Matrix Rank Minimization with Applications

Maryam Fazel Haitham Hindi StephenBoyd

Information SystemsLab
Electrical EngineeringDepatment
Stanfad Universiy

8/2001

ACC'01



Outline

Rank Minimization Problem (RMP)
Examples

Solution methods

ACC'01



Rank Minimization Problem (RMP)

minimize Rank X
subjectto X 2 G

X 2 R™ " isthe optimization variable; C is convexset

RMP is di cult nonconvex problem (NP-hard)
RMP arisesin many applicationareas

usualmeaning: nd simplestor minimum order system;model with
fewest parameters. . . (Occam'sraza)

this talk: new methods to (approximately) solve RMP
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Maximum sparsity problem

Important specialcaseof RMP: variable X = diag (x)
then Rank X = Card (x), number of nonzerox;

RMP reducesto nding the sparsest vecta in convexset C.

minimize Card (X)
subjectto x 2 C

meaning: nd simplestmodel, designwith fewest components,spase
sighalrepresentation;extract spase signalsfrom noise,. . .
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Constrained factor analysis

nd minimum rank covaiancematrix closeto Bmmmcqm%_ consistentwith

prior info
minimize Rank

subjectto k "k
— T 0
2 C
2 R" " isvaiable, Cis prior information, is tolerance
Rank is number of factors that explain

without last constraint, can solveby eigenvaluedecommsition;
but generalcaseis di cult
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Minimum order controller design

nd minimum order controllerthat achievesspeci ed closed-l@p
perfamance

L. X
minimize Rank |y
0

subjectto V_A

_
Y
other LMIsin X, Y

with variablesX = XT; Y = YT 2 R" ", possiblyothers
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Minimum order system realization

nd minimum order systemthat satis es time-domainspecs

(rise-time, slew-rate,overshmt, settling-time, . . .)

2
hy hy
minimize mm:xm :"N :"w
3: 3:+H

subjectto F(hs;:::;hy) g
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Euclidean distance matrix (EDM)

D 2 R" "isEDM if thereare x5;:::;X, 2 R" s.t. Dj = kx;  xjk?

r is calledembedding dimension

[Schaenberg'35] D = DT 2 R" " is EDM with embeddingdimensionr i

Dii = 0,
VDV 0, whereV =1 4117,
Rank VDV
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Minimum embedding dimension

nd EDM D with minimum embeddingdimensionsatisfyingdistance

bounds

minimize
subjectto

applications:

Rank VDV

D;i =0 1= 1;::00n

VDV O

_|:. U__. C__ __._ = H_.“...uj

statistics/psychometricq called multidimensionalscaling)

chemistry(molecula confamation)
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Exact solution methods

special caseswith analytical solutionsvia SVD, EV, e.q,

minimize Rank X
subjectto kX Ak b

solution: sumof r leadingdyadsin SVD of A, where [ > b, 41
special caseghat reduceto convexproblems(e.g. [Mesbahi'97])

global optimization (e.g., branch and bound)
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Heuristic solution methods

Factorization methods (e.g., [lwasaki'99])
Rank X ri thereareF2R"™ ", G2 R "st X = FG

solvefeasibiliy problemwith variablesF , G; usebisectiononr

Analytic anti-centering[David '94]

useNewton methad in reverseto maximizelog barier or potential
function
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Alternating projections[Grigaiadis & Beran'00]

alternate between

{ projecting onto constraintset C via convexoptimization
{ projecting onto set of matricesof rank r via SVD

X0

Rank X r
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Trace heuristic for PSD matrices

for X = X T 0, minimizingtrace tendsto give low rank solution
[Mesbahi'97, Pare '00]

RMP Trace heuristic
minimize Rank X minimize Tr X
subjectto X 2 C subjectto X 2 C

convex problem, hencee ciently solved

provideslower bound on min rank objective
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variation: weightedtrace minimization

minimize Tr WX
subjectto X 2 C

whereW = WT 0
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Log-det heuristic for PSD matrices

for X = XT 0, (locally) minimizelogdet(X + 1)
( > 0 is smallconstantfor regulaization)

RMP Log-det heuristic
minimize Rank X minimize logdet(X + 1)
subjectto X 2 C subjectto X 2 C

objectiveis nonconvex (in fact, concave)

canuseany method to nd alocal minimum
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ldea behind log-det heuristic

X hd
Rank X = 1( i > 0) logdet(X + 1) = log( i +
=1 i=1
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lterative linearization method

lineaize (concave)objectiveat X  O:

logdet(X + 1) logdet(Xx+ 1) + Tr(Xx+ 1) }(X Xy

minimizelineaized objective(a convexproblem):

Xks1 = argminTr(X, + 1) X
X 2C

l.e., iterative weightedtrace minimization

with X = |, rst iteration sameastrace heuristic
only a few iterations needed(about 5 or 6)
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Semide nite embedding

guestion: canwe extendtrace & log-det heuristicsto general(nonsquae,
non PSD) matrices?

let X 2 R™ "

thenRank X ri thereareY = YT 2R™ M z=zZT2R" " sit.

Rank

Y .
0 2r:

0
Z X1 Z

thus, can embed general(non PSD) RMP in a (larger) PSD RMP
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RMP in embedded PSD form

minimize Rank X
subjectto X 2 C

equivalentto PSD RMP

minimize Rank M

N o©

Y X
X1 Zz
X 2C

subjectto

with variablesXx 2 R™ ", Y= YT 2R™ M, z=ZzZT2R" "
can now apply any method for symmetricPSD RMP
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Trace heuristic for general matrices

minimize Tr v o
0 Z
. Y X
subjectto xT 7 0
X2C
can shaw this is equivalentto
minimize kX Kk
subjectto X 2 G
_U
wherekX k = _:A i(X), callednuclear norm of X, is dual of spectral

(maximum singula value) norm
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Convex envelope

convex envelope of f : C! R islargestconvexfunction g s.t.
g(x) f(x)forallx2C

f(x)

9(x)

"best' convexlower approximation

epigraphof g is convexhull of epigraphof f
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Convex envelope of rank

fact: kX k iscvxenvelogof Rank X onfX 2 R™ " jkXk 1g

conclusions:

trace heuristicminimizesconvex envelope of rank (i.e., the best
convexapproximation to rank) over ball

hence,heuristic provideslower bound on objective

providesthearetical support for useof trace/nuclea norm heuristic
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Maximum sparsity problem

nuclea narm heuristicfor diagonalX becomes

minimize  kxk;
subjectto x 2 C

well-knowvn "1 heuristicfor nding spasesolutions

usedin LASSOmethads in statistics [Tibshirani'94], signal
decommsition by basispursuit [Donoho'96], . . .

kxk; Is convexenvelog of Card (x) on fx | kxk; 1g

trace/nuclea norm heuristicis extensionof "1 heuristicto matrix case
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Log-det heuristic for general matrices

L Y O
minimize logdet 0 7 + |
. Y X
subjectto xT 7 0
X 2C
can shaw this is equivalentto
L P,
minimize - log( i(X)+ )

subjectto X 2 C

can lineaize as befare to obtain iterationsin X, Y, Z
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lterative ", heuristic for maximum sparsity problem

log-det heuristicfor maximumspasity problemyields

_U
minimize log(jxij+ )
subjectto x 2 C.

iterative lineaization/minimization yields

X 1
x®*D = argmin - w¥jx;j;  w) =

X2C iz | | jx;j +

eachstepis weighted "; norm minimization

E:m:x_?v small, weight in next stepis large; hence,smallentriesin x

are pushedtowards zero (subjectto x 2 C)
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Example: minimum order system realization with step
response constraints

nd minimum order systemthat satisesl; s uj,1=1;:::;16

n=16
trace/nuclea norm heuristicyieldsrank 5

log-det heuristicconvergesn 5 steps,yieldsrank 4
step respnse(solid) and specs(dashed)

i i i i i i
o 5 10 15 20 25 30 35
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Conclusions

RMP is di cult nonconvexproblem,with many applications

maximumspasity problemis special case

trace and log-det heuristicsfor PSD RMP can be extendedto general
case,via semide nite embedding

generalizationof trace heuristicto generalmatricesis nuclear norm,
which is convexenvelog of rank
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