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Abstract

Continuous constraint satisfaction is at the core
of many real-world applications. One example is
in the control of modular, hyper-redundant robots,
which are robots with many more degrees of free-
dom than required for typical tasks. Casting
the control problem as a constraint problem is a
promising approach for robustly handling a variety
of non-standard constraints found in such robots.
However, before we can scale to the many degrees
of freedom and nonlinearities of this system and
deploy constraint solvers for embedded, real-time
control, we need to better understand the complex-
ity issues arising in these problems. In this paper,
we first present a parametric model for robotic con-
trol. We then study the complexity of related but ) o
simpler problems by analyzing two classes of ar- Figure 1: Modular robot prototype PolyBot (12 joints).
tificial constraint satisfaction problems inspired by
(discrete) 3-SAT problems, which have a strong re-
lation between structure and search cost. With this,
we also propose a generic benchmarking model for
continuous constraint satisfaction problems.

manipulators that consist of a chain of modules with rota-
tional joints[Yim, 1994 (Figure 1).

Realizing the potential of modular robots requires robust,
versatile and scalable control algorithms satisfying many
changing joint and force constraints. A control approach
1 Introduction ?h(_)uld not only _handle the many degre_es of freedom with

imited computational resources in real time, but should also
Many important real-world problems in domains such asattempt to utilize the redundancy in an optimal way. For ex-
planning, control, reconfiguration, and fault diagnosis can b@mple, the robot may not only be asked to achieve typical
regarded as constrained optimization probl¢Bendarenko goals such as reaching a goal position and orientation with
etal, 1994. One example is modular robot control. Modular its end effector, but also to minimize velocities, distribute
robots consist of many interchangeable robotic modules cortorques equally, and avoid complex obstacles. At the same
nected into a mechanical and functional assembly. Interest itime, each module has to obey its physical limits, such as
modular robots has increased recently due to their potentidimits on joint angles and motor torques. Finally, to simplify
for robustness, reduced costs, and wide range of applicabilitprogramming different configurations of modular robots, the
particularly in highly constrained environmeftém, 1994;  software should also be generic with respect to constraints
Rus and Vona, 1999; Kotagt al, 1999. Typically, there and goals.
are only a small number of module types, each module with To robustly handle a variety of constraints for the many de-
limited motion capability. The flexibility of modular robots grees of freedom found in modular robots, we develop a para-
is achieved through the large number of modules, expected tmetric model and cast the control problem as a constrained
range from dozens to thousands, and their many possible cooptimization problem. The constraints represent the (mainly
figurations. Because of the large number of degrees of fregahysical) limits of the robot, while the objective function ex-
dom of the redundant modular limbs, such modular robots arpresses the various goals of interest. Furthermore, we as-
also called hyper-redundant. In this paper, we focus on theume that end-effector goals (e.g., position and orientation)
control of a subclass of such robots, namely hyper-redundamire given by a higher-level controller such as a path plan-



ner, and we focus on the problemasftuation allocationthe ~ computed in velocity space, position errors can build up over

problem to finding optimal solutions for the joint angles attime.

each time step. In order to deal with constraints, certain kinds of dynamic
Optimization problems in real applications such as modu<onstraints can be included in an unconstrained form us-

lar robot control are often best solved in the continuous doing higher-order differential formigAgrawal and Faiz, 1998

main in order to avoid excessive nonlinearities, either becausehich can then be used to elegantly provide optimal motion

the underlying physical system is continuous or because digplanning and contrdiGokce and Agrawal, 1999 However,

crete implementations exhibit abrupt changes in outputs fomixed task space and joint space inequality constraints do not

small changes in inputkStrogatz, 1994 However, effec- map easily into these higher-order forms.

tive constraint-based techniques must handle the complexity Control of hyper-redundant robots using continuous back-

of real-world continuous constraint problems. In particular,bone curves has been well studigzhirikjian and Burdick,

we believe that solvers must be able to dynamicatiiapt  1995. This approach scales very well to large numbers of

to the structure of the problem. Our thesis is that knowingmodules and is of particular interest in hierarchical control

about general problem properties characterized by, for examapproaches. Again, this approach has only been studied with

ple, complexity phase transitiofidogget al., 19961 should  kinematic constraints.

help constraint solvers in this task. Toward this end, this pa- Taking into account constraints such as torque limits is par-

per extends some of the progress made in understanding cofiicularly relevant for modular robots. Traditional robots are

plexity results for discrete constrained satisfaction problemsgesigned such that their joint torque limits are never exceeded

particularly (discrete) satisfiability (SAT) problems, to con- (e.g., by making the base joints strong and the end joints light-

tinuous problems. weight). In a modular robot, all modules are similar and often
The rest of this paper is structured as follows. In the nextelatively weak.

section, we review related work on the control of redundant |n contrast to traditional approaches to manipulator con-

manipulators and present our parametric robot control modetol, in our model, we separate constraints, goals, and control

as an example for modeling a real-world application as a conalgorithms from each other and include a larger class of con-

straint problem. In Section 3, we present several related buitraints.

simpler formulations of continuous constraint problems, with

the goal of understanding the relevant characteristics for prez 1 Manipulator Model

dicting problem complexity. In Section 4, these problems are . . .

solved and analyzed using two variants of a randomized cor1Eor the purpose of this paper, we focus on a robotic manipu-

tinuous constraint solving algorithm. As for discrete 3-SAT lator that consists of a chain eflinks. This manipulatoris
studies, measures of the problem solving difficulty are exAttached to a base at one end (link 1), and the primary task is

amined as a function of the ratio of constraints to variablest© réach a goal position, or follow a goal trajectory, with the
While continuous SAT-like problems exhibited complexity Other end (linkn). Such a manipulator may, for example, be
similar to the behavior exhibited by discrete problems, moréd &m (which is attached to a table or robot body and whose
general continuous problem formulations seem to require the?@nd” end grasps or pushes other objects) or a leg (which
use of additional parameters to understand solving behaviofS attached to a robot body and whose *foot” end is moving

Section 5 closes with conclusions and future work. over the ground during locomotion). Note that for now we
consider only statically stable configurations, and, due to the

. relatively slow movement of the joints, we are not concerned
2 Hyper-redundant Manipulator Control with dynamical constraints.

Previous work on the control of redundant manipulators has E&ch manipulator link has its own local coordinate sys-
focused on their kinematics, involving the computation andtem, orframe with unit vectorsX;, Y;, and Z; defining the
inversion of the Jacobian mapping from joint space to the¢hree axes. In addition, we have a base frame or frame 0,
end-effector spacfhatib, 1987; Ghosal and Roth, 1988; €.9., a table or body, to which the first link is attached, as
Chiu, 1988. These approaches typically include few or noWwell as the global frame, the world coordinate system. Fol-
constraints and have been applied to robots with a small numowing robotics convention§Craig, 1989, the kinematics
ber of degrees of freedom (less than 10). Attempts havef each link is defined by its Denavit-Hartenberg parameters
been made to include more constraints by extending Jacobidw:, i, 9i, d:), where (cf. Figure 2)

methods with projected gradients of the constrdiBsllieul, , . N .
1986 or numerically computed gradieritélein et al., 1995. o twist o; is the angle betweed;, and Z; measured
These methods can work reasonably well for systems with ~ aboutX; i,

a small number of joints and a few well-characterized con-
straints. However, modular robot control problems tend to
have too many degrees of freedom and mixed task space, joint &

space, and dynamic inequality constraints to solve such sys- e rotationg; is the angle betweeX;_; and X; measured
temsinreal time. Also, because these methodstendtorequire  5poutZ:. and

a detailed constraint analysis, it is difficult to robustly adjust " . .

the priorities of different constraints over time as robot envi- ® extensiond; is the distance fronX;_, to X; measured
ronment and pose change. Moreover, since the solutions are alongZ;.

e lengthg; is the distance frond; to Z;,; measured along



In addition to the kinematics parameters, each link has the
following parameters:

e link massm;;,
e center of mass positidie; (in the link’s frame),
e joint angle limitsfyin,; andfpmax,i.

e maximum rotational velocitynax,; achievable by the
joint, and

e maximum motor torquey,x, -

2.2 Manipulator Constraints

The manipulator’s only actuator variables are the joint angles
0,...,0,, and thus all constraints ultimately have to be ex-
pressed as constraints on these angles. Given the links’ pa-
a; rameters, we take into account up to four types of constraints:

) ) _ joint angle limits, torque limits, velocity limits, and obstacle
Figure 2: Parameters for coordinate transformation frompyoidance.

framei — 1 to frames.

Angle limits. The first type of constraint states that a joint’s

6; is a variable for revolute link joints, and} is a variable  movement is restricted by the mechanics of the link in either
for prismatic link joints. In this paper, we restrict ourselvesdirection of the rotation and is defined trivially as
to revolute joints, and; is always 0. Also, the origiw; of )
framei is located in the joint of link. Ouin,i < 0 < Omax,; foralli=1,....n

These parameters define a link’s frame with respect to
its predecessor’s frame in the chain of links. More pre-Torque limits. For each jointi, the links fromi through
cisely, these parameters defineanogeneous transform ma- ,, together exert a torque onto joiit which is limited by
trix {~'T, a rotation plus a translation, that maps a péjnt the strength of the joint. As noted before, this problem has
defined in frame to pointi—!p defined in framel — 1 by  traditionally not been addressed in manipulator control, and
the multiplicationi=!p = E_IT ip [Craig, 1989. (Here, a related work has been restricted to 2D manipulatagsawal
point (z y z) is represented by its homogeneous coordinategnd Garimella, 1994; Gokce and Agrawal, 1R99
p = [z y z 1]T, with the superscript “T” indicating the trans-  Atorqueis determined pr|rr_1ar|ly by the gravitational force
pose. A poinp or vectorr is defined in the global frame, un- (applied at the center of gravity of linkghroughn) and the
less a prefix superscript identifying the local frame is given,moment arm (the vector from the joint axis to where the force

as inp and’r.) The transform matrix is defined as is applied). As a vector, this torque is both perpendicular to
- L the moment arm and tangential to the rotation (Figure 3). The
iy = [ ioogi i ff o ] @  torquer; on joint; can be computed as
0; —sinf; 0 i 7. . .
o sillzjscos a; cos Gjuclos a; —sin oy 7sain alidl- Ti Zl (Rl x Fl)
B in6; sino; 0; sina; i idi - . . . .
T e S whereZ; is the axis of rotation (cf. Figure 2R; is the vec-

, tor from joint; to the center of massS; of links i throughn,
where! 'R is the rotation matrix from framé — 1to i,  andF, is the gravitational force on linkéthroughn. The
and ‘~1o; is the origin of framei given in (the coordinate magnitude ofF; is F; = Z;.”:i m;g (Whereg is the grav-
system of) frame; — 1. The three columns of the rota- jtational constant), and#'; is directed vertically down, i.e.,
tion matrix define theunit vectorsX;, Y; and Z; of frame F; =[00 — F;]*.

i in framei — 1. We will also use the functional denotation  The center of mas§;; of links i throughn is the weighted

2_1T = T(«a;,ai—1,0;,d;) to describe the matrix of Eq. (1). average of the centers of mass of each link relative to the ori-
Transform matrices can be composed by multiplying themgin of link ¢, and thusR; can be computed as follows.

In particular, the transformation from base frame 0 to frame n

is given by R, = 2j=i ”ZJ'(CJ' —0i)

2j=i

. _ _ . Recall that;; = 9T ‘c; is the center of mass of linkand
For example, a poirtp defined in frame, i.e., in the local o, is the link’s origin (both in the base frame). Note that
coordinate system of link has positiofp = T ‘pinthe  andR; depend on all the joint angles, which we indicate by

base coordinate system. As another example, the origin Qfriting 7;(6). The nonlinear torque constraint is then defined
framei is given in the base frame By, = 97000 1]*.  as

In this paper, the base frame is always identical to the global ]
frame, i.e.%p = p. Ti(0) < Tmax,i foralli=1,...,n

Sr=91ir...lr=9 77T
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Figure 3: Center of gravitg';, gravity forceF;, and moment
armR; for links ¢ throughn. 2|

Velocity limits. For the movement from a previous posi- -4
tion, we define as a constraint the maximum velocity achiev- y
able by each joint, i.e|w;| < wpax,; for all i. We use a lin- )

ear approximation for joint velocity, i.ew; = (0; — 6:)/dt,  Figyre 4: Hyper-redundant manipulator with 20 links and
wheredt is the time step for control angf is the previous nine obstacles reaching for poift0 17).
angle value for joint. Thus, this constraint is defined as

0] — Wimax,idt < 0; < 0] + wiax,idt it may not always be able to achieve its goals exactly. Thus,
foralli=1,...,n we define the actuation allocation task as the constrained op-
timization problem

Obstacle avoidance. As a final example, we require the minimize h(6)
robot arm to avoid known obstacles. The comprehensive form subject to  ¢(f)
of this constraint, including avoiding collision of the arm with

itself, is beyond the scope of this paper. Here, consider thyhered = {6y,...,0,} are the free variables. The con-
constraint fgr specific Iinﬁswith origingioi = [ziyi z 1 Straintsc(f) are those presented above. The objective func-

to avoid spheric obstacles at positigns= [z; y; z; 1]T with tion _is p_resent_ed in the balance of this se(_:ti_on. In a control
radiusr:. which can be defined as application, this problem is solved for the joint angles once
7 per control cycle, which are then sent to the modules for low-
5 5 5 level control.
\/(wi = 2)? + (Y —yy)* + (20 = 25)* 2 ai + The total objective function is a weighted, normalized sum
of the individual goal functions; (6):

whereaq; is an approximation of the link’s size. Note that
the positiono; = 9770 0 0 1]* depends on the joint angles S wi%ﬁl
01,...,0;. h(f) = ———"—

As in many real-world applications, the number of con- 20 Wi
straints is proportional to the number of variables for most of Thus, both the individual goal functions and the entire sum
the constraints. Obstacle avoidance as formulated above cane normalized to be in the range [0,1]. The weighisleter-
be used to set the numbers of variables and constraints indeine the relative priority of the goals, and the scaling factors
pendently and thus is of particular interest for testing the efg; = max (h;(6)) normalize the goal functions (not shown
fect of different ratios on problem complexity. Figure 4 showsin the following).
a sample solution to a problem with 20 links, nine randomly In the following, we present two individual goals.
placed obstacles, and an additional constraint that requires the

end-effector to reach poirié 0 17). Position goal. Given a goal positiop, = [z Yy 2 1]* for
23 Task Model the end effector (the end of link), the goal function is

In a typical task, the main goal of the robot manipulatoristo  h,(9) = \/(;vg —@e)? + (Yg — Ye)® + (25 — 2e)?

reach or follow a target position with its end link. There may

be secondary goals, however, such as also achieving a targeberep. = [ze ye z. 1]* = 9T T[0 00 1]* is the position
orientation with the end link, minimizing the difference from of the end effector, witifT' = T'(0, a,,, 0, 0) the transform
a previous position, and distributing actuation equally. At thematrix from the origin of links to its end (a translation by,
same time, the manipulator has to satisfy its constraints, analongX,,; cf. Eq. (1)).




Orientation goal. We currently allow one to define a gc 287 2571

twist o, and rotatiord, for the end effector. These angles XX 2°T 201 —xaTh X
fine aframt—‘é’T = T'(ag,0,0,,0), which can be related to tt 15+ 151
frame?T of the end-effector with a single axis and a sin I N
rotation angle© using Euler’s theorem on rotatid€raig, 05 BB
1984. This angle is computed from the rotation matrix as oo de § tolo s 0. Je dods & b8 bo hs oo 25
-0.54 -0.5+
Tr(¢R) — 1
¢ © = arccos <¥> (2 Xy 10T X -LOT
2 1.5+ -1.5+

where Tr R) = Zle r;i Is the trace of R (r;; being the el

ements of, k). We define the goal function for an orientati  Figure 5: 2-D feasible spaces of the exponential formulation
goal by this rotation angle: for two 2-SAT problems.

ha(6) = ©©

See an earlier paper for details on these and other objec- VYe hetl_ve com%arS(?A(‘:iT tl_r|1(ese r%TUItSfW'th Iat_study %f Sev
tives, such as minimal actuation energy and equal actuation' & CONtNUOUS, 3-SAI-IIKE probiem tormu’ations an (in-
distribution[Fromherzet al, 1994. c_omplete) randomized continuous constraint solving algo-

' rithms[Shanget al, 2001. In these formulations, each pos-

: itive literal x in a 3-SAT clause is converted to a continu-
3 Continuous CSPs . ous functionf(z), each negative literatz is converted to
The modulaf robop cont(ol problem offers a variety .of com- £(1 — z), disjunction (e.g.z; V x») is represented as addi-
plex constraints with various parameters that might influenceion in the constraint (e.gf(x1) + f(«2)), and each clause
the complexny.of the constraint problem. In order to cometo(e.g.,z; V x> V —a3) is transformed into an inequality con-
an understanding of the relevant characteristics for analyzingtraint (e.g. f(x1) + f(x2) + f(1 —23) > ¢), where function
and predicting the complexity of such continuous nonlinearf and constant depend on the formulation. For example,
constraint problems, we have started to model and study g an exponential formulationf(z) = 2°=1 and¢ = 1
series of simpler problems, which we present in this sectioncf. Figure 5). (The constart is chosen to make sure that

. . a solution to the continuous constraint can be mapped to a
3.1 SAT-like Continuous CSPs feasible solution to the original clause through thresholding

In the past ten years, significant progress has been made #10.5.) Thus, a clause V z, V —z; is transformed into the
understanding problem complexity of the (discrete) satisfiangnlinear constraint

bility (SAT) problem[Hogget al, 19964. Thus, in a first
step, we have begun to analyze the complexity of continuous,
SAT-like constraint satisfaction problems and compared them We have studied three different problem formulations with
to results from discrete SAT problerf8hanget al., 2001. several variants of a randomized sequential quadratic pro-

SAT problems can be formulated as discrete or continugramming (SQP) solvdShanget al,, 2001. Figure 6 shows
ous, constrained or unconstrained, optimization problems. Inepresentative results of the three formulations with 25 and
the constraint programming approach, SAT problems havé0 variables and the constraint ratio (ratio of constraints to
been solved as integer programming problems using variougriables) varying from 1 through 3.4, using the first of the
constraint programming algorithni&u et al, 1997, and as  solvers. The median numbers of iterations of 100 random
nonlinear continuous constrained optimization problems usruns are shown. This figure shows that the curves exhibit
ing Lagrange-multiplier method€hang and Wah, 1995In  similarity to each other and to discrete 3-SAT results. Slightly
contrast to previous work that aims at solving SAT problemsabove a constraint ratio of 2 both the 25 and 50 variable prob-
faster, our focus is on gaining a better understanding of théems become exponentially more difficult, while below this
computational cost of continuous constraint problems. Weatio the problems are relatively easy to solve. Thus, the ra-
use 3-SAT-like problems in our study because of the rich emtio of constraints to the number of variables seems to be an
pirical and theoretical results on discrete SAT problems. important parameterization of the problem.

One particularly well-studied phenomenon for discrete These results are qualitatively quite similar to those found
SAT problem formulations is theomplexity phase transition in discrete 3-SAT problemkSelmanet al,, 1994. The dis-
[Hogget al, 1996H. For a variety of complete search algo- crete case undergoes a transition from weak dependence of
rithms, the average time to find a solution or determine thatomplexity to strong dependence at a slightly higher ratio
none exists is short when the ratio of clauses to variables ithan the continuous case. In both cases, the exponential rate
small (i.e., the problem is underconstrained) as well as whepf increase is approximately independent of the number of
this ratio is large (where the problem is overconstrained)yariables and depends only on the ratio of constraints to vari-
while solving time is largest in the intermediate case. Forables. The rate of exponential increase is similar in both
incomplete algorithms such as GSASelmanet al, 1997, cases. This similarity between the discrete and continuous
the complexity curve still exhibits the behavior for soluble cases is strong evidence that the observed complexity of solv-
problems with varying degrees of constraint (such algorithméng the 3-SAT problems are characteristic of the problem and
are not useful for problems with no solutions). not the representation of the problem.

2[5’(1171) + 2[5’(1271) + 2*5173 Z 1
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Quadratic form, 25 vars — | with various numbers of variables and different numbers and
Sigmoid form, 25 vars -&-- Fa types of constraints, they failed to provide meaningful con-
Exponential form, 25 vars —4--- Ve . - .
Quadratic form, 50 vars —+-- 7 clusion on what characteristics make a constraint problem
Sigmoid form, 50 vars - difficult for an evolutionary technique, or in general for any
Exponential form, 50 vars - -- ¥ ! . ¢
/ solving technique, and the authors called for a new suite of
test problems. These flexible test problems should allow one
to bring different optimization techniques developed in vari-
ous scientific communities together and compare them on a
level ground. The test problems should be useful in investi-
gating the complexity of constraint problems as well as the
computational complexity of various solving techniques.
Our proposed generator is capable of generating random

Median # of iterations
=
o
T

T _1_5”“. "2 25 3 35 test problems with different characteristics, in a form similar
Ratio of constraints-to-variables to randomly generate k-SAT problems. A k-SAT problem is

) ) ) ) characterized by three parameters: the number of variables,
Figure 6: Complexity of continuous 3-SAT problems in threethe number of clauses, and the numbeof literals in each

formulations using Solver 1 (cf. Section 4). clause. The parameters of our genergton, m, k, 6) are

e n, number of variables,
3.2 Sine-based Continuous CSPs e m. number of constraints,

The SAT-like continuous constraint problem formulations al- ¢ %, number of variables in each constraint, and
low us to connect our work to the studies of (discrete) SAT . .
problems, but they are far removed from real applications ® ¢ € [=1,1], a threshold to determine the tightness of
such as the robot control problem. In particular, the robot ~ €ach constraint.
control problem is representative of problems with spatially\WWe define the tightness of a (continuous) constraint as the
defined constraints using trigonometric functions that are ofratio of feasible to total problem space. All the parameters
ten combined in products (not just sums as in our SAT for-of the generator can be changed independently. In our cur-
mulations). In this section, we therefore propose a test-casent implementation, all constraints are generated based on
generator for sine-based continuous CSPs. the same base function with randomly generated coefficients.

We feel there is an unfulfilled need for generic benchmarkOne base form reminiscent of the SAT-like formulations is
problem sets in the domain of continuous constraint prob- Lk Lk
lems. In various research areas, many nonlinear constrained 1 o . ) 1 )
optimization/satisfaction methods have been developed in the k Z a; sin(2rabszj; + 2mei) < ko Z @i &)
past, including mathematical programming methods, evolu- =t
tionary methods, and simulated annealing methods. Perfowhere{j;,...,jx} C {1,...,n} are the indices ot ran-
mance of these methods often varies across different applicaomly chosen variabledl < a;,¢; < 1andl < b; < 2 are
tion domains and even from one problem instance to anotherandom coefficientsa; specifies the magnitude of the sine
Although efforts have been taken to evaluate these method&jnction,b; its frequency, and; its phasea specifies the fre-
they are mostly done within respective research communiguency range. A larger value af makes the feasible region
ties. For example, in the mathematical programming comspecified by the constraint more discontinuaus= 1 is used
munity, several test problems sets have been proposed, suithour experiments? specifies the threshold for satisfying the
as CUTE (Constrained and Unconstrained Testing Environeonstraint. The smaller its value, the easier the constraint is
ment)[CUTE, 2001 and COPS (Constrained Optimization to satisfy. Ford = 0, on average half of the search space is
ProblemS)Bondarenkeet al, 1994, which are collections feasible for the constraint. Both the left and right hand side
of nonlinear constraint problems from real applications. Un-of Eq. (3) are normalized to have values between -1 and 1.
fortunately, while the number of variables is often a parameter Figure 7 shows the 3-D plot of four random constraints
in these problems, the ratio of variables and constraints cargenerated according to Eq. (3) with= 2 and§ = 0.35.
not be changed in either of these problem sets. Since previolEgure 8 shows the 2-D feasible spaces formed by the com-
phase transition work on random SAT problems concludedbination of the same four random constraints vtk 0.35
that the clause-to-variable ratio is an important parameter ifleft diagram). For comparison purposes, Figure 8 also shows
determining the difficulty of SAT problems, changing that ra-the 2-D feasible spaces formed by the combination of the
tio is an important capability for our purpose. same four constraints except foe= 0 (right diagram). When

In the community of evolutionary computing, various evo- f = 0, each constraint produces feasible regions smaller than
lutionary algorithms have been proposed for complex conthose wherf = 0.35. Therefore, the feasible space (cor-
straint problems, including non-differentiable or discontinu-responding to regions inside the contour lines in Figure 8)
ous problems, and have been evaluated on various test cadesmed by the combination of the four constraints is smaller.
such as problems G1-G11 proposed by Michalewicz and In discrete 3-SAT problems, each clause mag(asf the
SchoenaueiMichalewicz and Schoenauer, 199&lthough  search space infeasible. In other words, the tightness (ratio
these test cases include objective functions of various typesf feasible space) is exactglfor each 3-SAT constraint. By

i=1
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Figure 9: Average and standard deviation of the tightness of

) o randomly generated constraints (Eg. (3)) with varying
Figure 7: 3-D plot of four random constraints in the form of
Eq. (3) withd = 0.35. ) ) ) )
lem in Section 2 involve thproductof the constraints’ com-
ponents (sines and cosines). For example, given anyklink

1 v s 1 AN

o8 J ﬂ g/ B ¢ p y the transform matrices for variablés, . .., 6, and for vari-

> - ablesdy, . .., 0, are multiplied for kinematic and torque con-
o / : u,zf straints, respectively, on this link.

o m <o ¢ 0 d A possible base function to simulate such constraints is the
ot L o following variation of Eq. (3):
YN q iy o

3 05 07 70/\2 ; 0.2 [\04 06 osA 08 —06 04 02 ; 02 04 06 08 E H a; Sln(27rabz$h + 271'01) S E& H a; (4)
i=1 i=1

Figure 8: 2-D feasible spaces (regions inside the contougith {j1,---,Jr}» a;, b;, and¢; chosen as in Eq. (3). This

lines) formed by the combination of four random constraintsgeneric formulation is closer to the modular robot control

with 6 = 0.35 (left) andé = 0 (right). problem. Of course, the summation and multiplication of
variable components can also be mixed. We plan to investi-

. ate these differences and their effects on problem complexit
settingk = 3, the generata (n, m, 3, ) generates problems 31 future worlk. ! P piexity

with each constraint containing 3 randomly selected vari-

ables. By changing, we can control the difficulty of each ;

constraint, which in turn affects the complexity of the Whole4 Experimental Results

problem. Although it is hard to find the exagtvalue for  In this section, we present our experimental results with a fo-

each random constraint so that the constraint makes a fixeglls on the sine-based continuous CSPs. The programs are

fraction of the search space infeasible, we can find an apmplemented in Matlab 6.0 and use sequential quadratic pro-

proximated value statistically. Figure 9 shows the averagegramming as the local search method.

and standard deviation of the tightness of randomly gener- i i .

ated constraints with differefitvalues. The data in the figure 4-1 Sequential Quadratic Programming and

is obtained based on 1000 randomly generated constraints in ~ MATLAB Implementation

the form of Eq. (3), and each constraint is sampled randomlyrhe sequential quadratic programming (SQP) optimization

at 1000 points in the region [-1,1]. It shows titat= 0.57  method represents the state-of-the-art in nonlinear program-

approximately gives a tightness g)f Thus,§ = 0.57isused ming methods. Based on the work of Biggs, Han, and Pow-

in our experiments to compare with 3-SAT based continuoug|l, the method mimics Newton’s method for constrained

CSPs. For comparison purposes, we alsd@tey 0.35 inthe  optimization just as for unconstrained optimizatigtowell,

experiments in which case the tightness of each constraint9gd. In each iteration an approximation is made of the

is approximately2, corresponding to 2-SAT like problems. Hessian of the Lagrangian function using a quasi-Newton

When# = 0.35, each constraint is, on average, almost twiceypdating method. This is then used to generate a quadratic

as hard to satisfy by random sampling as when 0.57. programming subproblem whose solution is used to form a
The generatot(n, m, k,6) can use other base functions search direction for a line search procedure.

besides Eqg. (3) to generate constraints with different char- The functionfmincon is a MATLAB implementation of

acteristics. In particular, the formulation in Eq. (3) allows SQP that finds the constrained minimum of a nonlinear multi-

a linear decomposition of the function for the variables in-variable function starting from an initial estimate. Amin-

volved. Most constraints of the modular robot control prob-con iteration consists of three main stages: (a) updating of
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the Hessian matrix of the Lagrangian function, (b) quadratic ]
programming problem solution, and (c) line search and merit Eﬁ; DO
function calculation. This iteration is repeated until an opti- P 5 ((33 S
mal or feasible solution is found (for optimization or satisfac- £ A (&) -
tion problems, respectively). The cost of an iteration is thus & % F b B ) -7
on the order of: function evaluationsr{ the number of vari- £
ables), as the slope of the Lagrangian function is computed =
for small step sizes in each of the variables. (A small, con- §
stant number of functions evaluations is added to the cost for é 10
the other two stages dfnincon.)

fmincon is a local search algorithm in the continuous
search space, just like GSABelmanet al, 1997 is a local L
search algorithm in the discrete search space. It starts from an ! 0 1 2 3 4 5 6
initial point and usually converges to a constrained local opti- Ratio of constraints-to-variables

mum near the initial poinfmincon may be trapped by local _ )
optima and may not be able to find a feasible solution wher-igure 10: Average number of iterations versus average num-
constraints are nonlinedmincon cannot prove infeasibility Per of restarts of local search in solving sine-based continu-

when no feasible solution exists. ous CSPs with 25 variables by Solver 1. ga}= 0.57, (b)
6 = 0.57, no. of restarts, (c§ = 0.35, (d) § = 0.35, no. of
4.2 Solver 1: Global Random Restart of Local restarts, (e = 0, and (f)# = 0, no. of restarts.
Searches

The first algorithm we used is a local search strategy thatase. fmincon often cannot improve the Lagrangian func-
mimics GSAT by combiningmincon with random global tion and so gives up. For the sine-based CSPs, the search
restart.fmincon is started from a random initial point in the space is smoother and functions change more gradually. Thus
search space. If it stops without finding a consistent solutionfmincon can continue for more iterations with improving La-
fmincon is restarted from a new random point. This is re-grangian function values. As the constraint ratio increases,
peated until a solution is found. For the continuous sine-basettasible regions become smaller and most restart points are
problems, variable values in the initial and restart points ardar from these regions in the search space. In addition, the
constrained to be in the interval [-1,1]. Lagrangian function becomes increasingly rugged and is hard
We use the number of local solver iterations as a measur® improve througlimincon’s quadratic approximation strat-
of the computational cost for computing the solution, and weegy. Hencémincon immediately gives up after one iteration.
plot this cost in relation to the constraint ratio (ratio of con- When this happens, most runsfofincon are wasted.
straints to variables). Since each iteration involves on the or- . o .
der ofn function calls, total computation time is proportional 4-3 ~ Solver 2: A Simple Heuristic in Generating
to nn times the number of iterations. Better Starting Points
For the sine-based continuous CSPs, we ran experimenthe goal of our second solver is to generate better starting
on problems that were generated randomly@y:, m, k, 6) points. Instead of generating a single random point, the al-
(k = 3) with constraints in the form of Eq. (3). Figures 11 and gorithm randomly samplek points in the search space and
12 show the results for 25 and 50-variable CSPs@rd0, selects the best one as the initial and restart pointfnfor-
0.35, and 0.57. The median numbers of iterations of 100 ranzon. In our experiments, we sdt both torn, the number
dom runs are shown. A phase transition from flat to exponenef variables, and ten, the number of constraints. (Our pre-
tial is observed wheéiis large. The transition pointis around liminary observation is that should probably increase with
2 for the 25-variable problems with= 0.57, and varies for  the constraint ratio.) The best sample point is defined as the
other cases. The transition point is smaller for 50-variablgpoint with the smallest constraint violation, which should be
problems and wheé is smaller. the one closest to or even in a feasible region. As in Solver 1,
In our experiments with Solver 1 solving SAT-like CSPs, variable values;; in the sample points are constrained to the
fmincon often ran only a single iteration between restarts.same range as the initial points, e.g., [-1, 1] for the sine-based
This indicated that solver iterations were often wasted untiproblems.
a restart point was sufficiently close to a feasible region. For Recall that eaclfimincon iteration requires about func-
sine-based CSPs, Figure 10 shows that each restart can redidin evaluations. Thus, each restart wittrandom sample
in multiple iterations for small constraint ratios, but that the points results in a total of abo#ét+ » function evaluations.
average number of iterations per restart reduces to 1 as the contrastk restarts in Solver 1 result in a total of abduit
constraint ratio increases. (This trend is evident in the confunction evaluations.
verging iteration and restart curves for the same problems.) We show the results of the two search algorithms for sine-
Our hypotheses is that, with regard to hard SAT-like con-based CSPs in Figure 11 for 25-variable problems and Fig-
tinuous CSPs, the feasible region is either large and easy tre 12 for 50-variable problems. The median number of it-
find by fmincon (underconstrained cases), or small and harderations versus constraint ratio is plotted for three diffefent
to find, i.e., most of the search space is either flat or ruggedjalues, 0, 0.35, and 0.57 (cf. Eq. (3)). Both algorithms exhibit
and gradients are not pointing to feasible regions in eithea transition to the exponential behavior at different constraint
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Figure 11: Complexity of continuous sine-based CSP (29-igure 13: Complexity of the modular robot control problem
variables) solved by the two solvers (S1 for Solver 1 and S&olved by Solver 1.
for Solver 2). The in the diagram is thé in Eq. (3).

5 Conclusion

1000 . . . .

T
y g% gzg-g; e In this paper, we present some empirical work on continuous
N S1,¢=0.35 -B-- CSPs. The complexities for solving continuous and discrete
JF SZSCfOC-gg e versions of SAT problems exhibit highly similar behavior as
100 2,620 * - a function of problem characteristics such as the number of

variables and the number of constraints. This similarity pro-

vides strong evidence that the complexity transitions are char-
acteristic of the problem rather than the algorithm or repre-

E sentation of the problem.

The experiments with generalized, sine-based CSPs appear
to show that in general various problem properties need to be
taken into account to characterize problem complexity. In
3 4 particular, varying the constraint tightness seems to be im-

Ratio of constraints-to-variables portant when generating and analyzing problems.
More work is need to be able to explain the behaviors in-
Figure 12: Complexity of continuous sine-based CSP (5@icated in Figures 11 and 12. It is unclear whether the curves
variables) solved by the two solvers (S1 for Solver 1 and S3how phase transitions or continuously increasing slopes. In
for Solver 2). The: in the diagram is thé in Eq. (3). contrast to the SAT-like CSPs, these curves seem to exhibit
super-exponential behavior. Also, computational cost of solv-

) ing discrete SAT problems has a phase transition of easy-
ratios, although at slower slopes than what we observed fafard-easy. Feasible SAT problems with large constraint ratios
the SAT-like problem$Shanget al, 2001. Solver 2 always tend to be easier to solve by both complete and local search
outperforms Solver 1 except at the occasional low constraingolvers than critically constrained problems. Thus, we plan
ratio (e.g., at 1.2 for the 50-variable problems @ng 0.35,  to run additional experiments for large constraint ratios on
Figure 12). This confirms results from the SAT-like contin- the continuous problems.
uous CSPs, were solution times above the critical constraint pos a further next step, we are studying the behavior of
ratio could vary as much as a factor of ten between the tW@onstraint problems arising directly from the modular robot
solvers. control problem of Section 2. Figure 13 shows early results

Interestingly, the CSPs with = 0.35 seem slightly more for a set of sample problems similar to the one illustrated in
than twice as hard as the ones with= 0.57, which can be  Figure 4, with varying numbers of links and obstacles (i.e.,
explained by the fact that random constraints Witk 0.35 constraints). The CSPs with 10 and 25 variables were solved
on average are tighter than any two random constraints withy Solver 1 for various constraint ratios. The curves suggest
6 = 0.57. The same observation can also be made for the phase transition of problem complexity and possibly a sim-
CSPs withh = 0 compared to the ones with= 0.35. ilar convergence of iteration and restart curves as observed

As Figures 11 and 12 illustrate, the constraint ratio is insuf-above, but a much deeper analysis of this problem is needed.
ficient for predicting problem complexity. In particular, both We also intend to link these results back to the sine-based
the number of variables and the tightness of the constraint€SPs presented in this paper. Also, we will eventually extend
influence solver behavior. Methods to characterize constrairthis work to optimization problems.
tightness for real problems such as the robot control problem Our results confirm the conclusion that methods such as
seem to be an important research direction. SQP are only appropriate for underconstrained problems. It

Median # of iterations
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