
M
atrix

R
ank

M
inim

ization
w

ith
A

pplications

M
aryam

Fazel
H

aitham
H

indi
S

tephenB
oyd

Inform
ation

S
ystem

sLab
E

lectricalE
ngineeringD

epartm
ent

S
tanford

U
niversity

8/2001

A
C

C
'01



O
utline

�
R

ank
M

inim
ization

P
roblem

(R
M

P
)

�
E

xam
ples

�
S

olution
m

ethods

A
C

C
'01

1



R
ank

M
inim

ization
P

roblem
(R

M
P

)

m
inim

ize
R

ank
X

subjectto
X

2
C

;

X
2

R
m

�
n

is
the

optim
ization

variable;C
is

convexset

�
R

M
P

is
di�cult

nonconvex
problem

(N
P

-hard)

�
R

M
P

arisesin
m

any
application

areas

�
usualm

eaning:�nd
sim

plestor
m

inim
um

ordersystem
;m

odelw
ith

fewestparam
eters...(O

ccam
's

razor)

this
talk:

new
m

etho
ds

to
(app

roxim
ately)

solve
R

M
P

A
C

C
'01

2



M
axim

um
sparsity

problem

im
portant

specialcaseof
R

M
P

:variable
X

=
diag

(x)

then
R

ank
X

=
C

ard
(x),

num
berof

nonzerox
i

R
M

P
reducesto

�nding
the

sparsestvector
in

convexsetC
:

m
inim

ize
C

ard
(x)

subjectto
x

2
C

m
eaning:�nd

sim
plestm

odel,designw
ith

fewestcom
ponents,sparse

signalrepresentation;extractsparse
signalsfrom

noise,...

A
C

C
'01

3



C
onstrained

facto
r

analysis

�nd
m

inim
um

rank
covariance

m
atrix

closeto
m

easured�̂
,

consistentw
ith

prior
info

m
inim

ize
R

ank
�

subjectto
k�

�
�̂

k
�

�
�

=
�

T
�

0
�

2
C

�
2

R
n

�
n

is
variable,C

is
prior

inform
ation,�

is
tolerance

R
ank

�
is

num
berof

factors
that

explain
�

w
ithout

lastconstraint,can
solve

by
eigenvaluedecom

position;
but

generalcaseis
di�cult

A
C

C
'01

4



M
inim

um
order

controller
design

�nd
m

inim
um

ordercontrollerthat
achievesspeci�ed

closed-loop
perform

ance

m
inim

ize
R

ank
�

X
I

I
Y

�

subjectto
�

X
I

I
Y

�
�

0

otherLM
Is

in
X

,
Y

w
ith

variablesX
=

X
T

;
Y

=
Y

T
2

R
n

�
n,

possiblyothers

A
C

C
'01

5



M
inim

um
order

system
realization

�nd
m

inim
um

ordersystem
that

satis�es
tim

e-dom
ain

specs
(rise-tim

e,slew
-rate,overshoot,

settling-tim
e,...)

m
inim

ize
R

ank

2664

h
1

h
2

���
h

n

h
2

h
3

���
h

n
+

1
...

...
...

h
n

h
n

+
1

���
h

2n
�

1

3775

subjectto
F

(h
1 ;:::;h

n )
�

g

variablesare
im

pulseresponseh
1 ;:::;h

2n
�

1 ;
linear

inequality
constraintsinvolve

only
h

1 ;:::;h
n

A
C

C
'01

6



E
uclidean

distance
m

atrix
(E

D
M

)

D
2

R
n

�
n

is
E

D
M

if
there

are
x

1 ;:::;x
n

2
R

r
s.t.D

ij
=

kx
i �

x
j k

2

r
is

called
em

b
edding

dim
ension

[S
choenberg

'35]
D

=
D

T
2

R
n

�
n

is
E

D
M

w
ith

em
bedding

dim
ensionr

i�

�
D

ii
=

0,

�
V

D
V

�
0,

w
here

V
=

I
�

1n 11
T

,

�
R

ank
V

D
V

�
r

A
C

C
'01

7



M
inim

um
em

b
edding

dim
ension

�nd
E

D
M

D
w

ith
m

inim
um

em
bedding

dim
ensionsatisfying

distance
bounds

m
inim

ize
R

ank
V

D
V

subjectto
D

ii
=

0
i

=
1;:::;n

V
D

V
�

0
L

ij
�

D
ij

�
U

ij
i;j

=
1;:::;n:

applications:

�
statistics/psychom

etrics(called
m

ultidim
ensionalscaling)

�
chem

istry(m
olecular

conform
ation)

A
C

C
'01

8



E
xact

solution
m

etho
ds

�
specialcasesw

ith
analyticalsolutionsvia

S
V

D
,E

V
,e.g.,

m
inim

ize
R

ank
X

subjectto
kX

�
A

k
�

b

solution:sum
of

r
leading

dyads
in

S
V

D
of

A
,

w
here

�
r

>
b,

�
r+

1
�

b

�
specialcasesthat

reduceto
convexproblem

s(e.g.,
[M

esbahi'97])

�
globaloptim

ization
(e.g.,

branch
and

bound)

A
C

C
'01

9



H
euristic

solution
m

etho
ds

�
Factorization

m
ethods

(e.g.,
[Iw

asaki'99])

R
ank

X
�

r
i�

there
are

F
2

R
m

�
r,

G
2

R
r�

n
s.t.

X
=

F
G

solve
feasibility

problem
w

ith
variablesF

,
G

;
use

bisection
on

r

�
A

nalytic
anti-centering[D

avid
'94]

use
N

ew
ton

m
ethod

in
reverseto

m
axim

ize
log

barrier
or

potential
function

A
C

C
'01

10



�
A

lternating
projections[G

rigoriadis
&

B
eran

'00]

alternate
betw

een

{
projecting

onto
constraintsetC

via
convexoptim

ization
{

projecting
onto

setof
m

atricesof
rank

r
via

S
V

D

P
S

frag
replacem

ents

R
ank

X
�

r

C

x
0

A
C

C
'01

11



T
race

heuristic
for

P
S

D
m

atrices

for
X

=
X

T
�

0,
m

inim
izing

trace
tends

to
give

low
rank

solution
[M

esbahi'97,
P

are
'00]

R
M

P
T

race
heuristic

m
inim

ize
R

ank
X

subjectto
X

2
C

m
inim

ize
T

r
X

subjectto
X

2
C

�
convex

problem
,hencee�ciently

solved

�
provideslow

er
b

ound
on

m
in

rank
objective

A
C

C
'01

12



variation:
w

eighted
trace

m
inim

ization

m
inim

ize
T

r
W

X
subjectto

X
2

C

w
here

W
=

W
T

�
0

A
C

C
'01

13



Log-det
heuristic

for
P

S
D

m
atrices

for
X

=
X

T
�

0,
(lo

cally)
m

inim
ize

log
det(X

+
�I)

(�
>

0
is

sm
allconstantfor

regularization)

R
M

P
Log-detheuristic

m
inim

ize
R

ank
X

subjectto
X

2
C

m
inim

ize
log

det(X
+

�I)
subjectto

X
2

C

�
objective

is
nonconvex

(in
fact,

concave)

�
can

use
any

m
ethod

to
�nd

a
localm

inim
um

A
C

C
'01

14



Idea
b

ehind
log-det

heuristic

R
ank

X
=

n
Xi=

1

1(�
i

>
0)

log
det(X

+
�I)

=
n

Xi=
1

log(�
i +

�)

P
S

frag
replacem

ents

�
i

log
(�

i +
�)

log
� 1

A
C

C
'01

15



Iterative
linearization

m
etho

d

linearize
(concave)objective

at
X

k
�

0:

log
det(X

+
�I)

�
log

det(X
k

+
�I)

+
T

r(X
k

+
�I) �

1(X
�

X
k )

m
inim

ize
linearized

objective
(a

convexproblem
):

X
k

+
1

=
argm

in
X

2C
T

r(X
k

+
�I) �

1X

i.e.,
iterative

w
eighted

trace
m

inim
ization

�
w

ith
X

0
=

I,
�rst

iteration
sam

eas
trace

heuristic

�
only

a
few

iterations
needed(about

5
or

6)

A
C

C
'01

16



S
em

ide�nite
em

b
edding

question:
can

w
e

extend
trace

&
log-detheuristicsto

general(nonsquare,
non

P
S

D
)

m
atrices?

let
X

2
R

m
�

n

then
R

ank
X

�
r

i�
there

are
Y

=
Y

T
2

R
m

�
m

,
Z

=
Z

T
2

R
n

�
n,

s.t.

R
ank

�
Y

0
0

Z

�
�

2r;
�

Y
X

X
T

Z

�
�

0

thus,can
em

bed
general(non

P
S

D
)

R
M

P
in

a
(larger)P

S
D

R
M

P

A
C

C
'01

17



R
M

P
in

em
b

edded
P

S
D

form

m
inim

ize
R

ank
X

subjectto
X

2
C

equivalentto
P

S
D

R
M

Pm
inim

ize
R

ank
�

Y
0

0
Z

�

subjectto
�

Y
X

X
T

Z

�
�

0

X
2

C
;

w
ith

variablesX
2

R
m

�
n,

Y
=

Y
T

2
R

m
�

m
,

Z
=

Z
T

2
R

n
�

n

can
now

apply
any

m
ethod

for
sym

m
etricP

S
D

R
M

P

A
C

C
'01

18



T
race

heuristic
for

generalm
atrices

m
inim

ize
T

r
�

Y
0

0
Z

�

subjectto
�

Y
X

X
T

Z

�
�

0

X
2

C

can
show

this
is

equivalenttom
inim

ize
kX

k
�

subjectto
X

2
C

;

w
here

kX
k

�
=

P
ni=

1
�

i (X
),

called
nuclear

norm
of

X
,

is
dualof

spectral
(m

axim
um

singular
value)norm

A
C

C
'01

19



C
onvex

envelope

convex
envelope

of
f

:C
!

R
is

largestconvexfunction
g

s.t.
g(x)

�
f

(x)
for

allx
2

C

P
S

frag
replacem

ents
f

(x)g(x)

�
`best'convexlow

erapproxim
ation

�
epigraphof

g
is

convexhullof
epigraphof

f

A
C

C
'01

20



C
onvex

envelope
of

rank

fact:
kX

k
�

is
cvx

envelope
of

R
ank

X
on

fX
2

R
m

�
n

j
kX

k
�

1g

conclusions:

�
trace

heuristic
m

inim
izesconvex

envelope
of

rank
(i.e.,

the
best

convexapproxim
ation

to
rank)

overball

�
hence,heuristic

provideslow
erbound

on
objective

�
providestheoreticalsupport

for
use

of
trace/nuclear

norm
heuristic

A
C

C
'01

21



M
axim

um
sparsity

problem

nuclear
norm

heuristic
for

diagonalX
becom

es

m
inim

ize
kxk

1

subjectto
x

2
C

�
w

ell-know
n

`
1

heuristic
for

�nding
sparse

solutions

�
usedin

LA
S

S
O

m
ethods

in
statistics

[T
ibshirani'94],

signal
decom

position
by

basispursuit[D
onoho

'96],
...

�
kxk

1
is

convexenvelope
of

C
ard

(x)
on

fx
j

kxk
1

�
1g

�
trace/nuclear

norm
heuristic

is
extensionof

`
1

heuristic
to

m
atrix

case

A
C

C
'01

22



Log-det
heuristic

for
generalm

atrices

m
inim

ize
log

det ��
Y

0
0

Z

�
+

�I �

subjectto
�

Y
X

X
T

Z

�
�

0

X
2

C

can
show

this
is

equivalentto

m
inim

ize
P

ni=
1

log(�
i (X

)
+

�)
subjectto

X
2

C

can
linearize

as
before

to
obtain

iterations
in

X
,

Y
,

Z

A
C

C
'01

23



Iterative
`

1
heuristic

for
m

axim
um

sparsity
problem

log-detheuristic
for

m
axim

um
sparsity

problem
yields

m
inim

ize
P

i log(jx
i j+

�)
subjectto

x
2

C
:

iterative
linearization/m

inim
ization

yields

x
(k

+
1)

=
argm

in
x

2C

n
Xi=

1

w
(k

)
i

jx
i j;

w
(k

)
i

=
1

jx
(k

)
i

j+
�

�
each

step
is

w
eighted

`
1

norm
m

inim
ization

�
w

hen
x

(k
)

i
sm

all,w
eightin

nextstep
is

large;hence,sm
allentriesin

x
are

pushedtow
ards

zero
(subjectto

x
2

C
)

A
C

C
'01

24



E
xam

ple:
m

inim
um

order
system

realization
w

ith
step

response
constraints

�nd
m

inim
um

ordersystem
that

satis�es
li

�
s

i
�

u
i ,

i
=

1;:::;16

�
n

=
16

�
trace/nuclear

norm
heuristic

yieldsrank
5

�
log-detheuristic

convergesin
5

steps,yieldsrank
4

0
5

1
0

1
5

2
0

2
5

3
0

3
5

-
0
.2 0

0
.2

0
.4

0
.6

0
.8 1

1
.2

P
S

frag
replacem

ents

step
response(solid)

and
specs(dashed)

t

A
C

C
'01

25



1
1.5

2
2.5

3
3.5

4
4.5

5
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0

P
S

frag
replacem

ents log of non-zero� i s

iterations

A
C

C
'01

26



C
onclusions

�
R

M
P

is
di�cult

nonconvexproblem
,w

ith
m

any
applications

�
m

axim
um

sparsity
problem

is
specialcase

�
trace

and
log-detheuristicsfor

P
S

D
R

M
P

can
be

extendedto
general

case,via
sem

ide�nite
em

bedding

�
generalizationof

trace
heuristic

to
generalm

atricesis
nuclear

norm
,

w
hich

is
convexenvelope

of
rank

A
C

C
'01

27


