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Abstract

Search methods for solving continuous constraint
problems can be broadly divided into two cate-
gories: global search and local search methods.
Global search methods spend a great amount of ef-
fort exploring the global search space, whereas lo-
cal search methods focus on converging to local
optimal solutions. Although these methods alone
work well on many problems, there are many oth-
ers that will benefit from using cooperative lo-
cal and global search strategies in a problem solv-
ing process. In this paper, we present some al-
ternatives of combining existing local and global
methods as cooperative solvers for constraint prob-
lems. To demonstrate the benefits of the com-
bined solvers, we compare their performance with
individual methods on a series of continuous con-
straint problems with varying ratio of constraints
to variables. The test problems are modeled af-
ter control problems in robotics and are very flex-
ible, capable of generating a variety of problems
with different characteristics. Our experimental re-
sults show that local search methods are best for
weakly constrained problems, whereas combining
global and local methods is better for highly con-
strained, harder problems. As a consequence, the
balance between global and local search in a com-
bined solver should be adaptive to problem charac-
teristics such as the ratio of constraints to variables.

1 Introduction
Many important real-world software problems in domains
such as planning, control, reconfiguration, and fault diagnosis
can be regarded as constrained optimization problems[Bon-
darenkoet al., 1998]. These optimization problems are of-
ten best solved in the continuous domain, either because the
underlying physical system is continuous or because discrete
implementations exhibit abrupt changes in outputs for small
changes in inputs. However, effective constraint-based tech-
niques must handle the complexity of real-world continuous
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constraint problems by dynamically adapting solvers to the
structure of the problem. Toward this end, this paper extends
work on complexity analysis for discrete constrained opti-
mization/satisfaction problems to continuous problems.

In the past decade, significant progress has been made in
understanding problem complexity of discrete constraint sat-
isfaction and combinatorial optimization problems, such as
satisfiability (SAT), planning, graph coloring, and the travel-
ing salesman problem (TSP)[Hogget al., 1996a]. One partic-
ularly well-studied phenomenon is thecomplexity phase tran-
sition [Hogget al., 1996b]. For example, in solving randomly
generated SAT problems, the average time to find a solution or
determine that none exists is short when the ratio of clauses to
variables is small (i.e., the problem is weakly constrained) as
well as when this ratio is large (where the problem is highly or
overconstrained), while solving time is largest in the interme-
diate case. This phenomenon has been observed for a variety
of complete and incomplete search algorithms, including the
Davis-Putnam method[Selmanet al., 1996] and GSAT[Sel-
manet al., 1992; Yokoo, 1997].

Similar complexity studies are useful in the continuous
domain for better understanding the difficulty of continu-
ous constraint problems as well as the computational com-
plexity of various solving techniques. Regarding continuous
constraint satisfaction problems, many generic and problem-
specific methods have been developed in the past. They
include various mathematical programming methods, direct
search methods, evolutionary methods, and simulated anneal-
ing. These search methods can be broadly divided into two
categories: global and local search methods. Global search
methods expend a great amount of effort exploring the global
space, whereas local search methods focus on converging to
local optimal solutions. Although these methods alone work
well on many problems, there are many other problems that
will benefit from using cooperative local and global search
strategies in a problem solving process.

In this paper, we present a general framework for combin-
ing local and global methods as cooperative solvers and ex-
plore alternative implementations. To demonstrate the bene-
fits of the combined solvers, we compare their performance
with individual methods on a series of continuous constraint
problems. Since the ratio of constraints to variables (con-
straint ratio) has been identified as a key parameter of com-
plexity phase transition[Shanget al., 2001], in this paper we



Table 1: Existing continuousoptimization methods and exam-
ples of their implementations.

Methods Examples Category
SQP fmincon in Matlab Local search
Quasi-Newton fminunc in Matlab Local search
Interior Point LOQO Local search
Nelder-Mead fminsearch in Matlab Local & global search
SA ASA global search

compare the performance of various solvers based on contin-
uous constraint problems with varying constraint ratio.

The rest of this paper is structured as follows. In Section 2,
we briefly discuss representative search algorithms on con-
tinuous constraint problems and their implementations used
in our experiments. In Section 3, we review previous work
on combining global and local search methods and present
general frameworks for cooperative solvers. In Section 4, we
present the test problems for comparing the performance of
different methods. In Section 5, we show experimental re-
sults of various individual and cooperative solvers on prob-
lems with different constraint ratios. Finally, in Section 6, we
conclude the paper and discuss future work.

2 Search Algorithms
Different search algorithms have different complexity behav-
iors in solving continuous constraint problems. In this sec-
tion, we review some popular methods, including sequential
quadratic programming methods, interior point methods, di-
rect search methods, and simulated annealing. Table 1 sum-
marizes the methods and examples of their implementations.

2.1 Sequential Quadratic Programming
Sequential quadratic programming (SQP) methods represent
the state-of-the-art in nonlinear programmingmethods. Based
on the work of Biggs, Han, and Powell, an SQP method mim-
ics Newton’s method for constrained optimization[Powell,
1983]. It is an iterative method starting from some initial point
and converging to a constrained local minimum. At each it-
eration, one solves a quadratic program (QP) that models the
original nonlinear constrained problem at the current point.
The solution to the QP is used as a search direction to find an
improving point, which is used in the next iteration. This iter-
ation is repeated until an optimal or feasible solution is found
(for optimization or satisfaction problems, respectively). The
SQP solver used in our experiments isfmincon from the Mat-
lab Optimization Toolbox.

2.2 Interior-Point Method
Interior-point methods are also among the most successful
linear and quadratic programming methods. These methods
search along an arc in the interior of the feasible set (as con-
trasted with simplex methods). The technique for choosing
the search direction at each step is a modification of Newton’s
method[Nocedal and Wright, 1999]. LOQO is a very efficient
interior-point method that extends its success to non-convex
nonlinear programming[Vanderbei and Shanno, 1999]. The

major modifications to its quadratic programming version in-
clude a new merit function and an altered search direction to
ensure that a descent direction for the merit function is ob-
tained. For convex problems a globally optimal solution is ob-
tained. For non-convex ones a locally optimal solution near a
given initial solution is found. Numerical comparisons with
other implementations show that the method is efficient and
has the promise of greatly reducing solution times on some
classes of problems[Dolan and Moré, 2001]. The LOQO
solver used in our experiments is the trial program of version
6.00. It can work only with problems of limited sizes and is
called within the AMPL environment[Foureret al., 1993].

2.3 Nelder-Mead Method
The Nelder-Mead (NM) algorithm, first published in
1965 [Nelder and Mead, 1965], falls in the class ofdi-
rect search methods, which minimize a scalar-valued
nonlinear function of real variables using only function
values, without any derivative information (explicit or
implicit). The NM algorithm is the most popular of the
direct search methods. It is particularly effective for multi-
dimensional unconstrained optimization[McKinnon, 1998;
Lagariaset al., 1998].

The NM algorithm is an iterative method. To minimize an
n-dimensional objective function, it starts with a simplex in
n-D space, a polyhedron withn + 1 vertices. At each iter-
ation, the method evaluates the objective function at one or
more trial points whose location depends on the relative val-
ues of the function at the vertices and at earlier trial points.
The simplex is altered by reflection, expansion, or contraction
in order to find a new point improving the worst vertex, i.e.,
the vertex with the largest objective value. At the end of each
iteration, a new simplex is created in which the worst vertex
has been replaced.

The NM algorithm can perform either global or local
search, depending on the size of the initial simplex. When do-
ing local search, previous work shows that the NM method
usually has slow convergence compared to derivative-based
local search methods, such as SQP, in solving smooth func-
tions. The NM solver used in our experiments isfminsearch
from the Matlab Optimization Toolbox.

2.4 Simulated Annealing
Simulated annealing (SA) is among the most powerful algo-
rithms for nonlinear and stochastic systems. It is inspired by
the physical process of annealing (e.g., of steel). At each
step in the algorithm, a random displacement of the current
point is proposed. If the “energy” (cost) of this new point is
lower than that of the old point, the new point is accepted. If
the new energy is higher, the point is accepted probabilisti-
cally, with probability dependent on a “temperature” param-
eter. Adaptive Simulated Annealing (ASA) [Ingber, 2001] is
an improved implementation of SA with a sophisticated an-
nealing schedule and the possibility of re-annealing.ASA’s
annealing schedule is faster than other implementations, and
the algorithm has been applied successfully to many applica-
tions.

The ASA solver we used in our experiments is version
22.11.ASA has over 100 options and we simply use its default
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Figure 1: Two approaches for combining global and local
solving: a) in series, b) as refinement.

settings with a few exceptions: the option LimitGenerated,
which controls the maximum number of states generated be-
fore quitting, is set to a constant as described in the next sec-
tion; the option Curvature0 is set to TRUE to reduce the
number of function evaluations, as we do not use curvature
information. Whenever all constraints are satisfied, the ob-
jective function evaluation routine terminatesASA by setting
an immediate exit flag. Otherwise,ASA keeps on improv-
ing the penalty function. SinceASA is written in C, we ran
the experiments in Matlab via a Matlab-to-C interface called
ASAMIN [Sakata, 2001] (version 1.15).

3 Cooperative Solvers

Various forms of meta-heuristics have been proposed to com-
bine global and local search heuristics, for both discrete and
continuous optimization problems. Generally speaking, there
are two approaches to combining global and local search:
global and local search in series (Figure 1a) and local search
as refinement for global search (Figure 1b). The goal of the
former approach is to build on the individual strengths of
global and local solvers: the global solver moves towards fea-
sible regions or global optimal solutions, from which the local
solver converges quickly to local minima. In other words, the
two solvers cooperate by one contributing information about
the global structure and the other providing fast local conver-
gence. The idea of the second approach is for the global solver
to use a local solver to improve its intermediate points to true
local optima. In other words, the global solver is the primary
algorithm; however, any point generated during search is first
moved to a local optimum with help of the local solver. In this
paper we focus on the first approach.

Researchers have experimented with many combinations
of global and local search methods. For example, in[Hart,
1994], Hart uses genetic algorithms for global search and his
choices for local search are random local search, a conjugate
gradient method, and stochastic approximation. The GLO

(Global Local Optimizer) software uses a genetic method as
the global technique and variable metric nonlinear optimiza-
tion as the local technique[Murphy and Baker, 1995]. LGO
(Lipschitz-Continuous Global Optimizer) integrates several
global (adaptive partition and random search based) and local
(conjugate directions type) strategies[Pinter, 1996]. In [Kitts,
1997], an enumerative strategy (uniform random sampling)
is combined with greedy strategy (hillclimbing). Most of
these approaches have been applied to unconstrained prob-
lems. Much similar work exists for combinatorial problems
as well. For example, in[Martin, 1996], a meta-heuristic
called “Chained Local Optimization” embeds deterministic
local search techniques into simulated annealing for travel-
ing salesman and graph partitioning problems. Genetic algo-
rithms have also been combined with local searches for com-
binatorial problems[Muhlenheinet al., 1988].

There is less work on cooperative solving of continuous
constraint satisfaction problems (CSPs). In our previous work
on continuousCSPs, we have observed that local search meth-
ods such as SQP combined with random restarts work best on
weakly constrained problems where feasible regions are large
or plentiful[Fromherzet al., 2001; Shanget al., 2001]. How-
ever, in highly constrained problems where feasible solutions
are rare and the search space is rugged, local search methods
need to have a very good starting point, not far away from
a feasible solution, to be successful. In this circumstance,
random restart usually fails to provide good enough starting
points and global search methods provide the most benefit.
Conversely, global search methods, such as simulated anneal-
ing and to some extent the Nelder-Mead method, employ sys-
tematic approaches to explore the global search space and are
more effective in discovering and utilizing global features to
find solutions. They are generally slow in converging, how-
ever, and later phases of search should be replaced by local
solving using information such as gradient and curvature.

From these observations, it appears that the cooperation be-
tween global and local solvers should adapt to problem char-
acteristics such as the constraint ratio. In particular, when
combining global and local solving, a primary consideration
is how much work to assign to each part: running the global
solver longer may provide a better starting point for the lo-
cal solver, but this effort may be wasted if the problem is
weakly constrained, when the local solver is much better at
converging. Conversely, increasing the global solver’s itera-
tion limit for larger or harder problems should generate bet-
ter starting points for local solving, reducing the number of
necessary restarts in the process. With a view towards mak-
ing this choice adaptively, we have conducted a number of
experiments with different termination criteria for the global
solver. For some algorithms and known problems, running
the global solver for afixed maximum number of iterations
may be a sufficient solution. If the solver fails to find a so-
lution within that time, its best point is used as the starting
point for the local solver. This entire process is restarted using
random restart until a solution is found. As a second tradeoff
technique, we increase the iteration limitproportionallyto the
problem’s constraint ratio. Finding the best relation between
problem parameters and iteration limit is non-trivial; for this
paper, we just use a simple linear relation between constraint
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ratio and iteration limit to illustrate the potential benefits.
A class of alternative techniques stop the global solver not

after a certain number of iterations, but based on feedback
from the search process. For example, one may stop the
search when the solver’srate of improvement(as measured
by improvements in the objective function with each itera-
tion) is below a given threshold (e.g., a certain percentage of
the initial function value). Another technique is to stop when
the solver actually isclose to a feasible region. The distance
may be represented by some merit function, and the algorithm
is stopped when the value of this function is below a given
threshold. This technique should adapt better to a given prob-
lem, but it requires knowledge about the problem in order to
construct the merit function. For constraint satisfaction prob-
lems, the penalty function is a suitable merit function[No-
cedal and Wright, 1999].

In this paper, we study variants of the first two termina-
tion criteria (based on iteration limits) and leave the oth-
ers for future work. We experiment with different combi-
nations ofASA, fminsearch (Nelder-Mead algorithm),fmin-
con (SQP algoritm), andLOQO. Since global search methods
have different exploration and convergence properties, more
than two of them can also be cascaded in a search process.
For example,ASA is powerful in exploring complex global
spaces, whereasfminsearch is good at search spaces with
relatively simple global structures. Hence, we also exper-
iment with the combinationsASA+fminsearch+fmincon and
ASA+fminsearch+LOQO, which allowASA to explore glob-
ally to find promising local regions,fminsearch to exploit
structures of the local area while overcoming small local min-
ima, and the local solver to converge to a feasible solution.

4 Test Problems
Since our performance analysis is experimental in nature, an
important part of the analysis is choosing appropriate problem
ensembles for testing algorithms, as is done in the study of dis-
crete problems[Hogget al., 1996b; Michalewicz and Schoe-
nauer, 1996]. Regarding continuous constraint satisfaction,
there is an unfulfilled need for generic benchmark problem
sets, in spite of the work in the mathematical programming
and evolutionary computing communities. In the mathemati-
cal programming field, test problem sets such as CUTE (Con-
strained and Unconstrained Testing Environment)[CUTE,
2001] and COPS (Constrained Optimization ProblemS)[Bon-
darenkoet al., 1998] provide very limited ability to gener-
ate problems with different characteristics by changing prob-
lem parameters. In the evolutionary computing field, a flexi-
ble test-case generator proposed recently[Michalewiczet al.,
2000] has the major limitation that it defines a landscape that
consists of a collection of optimization functions that are only
piece-wise continuous and are defined on different subspaces
of equal size. Because derivatives do not exist on the bound-
ary of two subspaces, optimization methods requiring contin-
uous derivatives cannot be applied to these problems.

To study constraint problems of different sizes with various
numbers and types of constraints, we need a scalable test suite,
in which many of the problem parameters can be changed eas-
ily. It should allow one to easily compare different optimiza-
tion techniques developed in different fields. It should be use-

ful in investigating the various characteristics (e.g., constraint
ratio) and complexity of constraint problems, as well as the
computational complexity of various solving techniques.

In this section, we present two flexible test-case generators
for continuous constraint satisfaction problems (CSPs). Both
are based on trigonometric functions and generate constraint
problems similar to those appearing in robot control applica-
tions.

4.1 Sum-form Continuous CSPs
The first test-case generator was first proposed in[Fromherz
et al., 2001], which borrows ideas from randomly generated
SAT problems. It generates constraints using either a fixed-
clause-length model or a constant-density model[Selmanet
al., 1996]. In the fixed-clause-length model, each constraint
has a fixed number of variables that are randomly chosen. In
contrast, in the constant-density model each variable may ap-
pear in a constraint with some equal probability.

The parameters of the generatorG1(n;m; k; p; t) are the
number of variables (n), the number of constraints (m), the
maximum number of variables in a constraint (k), the proba-
bility that a variable is in a clause (p), and the average tight-
ness of the constraints (t; 1 � t � 0). All the parameters
of the generator can be changed independently. For instance,
G1(n;m; 3; 1; t) generates constraints all containing 3 vari-
ables, whereasG1(n;m; n; 3=n; t) generates constraints with
a variable number of variables, ranging from 1 ton, with an
average of 3.

The tightnesst of a (continuous) constraint is defined as the
ratio of the size of the space made infeasible by the constraint
to the size of the total problem space. For example,t = 0
means that the constraint leaves the entire problem space fea-
sible,t = 1=2means that on average it makes half of the prob-
lem space infeasible, andt = 1means that it makes the whole
problem space infeasible.

One implementation of the generator is to generate con-
straints based on the same base function, but with ran-
domly generated coefficients. For example, the base form of
G1(n;m; k; 1; t) proposed in[Fromherzet al., 2001] is

1Pk

i=1 ai

kX
i=1

ai sin(2��bixji + 2�ci) � � (1)

wherefj1; : : : ; jkg � f1; : : : ; ng are the indices ofk ran-
domly chosen variables.0 � ai; ci � 1 and1 � bi � 2
are random coefficients.ai specifies the magnitude of the sine
function,bi its frequency, andci its phase.� controls the max-
imum frequency. A larger value of� usually makes the feasi-
ble region specified by the constraint more disjoint.� = 1 is
used in our experiments.�1 � � � 1 specifies the threshold
for satisfying the constraint, which is related to the tightnesst.
The larger its value, the easier the constraint is to satisfy. The
� value to achieve the average tightness specified byt is found
experimentally. For� = 0, on average half of the search space
is feasible for the constraint. The left hand side of Eq. (1) are
normalized to have values between -1 and 1.

Figure 2 shows the function surfaces of four random con-
straints generated byG1(2; 4; 2; 1; 1=4) in the form of Eq. (1)
and the 2-D feasible space formed by the combination of the
four random constraints.
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Figure 2: The top figure (a) shows 3-D plots of four random
constraints generated byG1(2; 4; 2; 1; 1=4). The bottom fig-
ure (b) shows the 2-D feasible spaces (dark regions) formed
by the four random constraints.

4.2 Sum-of-product-form Continuous CSPs
The second generator involves sums of products of sine and
cosine components, which commonly appear in robot control
problems. The base function of the constraints is

1PNS
i=1

QNPi

j=1 cij

NSX
i=1

NPiY
j=1

cij sin
�
2�xrij + Æij

�

2

�
� � (2)

whererij 2 f1; : : : ; ng is the index of a randomly chosen
variable. 1 � cij � �1 is a random real coefficient speci-
fying the magnitude of the sine function.Æij is a random co-
efficient that takes values 0 or 1, which makes the term either
a sine function or a cosine function.NS, a positive integer, is
the number of sum terms, andNPi, a positive integer, is the
number of product terms in each sum term.�1 � � � 1 spec-
ifies the threshold for satisfying the constraint, which again
is related to the tightness parametert. The left hand side of
Eq. (2) is normalized to have values between -1 and 1.

Based on constraints defined in Eq. (2), the parameters of
the second generatorG2(n;m; ks; kp; ps; pp; t) are the num-
ber of variables (n), the number of constraints (m), the max-
imum number of sum terms in a constraint (ks; ks � 1), the

maximum number of product terms in any sum term of a con-
straint (kp; kp � 1), the probability determining the number
of sum terms in a constraint (ps; 1 � ps � 0), the proba-
bility determining the number of product terms in a sum term
(pp; 1 � pp � 0), and the average tightness of the constraints
(t; 1 � t � 0).

All the parameters of the generator can be changed inde-
pendently. Constraints are generated with randomly gener-
ated coefficients. By changing the tightness parametert in
G2(n;m; ks; kp; ps; pp; t), we can control the difficulty of the
constraints, which in turn affects the complexity of the whole
problem.

This generator can also generate constraints in either the
fixed-clause-length or constant-density model. By setting
ps andpp to 1,G2(n;m; ks; kp; 1; 1; t) generates constraints
with a fixed number (kskp) of sine elements, each contain-
ing one variable. For example, the constraint generated by
G2(n;m; 3; 1; 1; 1; t) consists of a sum of three sine terms.
Similarly, the constraint generated byG2(n;m; 1; 3; 1; 1; t)
consists of a product of three sine elements.

On the other hand, whenps or pp is not 1, the con-
straints follow the constant-density model. For example,
G2(n;m; n; 1; 3=n; 1; t) generates constraints with different
numbers of sine terms, ranging from 1 ton (with one sine el-
ement per term), with an average of 3 terms.

5 Experimental Results
In this section, we show the improvement of cooperative
solvers in solving continuous CSPs. The test problems are
generated using test-case generators G1 and G2. In our exper-
iments, to guarantee a random CSP generated by G1 or G2 is
satisfiable, we make sure that the origin is a feasible point of
all its constraints. When we generate a constraint for which
the origin is not a feasible point, the constraint is simply dis-
carded.

In solving nonlinear constraint problems, some solvers ac-
cept problems in the constrained form, whereas others only
work with a single unconstrained objective function. Among
our solvers, onlyfmincon takes the constrained form. For the
other solvers, we convert a constraint problem into an un-
constrained penalty function problem[Nocedal and Wright,
1999].

Multi-start is used with all the solvers in order to solve the
test problems. Starting from an initial point, these solvers
cannot guarantee to find a feasible solution for the nonlinear
problems. Hence, in the experiments, we keep restarting a
solver from different starting points until it finds a feasible so-
lution. The initial and restart points of solversfmincon, fmin-
unc, LOQO, andfminsearch are generated with the following
pre-sampling scheme:n random points are sampled within
a fixed bounding box, e.g.,[�1; 1]n, and the best of them is
chosen as the initial or restart point. The best sample point
is the one with the smallest constraint violation, which may
be close to or even inside a feasible region. In our previ-
ous work, we found that the pre-sampling scheme improved
the solvers’ performance over just picking a single random
point from the fixed bounding box[Fromherzet al., 2001;
Shanget al., 2001]. As an exception,ASA does not use the
pre-sampling scheme. Instead, a random point within the
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fixed bounding box[�1; 1]n is used as the initial or restart
point. The reason for not doing pre-sampling is that at high
temperaturesASA jumps quite freely across the search space.
A relatively good starting point produced by the pre-sampling
scheme does not helpASA as much as the other solvers.

Since the constraint ratio has been identified as a key indi-
cator of complexity in discrete CSPs, in this paper we com-
pare the performance of various solvers based on continuous
CSPs with varying constraint ratios. Given a constraint ratio,
100 random instances are generated and the performance of
the solvers is compared based on the median numbers of func-
tion evaluations for solving the instances. We use medians in-
stead of means because the means of the number of function
evaluations are heavily influenced by a small number of ex-
tremely large values. Our interest is in what the majority of
instances from the distribution are like, not in the unusual or
extreme cases. As the median is more robust in the presence
of such outliers, it appears to be a more informative statistic
for our current purpose.

5.1 Results for Sum-form Continuous CSPs
This set of experiments is based on test problems gen-
erated byG1(n;m; 3; 1; 1=4) with n = 25 and 50 and
varying m. We first compare the performance of individ-
ual solvers, and then show the improvement of several
cooperative solvers. The individual solvers we tried are
fmincon, fminunc, LOQO, and ASA. Each run ofASA is
limited to 1000 iterations, while the other solvers terminate
when the improvement is less than their default parameters.
The cooperative solvers we tried arefminsearch+fmincon,
ASA+fmincon, ASA+LOQO, ASA+fminsearch+fmincon,
ASA(L)+fminsearch+fmincon, andASA+fminsearch+LOQO.
In each run of fminsearch+fmincon, fminsearch runs for
300 iterations from a given starting point. Iffminsearch
finds a solution, this run is finished. Otherwise, the best
point found by fminsearch is used as the starting point
for fmincon. In ASA+fmincon and ASA+LOQO, ASA is
run for 1000 iterations. InASA+fminsearch+fmincon and
ASA+fminsearch+LOQO, ASA is run for 700 iterations, then
fminsearch for 300 iterations, followed byfmincon or LOQO.
Finally, in ASA(L)+fminsearch+fmincon, the maximum
iteration limit (L) of ASA is a linear function of the constraint
ratio r whenr is larger than 3:L = max(1; 500(r � 3)).

Figure 3 compares the performance of selected individual
solvers. The figure shows thatLOQO consistently outper-
forms the other solvers for various constraint ratios. No clear
phase transition behavior is found in its complexity curve.
The complexity curve offminunc has a similar shape to that
of LOQO, and is worse thanLOQO by a constant factor.fmin-
con has a quite different complexity curve. It works well for
weakly constrained problems, i.e., constraint ratio less than
3, but becomes much worse for highly constrained problems.
There seems to be a phase transition from easy to hard around
the ratio of 3 forfmincon. ASA performs the worst among
these four solvers, and its complexity increases quickly as the
ratio increases.fminsearch is even worse thanASA, and its
data is not shown in the figure.

The improvement with cooperative solving is shown in
Figure 4. Althoughfmincon, fminsearch, and ASA work
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Figure 3: Performance comparison of individual solversfmin-
con, fminunc, LOQO, andASA on continuous sum-form CSPs
generated byG1(n;m; 3; 1; 1=4) with n = 25 (top diagram)
and 50 (bottom diagram).

poorly on moderately constrained problems individually, a
cooperative combination of global and local search has sig-
nificantly improved performance. Compared tofmincon, al-
thoughfminsearch+fmincon is more expensive for small con-
straint ratios, its cost increases at a slower rate than that of
fmincon and eventually becomes better for large constraint
ratios. The complexity curve forfminsearch+fmincon has
phases increasing-flat-increasing, which can be explained by
fminsearch’s overhead. In the first phase where the constraint
ratio is small and the problems are easy,fminsearch usually
finds a solution within 300 iterations, within which it needs
more iterations as the constraint ratio increases. In the sec-
ond phase, where the constraint ratio is moderate,fminsearch
is not able to find a solution within 300 iterations. However,
a singlefminsearch run usually is sufficient to find a good
starting point forfmincon to find a solution. That is why the
curve is nearly flat in this phase. Finally, in the third phase,
where the constraint ratio is large, multiple restarts offmin-
search+fmincon are required.

The cooperative solversASA+fminsearch+fmincon and
ASA(L)+fminsearch+fmincon use a more powerful global
search method thanfminsearch+fmincon and further improve
the performance on highly constrained problems.fminsearch
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Figure 4: Performance improvement of cooperative solvers
fminsearch+fmincon andASA+fminsearch+fmincon on highly
constrained problems generated byG1(n;m; 3; 1; 1=4) with
n = 25 (top diagram) and 50 (bottom diagram).

does a limited form of global search, whereasASA is a
true global search method.ASA+fminsearch+fmincon and
ASA(L)+fminsearch+fmincon combine a full-blown global
search, limited global search, and local search. Figure 4
shows that they are very effective on harder, highly con-
strained problems. InASA(L)+fminsearch+fmincon, only one
iteration ofASA is run when the constraint ratio is less than
or equal to 3. That is why it has a complexity curve sim-
ilar to that of fminsearch+fmincon in this region. When
the constraint ratio is more than 3, the iteration limit of
ASA increases proportionally to the constraint ratio, which
leads to better results than the fixed iteration limit ofASA in
ASA+fminsearch+fmincon. As with fminsearch+fmincon, the
two solvers have phases increasing-flat-increasing, which can
be explained byASA andfminsearch’s overheads.

Comparing the solvers shown in Figure 4, the local solver
fmincon is the best method for weakly constrained problems,
in which feasible solutions are plentiful. When problems
become harder, more global search is beneficial. The right
amount of global search depends on the difficulty of the search
space. When the search space is moderately rugged, a lim-
ited global search performed byfminsearch may be sufficient.
However, when the space is very hard, more extensive global
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Figure 5: Performance comparison of four combined solvers
involving ASA on continuous sum-form CSPs generated by
G1(n;m; 3; 1; 1=4) with n = 25 (top diagram) and 50 (bot-
tom diagram).

search as carried out byASA is better.
Better components in a cooperative solver make the

solver better. Figure 5 shows how the performance of
a cooperative solver improves whenfmincon is replaced
by LOQO. The four solvers compared in the figure are
ASA+fmincon, ASA+LOQO, ASA+fminsearch+fmincon, and
ASA+fminsearch+LOQO. The two solvers usingLOQO are
better than the two usingfmincon becauseLOQO has a better
success rate thanfmincon, given the starting points provided
by ASA or ASA+fminsearch. The complexity curves of these
solvers have similar phases (again increasing-flat-increasing).
Note that these solvers all perform better than the individual
solvers shown in Figure 3 for highly constrained problems.

Local solvers need very good starting points, especially
for highly constrained problems, in order to have a good
chance of finding solutions, whereas cooperative solvers
are more resilient. Figure 6 plots the success rates of the
fminsearch+LOQO portion and theLOQO portion of solver
ASA+fminsearch+LOQO. 100 random instances generated
by G1(25;m; 3; 1; 1=4) are solved for each constraint ratio.
Lighter areas correspond to higher success rates. The top di-
agram shows the success rates of thefminsearch+LOQO por-
tion plotted against varying constraint ratios and the penalty
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Figure 6: The success rates of thefminsearch+LOQO
portion (top diagram) and theLOQO portion (bottom di-
agram), respectively, of solverASA+fminsearch+LOQO
against the penalty values of their starting points. 100 ran-
dom instances of sine-based sum-form CSPs generated by
G1(25;m; 3; 1; 1=4) are solved for each constraint ratio.

values of the starting points as provided byASA. (Runs in
which ASA found feasible solutions are not included.) The
penalty values of the starting points increase as the constraint
ratio increases, meaning the points found byASA are getting
worse. The diagram also shows that, to have a good chance
to succeed,fminsearch+LOQO needs to start from points with
small penalty values, e.g., less than 1. For example, when the
constraint ratio is less than or equal to 4, the penalty values of
points found byASA are in the range of 0 to 0.5, and starting
from these pointsfminsearch+LOQO was always able to find
feasible solutions.

The bottom diagram shows the success rates of theLOQO
portion, again plotted against varying constraint ratios and the
penalty values of the best points found byASA+fminsearch.
There are fewer data points in this diagram than in the top
one because some runs offminsearch found feasible solutions.
The diagram shows that, to have a good chance to succeed,
LOQO needs to start from points with even smaller penalty
values, e.g., less than 0.3. In addition, as the constraint ra-
tio increase,LOQO needs to have increasingly better starting
points to be successful.

5.2 Results for Sum-of-product-form Continuous
CSPs

In this section, we present results for CSPs generated by
G2(n;m; ks; kp; ps; pp; t), mainly to confirm the observa-
tions made so far. We show the performance improvement of
cooperative solversASA+fmincon, fminsearch+fmincon, and
ASA+fminsearch+fmincon over local solverfmincon. The
iteration limits of fminsearch and ASA in these coopera-
tive solvers are selected after a few trials. They are good
enough to illustrate the general behaviors of the coopera-
tive solvers, and are likely not the optimal values for the
solvers. fminsearch is limited to 300 iterations infmin-
search+fmincon andASA+fminsearch+fmincon. ASA is lim-
ited to 1000 iterations inASA+fmincon and 700 iterations in
ASA+fminsearch+fmincon.

Figure 7 shows the results for problems generated
by G2(n;m; 3; 3; 1; 1; 1=4) with n = 25 and 50,
whereas Figure 8 shows those for problems generated by
G2(n;m; 3; 3; 3=n; 3=n; 1=4). 100 random instances were
tried for each constraint ratio. The solvers have similar behav-
iors on the two types of CSPs. Similar to the results on CSPs
generated byG1, the cooperative solvers are better for more
constrained problems, whereas local solverfmincon is good
for weakly constrained problems. For highly constrained
problems, ASA+fminsearch+fmincon is always the best.
However, fminsearch+fmincon and ASA+fmincon switch
places on the two types of problems.fminsearch+fmincon
is better than ASA+fmincon on G2(n;m; 3; 3; 1; 1; 1=4)
problems, but worse onG2(n;m; 3; 3; 3=n; 3=n; 1=4)
problems.

6 Conclusions
In this paper, we study cooperative solvers for continuous
constraint problems, and focus on the approach of combining
global and local search in series. In this approach, the global
search method explores the global structure of the search
space and identifies promising sub-regions, providing good
starting points to local search methods. In our experiments,
we demonstrate that cooperative solvers of this nature can
achieve significant improvement on hard, highly constrained
problems, even though the local and global solvers alone work
poorly.

To optimize the speed and quality of constraint solving, we
need to balance the global and local search. A general guide-
line is that more global search is necessary as the problems
become more constrained. The extent of global search is af-
fected by the type of the global solver, as well as budgets such
as the time limit allocated to it. Global search methods have
different abilities to explore a global search space. For exam-
ple, simulated annealing is powerful in exploring an arbitrary,
complex search space, whereas Nelder-Mead is limited to fol-
lowing relatively simple global structures. To take advantage
of the strengths of different global methods, we may combine
two or more of them in the cooperative solvers.

After selecting the global and local solvers, determining
when to switch from one to another is non-trivial. The deci-
sion may be static, such as based on a fixed number of iteration
of the solvers, or adaptive according to the online progress of
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Figure 7: Performance comparison of individual and com-
bined solvers on continuous sum-of-product-form CSPs gen-
erated byG2(n;m; 3; 3; 1; 1; 1=4)with n = 25 (top diagram)
or 50 (bottom diagram).

the solvers. In this paper, we study variants of the static ap-
proach based on fixed iteration limits and a pre-determined re-
lation of iteration limits and constraint ratios.

As mentioned, there is strong indication that the balance be-
tween global and local solving should be adaptive to problem
characteristics such as the number of variables and the con-
straint ratio. More work is necessary to study additional key
problem parameters, such as the tightness of constraints, cor-
relations of constraints, ruggedness of search space, etc., for
better characterizing the complexity of constraint problems
and solution methods. Based on this work, we plan to study
adaptive cooperative solving approaches in the future.
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