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Outline

u saturatingactuat y

1. Will shav that local perfamancemeasurefor

systemsvith saturationless conservative than
global

2. Develod_Ml-analysis toolsfor appoximatinglocal
perfamancemeasures

3. DeveloBMI-synthesis toolsfor tuning linea
controllergo handlesaturation

Synthesisechniqueneuristic ; but comeswith Lyapunov
\guarantee"



Basic Problem

u saturatingactuat

Given: LTI systemH, Upax= 1
Find: K whichminimized. >-gain ,x(K)

Problems:
1. local stablliy
2. nite disturbanceejection

3. perfamancedegradatiom saturation

L is highbandwidth]owpasslter



Global De nitions

D(K)=1fxo 2 R"jw 0O x(0)= Xxg) tIlilmx(t):Og

max(K) = sud | ka% ; X(0)=0) tllilm x(t) = Og

kz k2 _
kaz’

22(K) = sup
w 2 L,
x(0)=0

Problem: conservativé operating\closeto linea"
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Local Sector Approximation

1 1
Vs
I 1r
-1
o - q
" : i .
.......... I H | e
L —
ul | y
K .
jg 1 , OperatingLinea
jg r, ré&l : Operating\Closeto Line&"
jqg r , sat(@) 2 sect[,;1]



Local De nitions

D/(K)=fxg2 R"jw 0; x(0)= Xq) tIlilm x(t) =0, kgky rg

Fa(K) = suf | kwk% ; Xx(0)=0) tI!ilm X(t) = 0; kgk, rg

kzk
2o(K) = sup ka2 ;
ka% :’T‘IaX 2
x(0)=0



Properties of Local De nitions

For r = 1, local = linea estimatescanbe computed
exactly

Asr! 1 ,local! global:

D,(K) ! D(K) mon.frominside
oK) 1 max(K) mon. from belav
oK) ! 22(K) mon. from belav

HenceD,, |, and 5, less conservative thanglobal

Remark: relationshighroughr:
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x(0)=0



Bounds via Popov LMIs

Problem: exactcomputatiorof D;, [.,, and ; still
openproblemforr > 1.

Fix: ApplyPopov LMIs to local secto madel)
D, (K ) innerappox of D, (K )

/‘,—’"_'(.VO| Dr)lzn
(vol D)+t ST TS (vol D,)%n
1 :
Mhax(K) lower boundon [, (K)
r )1:2
max

1 \1=2
max)

1 r

"o(K') upper boundon 5,(K)




Example: Analysis LMIs for Distrubance
Rejection

Dissipatiortheay: seach for Lyapunovunction:

VOO = xTPx 4 (sat() . )d
0

suchthat

< whw

Theorem: Anr-leveldisturbanceejectionbound, /!

' Mmax?
canbe computedas .

r
N = max + 2 ! d

" 20UCP 1CT 0 )
wherefor each 2 [0; 1], (P ; ) isthe optimalvalueof

the follovingconvexsemide nitgprogramin the variables
S92 R, P=PT 2 R™ N

min (1 )S1+ S
s1 Cyi 0:
C;i P ’ 1
>0 >0 s>0
ATP+PA Mo PBw

4 M 2T  CBw® O

BIP BVT\,CJ I

r2

S.t.

i = 1:::;m; whereM, = PB+ ATCy + CyT.
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Approach 1:
Linear-Synthesis/LMI-Analysis

Given: LTI systemH, Unax = 1, mad(K)  spec

Find: K whichminimized ,-gain »(K)

desigrK o viastandad linea H; -synth

If (H1 -synthinfeasiblegxit

for rgna 2 [1,1)
compute( *52(K o); 53K o)) viaanal-LMIs
If (anal-LMIanfeasiblegxit
lanal  Tanalt anal

end

i . r r
pick bestpair ("ni8(Kr); "3 (Kr )



Heuristic for Synthesis

Question: if max(Ko) < spec CaNWe tune Ky to
male propertiesbetter?

Intuition: forr & 1, secf ; 1] appoximationis good

) desigrK, robust to sect[,; 1]

If relincreasen 1 ,(K,) > relincreasenr,
) max Will increase

Directmultiobjective 5,= | , synthesiseryhad
Heuristic put perfomanceguaranteed by Lyapunov
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Example: Synthesis LMIs for Lo-Gain

Write analysid.Ml's in termsof closedoop matrices

Ax B
T TyT : K Bk
+X Y+Y X' <0 Cx Dy

EliminationL,emma& P = R andP != S

Theorem: K ., whichminimizeghe L ,-gainboundcan
be foundby solvingBMI optimization:

min /2

S.t >0 >0T>0 and

R |
2 IS 3
AR + RAT My,;| By RC]
M M CB, O Z
Tg 12 22 qw
2> By, () 71 O S <0

C,R 0 0 I 3
ATS + SA SBy Nio C;—
BTS A2 | CByw O Z
V § w r qg=w Vo < O;
? (s ByCq | Mz 0°°7
C, 0 0 I

M 1, containgroductsof R, ; U, = f() .
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Approach 2:
BMI-Synthesis/LMI-Analysis

Given: LTI systemH, Unax = 1L, max(K)  spec

Find: K whichminimized ,-gain 2(K)

for reymn 2 [1;1 )
desigrK,, ,, robustto secf ;1] viasynth-BMIs
If (synth-BMIanfeasiblegxit
for rana 2 [1,1 )

compute( "iad(K g )i "5 (K rg,)) Via
anal-LMIs

If (anal-LMIgnfeasiblegxit

I'anal lanal T anal

end

rsyn:h rsyn:h + synth
end

pickbest ("i (K, )i 3K )
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Conclusion

Introducedmeasuresf local perfamancefor systems
with saturationshavedless conservative thanglobal

Developd LMI-analysis toolsfor appoximatinglocal
perfaomance

Developd BMI-synthesis toolsfor tuning linea
controllergo handlesaturation

Synthesisechniqueheuristic ; but comeswith Lyapunov
\guarantee"

May not alwaysimprovelinea analysis/sysntheslst
seemgo work well in practice
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