.t.
�

s1
~Cq;i

~CT
q;i

~P

�
� 0;

�
s2 1
1 �

�
� 0

~P > 0; � > 0; s > 0;2

4
~AT ~P + ~P ~A M 12

~P ~Bw

M T
12 � 2T � ~Cq

~Bw
~B T

w
~P ~B T

w
~CT

q � � I

3

5 � 0;

i = 1; : : : ; m; whereM 12 = ~P ~B r
p + ~AT ~CT

q � + ~CT
q T.
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Approach 1:
Linear-Synthesis/LMI-Analysis

Given: LTI systemH , Umax = 1, � max(K ) � � spec

Find: K whichminimizesL 2-gain
 22(K )

� designK 0 viastandard linear H1 -synth

� if (H1 -synthinfeasible)exit

� for ranal 2 [1; 1 )

� compute(�̂ ranal
max(K 0); 
̂ ranal

22 (K 0)) via anal-LMIs

� if (anal-LMIsinfeasible)exit

� ranal  ranal + � anal

� end

� pickbestpair (�̂
r �
anal

max(K r �
synth

); 
̂
r �
anal

22 (K r �
synth

))
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Heuristic for Synthesis
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� Question: if � max(K 0) < � spec, canwe tune K 0 to
make propertiesbetter?

� Intuition: for r & 1, sect[� r ; 1] approximationis good

) designK r robust to sect[� r ; 1]

� If rel increasein 
 r
1 2(K r ) > rel increasein r ,

) � r
max will increase

� Directmultiobjective
 r
22=
 r

1 2 synthesisveryhard

� Heuristic,but performanceguaranteed by Lyapunov
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Example: Synthesis LMIs for L2-Gain

� Write analysisLMI's in termsof closedloop matrices

	 + X � Y + Y T � TX T < 0; � =
�

AK BK

CK DK

�

� EliminationLemma& P =
�

R �
� �

�
andP � 1 =

�
S �
� �

�

� Theorem: K 
 ;r whichminimizesthe L 2-gainboundcan
be foundby solvingBMI optimization:

min 
̂ 2
r

s.t.
�

R I
I S

�
> 0; � > 0; T > 0; and

UT
?

2

6
6
4

AR + RAT M12 Bw RCT
z

M T
12 M22 � CqBw 0

B T
w (�)T

23 � 
̂ 2
r I 0

CzR 0 0 � I

3

7
7
5 U? < 0

V T
?

2

6
6
4

ATS + SA SBw N12 CT
z

B T
wS � 
̂ 2

r I � CqBw 0
(�)T

13 B T
wCq� M22 0

Cz 0 0 � I

3

7
7
5 V? < 0;

� M12 containsproductsof R, � ; U? = f (�) .
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Approach 2:
BMI-Synthesis/LMI-Analysis

Given: LTI systemH , Umax = 1, � max(K ) � � spec

Find: K whichminimizesL 2-gain
 22(K )

� for r synth 2 [1; 1 )

� designK rsynth robustto sect[� rsynth ; 1] viasynth-BMIs

� if (synth-BMIsinfeasible)exit

� for ranal 2 [1; 1 )

� compute(�̂ ranal
max(K rsynth ); 
̂ ranal

22 (K rsynth )) via
anal-LMIs

� if (anal-LMIsinfeasible)exit

� ranal  ranal + � anal

� end

� r synth  r synth + � synth

� end

� pickbest(�̂
r �
anal

max(K r �
synth

); 
̂
r �
anal

22 (K r �
synth

))
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Conclusion

� Introducedmeasuresof local performancefor systems
with saturation;showedless conservative thanglobal

� DevelopedLMI-analysis toolsfor approximatinglocal
performance

� DevelopedBMI-synthesis toolsfor tuning linear
controllersto handlesaturation

� Synthesistechniqueheuristic ; but comeswith Lyapunov
\guarantee"

� May not alwaysimprovelinear analysis/sysnthesis;but
seemsto work well in practice
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